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THE MATHEMATICS PROGRAM OF THE 
OFFICE OF NAVAL RESEARCH 


The Mathematics Branch of the Office of Naval Research (ONR) 
has now been in operation for over a year. During that time support 
of mathematical research in the United States has been extended 
primarily to universities; and it seems appropriate to give to the 
members of the American Mathematical Society some account of the 
philosophy which has determined the mathematical research projects 
which ONR is sponsoring. The effectiveness of the program in 
strengthening mathematical research in the United States is largely 
dependent upon the cooperation of the mathematical community. 
This cooperation has been generously offered by many mathemati- 
cians during the past year; and it is hoped that the present account 
will inform a wider mathematical public of ONR’s activities. It should 
perhaps be explained immediately that ONR has no statutory power 
to make grants, or award fellowships; so that all the activity which is 
here reported takes the form of contracts between the Navy and the 
university or other research institution. 

The Office of Naval Research is committed primarily to the support 
of fundamental research in the sciences, as contrasted with develop- 
ment, or with applications of known scientific results—the types of 
activity in which scientists were largely engaged during the war. 
This is a basic policy decision which recognizes that the United States 
must be strong scientifically if it is to be strong militarily. It is natu- 
ral, however, that the most obvious types of mathematical research 
which would seem to warrant Navy support would be research in 
applied directions such as those set forth in the recent report of the 
Society’s Special Committee on Applied Mathematics.' And it is a 
fact that over 4/5 of the annual mathematics expenditure isin support 
of research in “applied mathematics,” mathematical statistics, nu- 
merical analysis and computing devices. This last category includes 
a rather large expense for the construction of an electronic digital com- 
puter, and for the partial support of the National Applied Mathe- 
matics Laboratories which are currently being set up by the National 
Bureau of Standards. It includes also almost the entire support of 
the computing group formerly known as Mathematical Tables Proj- 


1 Instruction and research tn applied mathematics, prepared by the Special Com- 
mittee on Applied Mathematics and approved by the Council of the American Mathe- 
matical Society, Bull Amer. Math. Soc. vol. 53 (1947) pp. 639-640. 
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ect, which has been assimilated into the National Applied Mathe- 
matics Laboratories, and which will, in the future, derive its principal 
support from other sources. Mention is made of these special activities 
in an attempt to put ONR’s financial commitments in perspective. 
For, although appropriations for theoretical studies in mathematics 
represent less than 1/5 of the annual total, the number of contracts 
with theoretical objectives is more than 1/3 of the entire group. 
Early in the course of the operation of the Mathematics Branch, 
it was decided as a matter of policy that sound support of mathe- 
matical research in this country must include support of work in pure 
mathematics, and a portion of the budget was accordingly allocated 
for that purpose. Thus one of the earliest projects supported by this 
office was a project in conformal mapping, some aspects of which were 
reported to the Society at its 1946 Los Angeles meeting by Professor 
D. C. Spencer of Stanford University. Other projects which are now 
on the books of ONR include work on spectral theory for normal 
operators in function spaces; research on free groups; a systematic 
study of relationships between analytic and measure theoretical con- 
cepts of surface area with a view to applications in the theory of the 
calculus of variations; work on the analytic number theory of prime 
number distribution, with special reference to the representation of 
. primes by polynomials; investigation of random chemical, physical 
and biological processes; and a study of deformations in topology. 
Certain of these contracts were entered into on the basis of the recom- 
mendations of a committee (consisting of Professors J. von Neumann, 
G. C. Evans, H. M. Morse, M. H. Stone, H. Whitney, O. Zariski) set 
up by the National Academy of Sciences to act as advisers to the 
Mathematics Branch on questions connected with projects in pure 
mathematics, and to suggest the most promising contracts in support 
of post-doctoral research by young mathematicians. Others represent 
partial support of research undertaken by relatively senior mathe- 
maticians during their sabbatical leaves of absence. There are several 
contracts which involve research on differential equations, both linear 
and nonlinear, but with special emphasis on problems connected with 
nonlinear partial differential equations. It is hardly necessary to point 
out that in every case the research proposal originates with the prin- 
cipal investigator. In every case, the principal criteria which deter- 
mine the Navy’s willingness to enter into a contract are the research 
records of the senior workers under the contract, and the judgment of 
mathematicians who have been outstanding contributors to the field 
of research in question as to the potential mathematical significance 
of the proposed investigations. Mathematicians have been exceed- 
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ingly generous in giving the Mathematics Branch the benefit of their 
advice in connection with proposals for the support of mathematical 
research whenever such advice has been sought, and in assisting in 
the formulation of general policy. An aspect of this general policy 
which is of special interest to many readers of the Bulletin is ONR’s 
desire, within the general framework of its budget and in accordance 
with the criteria already mentioned, to provide assistance to univer- 
sities which are taking steps to strengthen their research activity in 
either pure or applied mathematics, and particularly in parts of the 
country which lack strong research centers. 

Activity in the applied phases of mathematics which occupied a 
relatively minor place in the research life of this country in 1940 is 
now drawing the interest of an increasing number of our ablest 
scholars. Mathematical statistics is playing an ever more important 
role in our scientific and industrial life; and many competent people 
believe that the scope and power of applied mathematics will be 
affected in an important way by the high speed digital computers 
which are now under development. Activities in mathematical sta- 
tistics and in computer theory and development, along with research 
in the classical fields of applied mathematics which in the past have 
engaged the interest of some of the greatest figures in mathematical 
history, are deemed by the Office of Naval Research to be of the 
greatest importance in the development of the scientific atrength of 
the country. Thus, in addition to supporting research in pure mathe- 
matics, the Mathematics Branch is attempting to (1) assist the work 
of able groups which are active in applied fields, (2) facilitate the 
formation of strong new research groups in these fields, (3) provide 
for the training, by leaders in applied mathematics, and on the level 
of basic mathematical research, of promising young men who are 
interested in these activities, and (4) make the results of work in these 
fields available generally to the Navy and to the scientific workers of 
the country. 

It may be remarked parenthetically that ONR encourages publica- 
tions of research results in the usual mathematical periodicals and 
in books. In the case of two translations of Russian books which have 
been prepared under ONR contracts, one, Intertor problems of the 
theory of schlicht functions, by G. M. Golusin, has been printed in a 
limited edition by ONR because no other form of publication seemed 
feasible; while the other, Theory of osctlattons, by Andronow and 
Chajkin is to be published by the Princeton University Press. In gen- 
eral, dissemination through established channels is greatly preferred 
to private distribution. 
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A vigorous development of applied mathematics has begun abroad, 
particularly in Russia, Germany, England, and Holland; and ONR 
is attempting to assist a similar development in this country. It may 
be of interest to indicate some of the types of research which are sup- 
ported under this heading. Under a broad contract with New York 
University, a principal field of research has been gas-dynamics (the 
so-called Shock Wave Manual which was prepared during the war has 
undergone a complete revision and should be published shortly). An- 
other related topic studied systematically under this contract is the 
mathematical theory of gravity waves in water. Previous research in 
the theory of underwater explosions has been carried forward. Other 
topics in mathematical physics have been studied ranging from the 
theory of two-dimensional free jets to various topics in wave propaga- 
tion and to perturbation theory of linear operators in a continuous 
spectrum. At Brown, ONR sponsored research is concerned with a 
critical survey af recent contributions in the field of elastic-plastic. 
and purely plastic deformations of solids, particularly research carried 
on during the war and in the post-war years. A comprehensive review 
of the entire ffeld of plasticity has been made which resulted in the 
determination of five subfields for immediate investigation—crystal 
plasticity, the plastic behavior of quasi-isotropic materials, stress- 
strain relations for quasi-isotropic materials in the plastic range, the- 
ories of integration, and a critical survey of the classical theory of 
plasticity and its applications. Another project in applied mathe- 
matics in which a number of striking results have been obtained is a 
study of the dependence of the electrostatic capacity of a conductor 
or system of conductors upon its geometrical configuration. ONR is 
also assisting in the establishment of a review journal, Applied Me- 
chanics Reviews, to succeed the defunct Zentralblatt ftir Mechanik. 
This new journal is jointly sponsored by the American Mathematical 
Society, the American Society of Civil Engineers, the Society for 
Experimental Stress Analysis, the American Society of Mechanical 
Engineers, the American Institute of Physics, and the Institute for 
Aeronautical Sciences; and is to be published by the American Soci- 
ety of Mechanical Engineers. It is expected that the first issue will 
appear in Januarv 1948. 

In mathematical statistics, some of the research fields covered are 
Small Sample Theory, at Princeton; Factorial Design of Experi- 
ments, at Iowa State; Multivariate Analysis, and Statistical Analysis 
of Groups of Experiments, at the University of North Carolina; and 
Statistical Theory of Multi-Valued Decisions at Columbia. In com- 
puting and computing equipment, some of the activities have already 
been mentioned. One contract of interest which has not been men- 
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tioned supports the development of an analog machine to provide 
for two-dimensional Fourier Analysis for use in studies of crystal 
structure. 

In the projects which were in force in June 1947, there were 36 
senior mathematicians and 46 graduate students in applied mathe- 
matics, 16 senior research workers and 26 graduate students in mathe- 
matical statistics, 42 senior scientists and 38 graduate students on 
computing projects, and 36 senior mathematicians and 10 graduate 
students on pure mathematics projects. It will be seen that one of 
the most important by-products of this program is the training of 
promising young mathematicians. Thus the inclusion of able Ph.D. 
candidates as junior research workers under ONR contracts is en- 
couraged. Since there is no restriction on the publication of research 
results, it is possible to prepare a Ph.D. thesis as part of the research 
performed under the contract. 

It is believed that the program currently supported by ONR is 
enabling many productive mathematicians to expand and strengthen 
their normal research activities, and to assist in the accelerated train- 
ing of promising young research workers; while able junior mathe- 
maticians are, in several cases, being given the opportunity to carry 
on their investigations for an additional year, before assuming their 
university duties. 

It is hoped that the impact of this program on the mathematical 
life of the United States will be in the direction of stimulating signifi- 
cant mathematical research, and of enabling the faculties of univer- 
sities in all parts of the country to encourage the interest in mathe- 
matical research of their most promising students. It is expected that 
this activity will contribute toward the production of a gradually in- 
creasing corps of able and experienced mathematical research work- 
ers. 
In its broad outline, the ONR program reflects the Navy’s recog- 
nition that intensive research in certain fields of applied mathematics 
may be counted upon to yield specific results directly applicable to 
engineering and other scientific problems and therefore of use to in- 
dustry and research laboratories as well as to Naval establishments; 
but it reflects also the recognition that a lively activity in mathe- 
matical research and a ‘sustained growth in the number of mathe- 
matically trained personnel are necessary to enhance the scientific 
life of this country and to maintain the position of the United States 
relative to scientific progress abroad. 

MINA REEs, 
Head, Mathematics Branch, 
Office of Naval Research 
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1, Introduction. Within the past twenty-five years, a large body 
of statistical inference theory has been developed for samples from 
populations having normal, binomial, Poisson, multinomial and 
other specified forms of distribution functions depending on one or 
more unknown population parameters. These developments fall into 
two main categories: (i) statistical estimation, and (ii) the testing of 
statistical hypotheses. The theory of statistical estimation deals 
` with the problem of estimating values of the unknown parameters of 
distribution functions of specified form from random samples as- 
sumed to have been drawn from such populations. The testing of 
statistical hypotheses deals with the problem of testing, on the basis of 
a random sample, whether a population parameter has a specified 
value, or more generally whether one or more specified functional 
relationships exist among two or more population parameters. 

All of this theory has now been placed on a foundation of prob- 
ability theory through the work of R. A. Fisher, J. Neyman, E. S. 
Pearson, A. Wald, and others. It has been applied to most of the 
common distribution functions which occur in statistical practice. 
Many statistical tables have been prepared to facilitate application 
of the theory. l 

There are many problems of statistical inference in which one is 
unable to assume the functional form of the population distribution, 
Many of these problems are such that the strongest assumption 
which can be reasonably made is continuity of the cumulative dis- 
tribution function of the population. An increasing amount of atten- 
tion is being devoted to statistical tests which hold for all popula- 
tions having continuous cumulative distribution functions. Prob- 
lems of this type in which the distribution function is arbitrary within 
a broad class are referred to as non-parametric problems of statistical 
inference. An excellent expository account of the theory of non-para- 
metric statistical inference has been given by Scheffé [60].1 In non- 
parametric problems it is being found that order statistics, that is, 
the ordered set of values in a random sample from least to greatest, 
are playing a fundamental rôle. It is to be particularly noted that the 
term order is not being used here in the sense of arrangement of 
sample values in a sequence as they are actually drawn. 

There are both theoretical and practical reasons for this increased 
attention to nonparametric problems and order statistics. From a 
theoretical point of view it is obviously desirable to develop methods 
of statistical inference which are valid with respect to broad classes 


1 Numbers in brackets refer to the references cited at the end of the paper. 
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of population distribution functions. It will be seen that a consider- 
able amount of new statistical inference theory can be established 
from order statistics assuming nothing stronger than continuity of 
the cumulative distribution function of the population. Further im- 
portant large sample results can be obtained by assuming continuity 
of the derivative of the cumulative distribution function. From a 
practical point of view it is deairable to make the statistical procedures 
themselves as simple and as broadly applicable as possible. This is 
indeed the case with statistical inference theory based on order sta- 
tistics. Order statistics also permit very simple “inefficient” solutions 
of some of the more important parametric problems of statistical 
estimation and testing of hypotheses. The solutions are inefficient in 
the sense that they do not utilize all of the information contained in 
the sample as it would be utilized by “best possible” (and computa- 
tionally more complicated) methods. But this inefficiency can be offset 
in many practical situations where the size of the sample can be in- 
creased by a trivial amount of effort and expense. 

It is the purpose of this‘paper to present some of the more im- 
portant results in the sampling theory of order statistics and of func- 
‘tions of order statistics and their applications to statistical inference 
together with some reference to important unsolved problems at ap- 
propriate places in the paper. The results will be given without 
proofs, since these may be found in references cited throughout the 
paper. Before proceeding to the technical discussion it may. be of 
„interest to make a few historical remarks about order statistics. 
One of the earliest problems on the sampling theory of order sta- 
tistics was the Galton difference problem studied in 1902 by Karl Pear- 
son [51]. The mathematical problem here, which was solved by 
Pearson, was to find the mean value of the difference between the 
rth and (r+1)th order statistic in a sample of n values from a popula- 
tion having a continuous probability density function. In 1925 
Tippett [72] extended the work of Pearson to find the mean value 
of the sample range (that is, the difference between least and greatest 
order statistics in a sample). In the same paper Tippett tabulated, for 
certain sample sizes ranging from 3 to 1000, the cumulative distribu- 
tion function of the largest order statistic in a sample from a normal 
population having zero mean and unit variance. In 1928 Fisher and 
Tippett [14] determined by a method of functional equations and for 
certain restricted regularity conditions on the population ‘distribu- 
tion the limiting distribution of the greatest (and also least) value in 
a sample as the sample size increases indefinitely. R. von Mises [35 | 
made a precise determination of these regularity conditions. Gumbel 
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has made further studies of these limiting distributions and has made 
various applications to such problems as flood flows [19] and maxi- 
mum time intervals between successive emissions of gamma rays 
from a given source [18]. In 1932 A. T. Craig [4] gave general ex- 
pressions for the exact distribution functions of the median, quartiles, 
and range of a sample size of #. Daniels [7] has recently made an 
interesting application of the sampling theory of order statistice to 
develop the probability theory of the breaking strength of bundles of 
threads. 

One of the simplest and most important functions of order statis- 
tics is the sample cumulative distribution function F(x), the frac- 
tion of values in a sample of n values not exceeding x. In 1933, 
Kolmogoroff [30] established a fundamental limit theorem in prob- 
ability theory which enables one to set up from F,(x) a confidence 
band (for large n) for an unknown continuous cumulative distribution 
function F(x) of the population from which the sample is assumed 
to have been drawn. Smirnoff [66 | extended Kolmogoroff's results to a 
treatment of the probability theory of:the difference between two 
sample cumulative distribution functions F,,(x) and F,,(x) for large 
samples. Wald and Wolfowitz [76] have developed a method for de- 
termining exact confidence limits for F(x) from a sample of # values. 

In 1936 Thompson [70] showed how confidence limits for the 
median and other quantities of a population having a continuous 
cumulative distribution function could be established from order 
statistics in a sample from such a population. His result was dis- 
covered independently by Savur [59] in 1937. In 1941 the author 
[85] showed how the probability function of the portion of the 
distribution (continuous) of a population lying between two order 
statistics could be used to set up tolerance limits for the popula- 
tion from which the sample is assumed to have been drawn. These 
ideas were extended by Wald [75] to the determination of rec- 
tangular tolerance regions for populations having distribution func- 
tions of several variables. More recently Tukey [73] has extended 
Wald’s ideas to the determination of more general tolerance regions. 
Tukey’s extensions give promise of a variety of applications in sta- 
tistical inference. l 

One of the most important properties of the probability distribu- 
tion for a sample of n values from a population having a continuous 
cumulative distribution function is that the probabilities associated 
with the #! different permutations of sample values are equal. Fisher 
[12, 13] initiated the idea of utilizing this property to develop the 
randomization method for constructing statistical tests and illustrated 
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his ideas in several examples. Friedman [16], Hotelling and Pabst 
[26], Pitman [55, 56, 57], Olmstead and Tukey [45] and Welch 
[83, 84] have used the randomization method and its extensions to 
several samples for developing various statistical tests valid for 
populations with continuous cumulative distribution functions. Wald 
and Wolfowitz [77] used the idea to develop a test of the statistical 
hypothesis that two samples have come from populations having 
identical continuous cumulative distribution functions. Wolfowitz 
[88] has proposed an extension of the Neyman-Pearson likelihood 
ratio method (a standard method for determining test criteria in para- 
metric problems) for systematically determining test criteria in non- 
parametric problems, making use of the randomization principle. 


2. Notation and preliminary definitions. Throughout this paper 
we shall consider only populations with continuous cumulative dis- 
tribution functions. At certain points in the paper, which will be indi- 
cated, we shall consider cumulative distribution functions (cdf) with 
derivatives which are continuous except possibly for a set of points 
of measure zero; we shall refer to such derivatives as continuous with 
this understanding. 

A one-dimensional continuous cdf F(x) satisfies the following condi- 
tions: 

(a) F(x) is continuous on the entire one-dimensional x space. 

(b) F(+ 0) =1, 

(c) F(— 0) =0, 

(d) F(x) is nondecreasing. 

If X is such that the probability that X Sx is F(x), or briefly if 


Pr (X S x) = F(z), 


then we say that X is a random variable which has the cdf F(x). If 
F(x) has a continuous derivative f(x), then f(x)dx is called the 
probability element of X, and f(x) the probabthity density function 
(pdf) of X. 


Since we are considering continuous cdf’s it should be noted that 


Pr(X Sx) = Pr(X <x) = F(x). 

Similarly, a k-dimensional continuous cdf F(x1, xa, - + © , Xe) satis- 
fies the following conditions: | 

(a) F(a, x1, +--+, xa) is continuous over the entire k-dimensional 
(Euclidean) space Ry. 

(b) F(t, +,-+, +ojet, 

(c) F(— o, xan eeo, Xb) = F(x, — Oy, Kacy Bebe ee 


= F(x, x2, cy Meet a) = 0. 
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(d) An [Ae noe [Ae (x1, M4, °° y xx) | Pues j20 where AiG (x1, 
Kay ty Xa) HGH, My ey by Mey e e en) — Gey My + + +, tH), 
and h,>0. If Xi, Xa +--+, Xa are such that the probability that all 
the inequalities X; S %1, Xa Sts, ++ +, Xa Sx, holdis F(x, Xa, °° +, Xx), 
or more briefly if 


Pr (Xi S #1, Xi S 2a ee, Xi S Xe) = F(x, eee, za), 


then we say that Xi, Xan °, X» are random variables having 
cdf F(x, Ma, °°", Ta). If O* F(x, Xa, tte, xn) [OX Ox, > + + OX, 
= f(x, Xa, °° +, Xa), BAY, 18 continuous, f(x, Xr, °° +, Xi) dxidxy + + + d&r 
is called the probabiity element of the k random variables, and 
Jln %, + °°, x) is the probability density function (pdf) of the 
random variables. 

In general, we shall denote random variables by capital letters and 
the variables in the cdf and pdf by the corresponding lower case 
letters. 

If X is a random variable having cdf F(x), and if G(x) is a Borel- 
measurable function, then G(X) is a random variable having a 


cdf H(y) defined by the Lebesgue-Stieltjes integral 
H(y) = Pr G(a) £ 9) = f dF (2) 
8 


where S is the set of points for which G(x) <y. The mean value of 
G(X) is defined by 


(1) ECR) = | GPa). 

Similarly, in the case of & variables having cdf F(x1, x2, - © >, xa) the 
cdf H(y1, Ys, -- +>, Yr) of r functionally independent Borel-measurable 
functions of the X’s, say $,(X1, Xn’, Xr), t=1, 2,°¢° 497 
(r Sk), is defined by the Lebesgue-Stieltjes integral 


(2) H(i, sE na Yr) a J E Tr tt, Ta) 


where S is the set of points in R, for which 
Oi(21, Ma, °°, te) SVE (i= 1,2,-+-, 7). 
The mean value of @,(X1, Xa, +++, X») is defined by 


(3) E(¢;) -f CACETE Tar tett, xy) dF. 
Ry 
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If F(x) is a cdf and if Xi, Xs,--+,2X. are random variables 
having cdf 
(4) F(21)-F(a:) +++ F(z), 


then Xi, Xz, -© +, Xais said to bea random sample O, of sise n from 
a population having cdf F(x). The n-dimensional Euclidean space R, 
of the x’s in the case of random sampling is called sample space. All 
seta of points and all functions considered in this paper are assumed 
to be Borel-measurable. 

It should be noted that R, is constructed as a product space from 
n one-dimensional spaces and has a cdf which is the product of the 
corresponding # one-dimensional (and identical) cdf's. 

Similarly, one defines a random sample of size » from a population 
having a k-dimensional cdf. In this case the sample space would be 
kn-dimensional. 

Suppose X1, Xs, °°, Xa is a sample of size n from a population 
having continuous cdf Fix). It can be shown that the probability of 
two or more of the X's being equal is zero. Hence we shall always 
consider the X’s in a sample as all having different values. Let the 
X's be arranged in increasing order of magnitude from least to great- 
est and denoted by Xq)<Xq@<°- ++ <X a. These ordered values of 
the X’s are called order statistics, Xm being the rth order statistic, 
yoi,2,°-°°,%. 

If I is any interval or set determined from the X’s of a sample, the 
integral C= frdF(x) will be called the population coverage of I, or 
simply the coverage of I. For example, F(X.) — F(X), for +<j, is the 
coverage of the interval (Xip, Xo). (If this paper were written com- 
pletely abstractly, that is, devoid of statistical interpretation, a better 
term for C would be measure of I.) The coverage of I is the fraction of 
the population or amount of probability in the population distribu- 
tion function contained in I. Since J is a function of the sample X’s, 
the coverage of I is a random variable. In the case of a population 
having a continuous k-dimensional cdf F(X), Xn °- , Xz) a similar 
definition holds for a coverage C, over a k-dimensional region or set 
S, in the variate space determined by the sample. ` 

We shall find it convenient to introduce the following definition 
at this stage: 

DEFINITION. Suppose a sample of sise n is drawn from a k-varsate 
population having a continuous cdf F(x, x1, °° +, £a), and let S, bea 
region (or set) in the x, xs, >>- , xa space having a boundary de- 
termined by the sample. If Cy, the coverage of Sr, has a distribution which 
does not depend on F (x1, x2, -- - , xs) we shall say that Cy 4s distribution- 
free. 
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If the cdf has a specified functional form but depends on certain 
parameters 6,,6,,°--,6, and if S, can be determined by the sample 
so that the coverage C, has a distribution which does not depend on 
the @’s, we shall say that C, is parameter-free. Such coverages have 
been determined by the author [85], and by Paulson [46], for the 
case of populations having a normal distribution. However, we shall 
not be interested in parameter-free coverages in this paper since inter- 
esting parameter-free coverages do not, in general, depend on order 
statistics for their determination. It is obvious, of course, that if a 
coverage is distribution-free it is also parameter-free. 


3. Sampling distributions of coverages for the case of one dimen- 
sion. One of the most important, useful, and well known properties 
of a continuous cdf F(x) may be stated as follows: 

If X is a random variable having a continuous cdf F(x) then F(X) is 
a random variable such that 


Pr (F(X) S $) = 2, OSpsi. 


Thus, if Xi, Xa, +--+, X. is a sample of size n from a population hav- 
ing a continuous cdf, the probability element of P;=F(X;), 
4=1,2,°°-,n, 18 


(5) dpidps ews” apy, 


the sample space of the P; being the n-dimensional cube 087,81 
(¢=1,2, +--+, 2). Hence, it is seen that the random variables P, are 
independently and uniformly distributed on the interval (0, 1). 

Now consider the order statistics X(p,#—1,2,-+++,,inasample 
of size n from a population having a continuous cdf F(x). Represent 
these order statistics as points on the x-axis, where x is the variate in 
the cdf F(x). These points cut the x-axis into »+1 intervals 
L => [Xo Xul, gut, 2,’ r n+t, where X (0) = —_ %0, and X (att) 
=+ œ, Let C, be the coverage of Ien. These coverages are all random 
variables whose sum is unity. The probability element of any # of 
these coverages, for convenience the first n, is 


(6) nidcidcs on an dea, 


where ¢;2,0 and Tse In other words, the pdf of the C; is 
uniform over the n-dimensional simplex in the space of the c, with 
corners at the s-+1 points (0, 0,---,0), (1, 0,0,---,90),-°°, 
(0, 0,---,0, 1). If a set of n+1 coverages Ci, Cr, - ++: , Casi for 
which > tt!C,;—=1 have probability element (6), we shall say that 
this is a set of elementary coverages. The most important property of 
this distribution as far as statistical inference is concerned is that it 
does not depend on F(x), which is usually unknown in statistical infer- 
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ence problems. In other words, the coverages for the intervals I; are 
dtsirtbuiton-free. 

The probability element given by (6), although very simple, is 
basic in the sampling theory of coverages and order statistics. 

If we let U be the coverage composed of the sum of any r (r Sn) of 
the n+1 elementary coverages C, we can verify from (6) that U has 
the probability element 

Tn T 1) r= l rf 
(7) TOFD a 1(1 — a) "du, 0OS*« 3 1. 

If UV is the sum of r elementary coverages and V is the sum of s 
elementary coverages (r-+sSn) so that U and V contain no ele- 
mentary coverages in common, then the probability element of U and 
V is 
(8) ae wi —tpe 1 (1 eae ae p)*--*dudo, 

Trn — r—s-+ 1) 
where #20, 72,0, and w+rS1. 

Similarly, one could set up the probability element of more than 
two disjoint sums of elementary coverages according to any partition 
echeme. . 

At this point it may be of interest to examine a few applications of 
the coverage distributions given by (7) and (8) and their immediate 
extensions. 


4, Examples of direct applications of coverage distributions for the 
case of one dimension. 

(a) Confidence limits of medians, quartiles and other quantiles. Sup- 
pose &, is the p-quantile, that is, the value of x for which F(#,) =>. If 
Xap Aq, > * *, Aca) are the order statistics in a sample of size n from 
a population with continuous cdf F(x), we can construct confidence 
limits for & from any two order statistics, X(n and X.pj,+#<j. For we 
have 

Pr (Xa < p < Xin) = Pr [F(Xw) < p < F(Kin)] 
(9) = Pr [F(X w) < $ <F(Xw) + FX) — FXw)]} 
= Pr(U <$ <U+7F), 
where U and V are distributed according to (8) with r=4 and s=j—4. 
Evaluating this probability, one finds 
(10) Pr (Xa < Ep < Xin) = I, (4, n t+ 1) = TG, n e a 1) 
where I,(, q) is the incomplete beta function defined by 
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T "Å 
(11) I,(?, q) = ait f P11 — Ae lds, 


Thus, the probability can be calculated from the incomplete beta 
function tables [54] that the confidence interval (Xin, Xin) covers the 
unknown -quantile £,. In setting up confidence intervals for prac- 
tical purposes one would choose a confidence coefficient a (say a=.95) 
and then for each value of n select the pair of values of + and j closest 
together (or one of these pairs in accordance with practical considera- 
tions if there are more than one pair), such that the expression on the 
right of (10) is not less than a. 

If p=0.5, o.s is the medtan of the cdf F(x). In this case one would 
choose t= and j=#—k+1, R<(m+1)/2 (that is, the Ath largest 
and the &th smallest order statistics) and then select a value of & for 
each # in accordance with the method described above. Expression 
(10) becomes, in this case, 


(12) Pr (Xqy < bos < Xor) = 1 — Walk, n — k + 1). 


Similarly, one could deal with the lower quartile fp sı and upper quaritle 
Ło.rs or any other quantile. Expression (12) was established in 1936 
by Thompson [70], and discovered independently by Savur [59]. 
Nair [42] has tabulated the largest value of k for which Pr(X uw 
<$o.s < Xia) &0.95 and also 20.99 for n= 6, 7,8,---, 81. 

(b) Population tolerance limits. The following problem, pointed out 
by Shewhart [63], arose in the statistical aspects of a mass produc- 
tion problem. Suppose a mass production operation is yielding a 
sequence of product pieces such that measurements on a given dimen- 
sion are behaving so they can be idealized as values of a random 
variable from a population having some (unknown) continuous 
cdf F(x). Can one find a sample size n and two tolerance limits 
LXi Xs, °° +, Xa), llai Xs, +--+, Xa) from the sample values 
Xi, Xs, © +, Xa 80 that no matter what continuous cdf F(x) is, the 
probability is a that the fraction of the population covered by the 
interval (L1, La) is at least £, that is, 


(13) Pr [(F(Zs) — F(L1)) > £] = a? 


That is, what functions Lı and Ls will produce an interval (Ii, La) 
such that the population coverage for (Zi, La) is dtsiributton-free? 
Values of a and $ of practical interest are high (that is, 0.90 to 0.99). 
It was shown by the author [86 | that this problem cold be solved by 
choosing L, and. Za as order statistics. For example, if Lı = X} and 
In = Xia) (in practice $ would be taken as 1, 2, 3 or some small 
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value compared with n) then it follows immediately from (7) that 
F (X (n—b+1)) — F (X (by) = U/ has the probability element 
| Tís + 1) 


14 et tne np aaao gg ea he 1 — 2i—lg 
Ea rapra g p 0 ” 


In this case the problem reduces to the determination of the smallest 
value of # for which 


(15) 1— Is(n — 2k + 1, 2k) 2 a. 


Note that this solution is approximate. In general there exists no 
value of n» for which the probability in (13) is exactly equal to æ for 
fixed a and 8 and specified order statistics, but there is always a 
smallest » for which (15) holds. 

A question which naturally arises here is whether there are func- 
tions Lı and J, of the sample Xi, Xa ° -+ , X, other than order sta- 
tistics for which the problem of tolerance limits can be solved if 
nothing is assumed about the population cdf F(x) beyond continuity, 
This is still an open question. However, if F(x) has a derivative, 
Robbins [58] has proved that the only (distribution-free) tolerance 
limits which are symmetric in the sample values Xi, Xn °°, An 
are order statistics. 


5. Distribution of single order statistics. The problem of determin- 
ing the sampling theory of an order statistic consists of applying an 
appropriate transformation to the coverage distribution (7). In this 
section we shall consider some special cases of interest. 

(a) Exact distribuiton of Xi. Suppose X1, Xa, < ++, Xa isa sample 
from a population having a continuous cdf F(x) which has a deriva- 
tive (pdf) f(x). The probability element $(*())dxq) for the rth order 
statistic Xn is given by applving the transformation # = F(x) to 
(7), thus yielding 

$(X¢r)) dX) 
(16) T(n + 1) 
T(r) (se — r+ 1) 
It should be noted that as soon as we go from (7) to (16) via the 
transformation “= F(x.) we pass from consideration of nonpara- 
metric problems to parametric ones. That is, we cannot calculate 
probabilities of X» falling in specified intervals from (16) without 
knowing F(x), whereas we can calculate similar probabilities pertain- 
ing to F(X) from (7). 
A. T. Craig [4] gave special cases of (16) in 1932, namely, for the 


[Flam tft — Flee) SEn) dre). 
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median and the two quartiles of the sample. For samples of size 
2m+1, Xœ) is the sample median, and for samples of size 4k-+-3, 
Xom and Xan are the dower and upper quarisles of the sample. 

(b) Limiting distribution of largest (or smallest) value in a sample. 
Limiting forms of the distribution (16) for r= (or 1) as s+ and 
properties of these limiting forms for various classes of cdf’s F(x) have 
been considered by a number of authors, particularly Dodd [10], 
Smirnoff [65], Fisher and Tippett [14], Fréchet [15], Gumbel [17], 
and von Mises [35]. One of the earliest studies of these extreme 
values was made in 1923 by Dodd [10], who investigated stochastic 
limits of greatest values in samples of size n as n— ©. Dodd’s results, 
although of interest in the theory of probability, are not particularly 
useful in statistical inference, and therefore no attempt will be made 
to summarize them in detail here. It will, perhaps, be sufficient to 
state a typical one of Dodd’s theorems: 

If f(x) is the pdf of X, such that O <k, <xtef (x) <k < œ for x>0, 
and f(x) =0 for x<0, where a>O, then as the sample sise n>, 


(17) Lim Pr (nla < Xaj < nit) = 1 
for any >Q. 

Dodd established five other theorems similar to this one, depend- 
ing on various assumptions regarding the behavior of f(x), particu- 
Jarly for large values of x. 

One of the most important items in Dodd’s paper is his remark to 
the effect that if £*) is the median of the pdf (x) of the largest 
sample value Xi» in a sample from a population having cdf F(x) and 
pdf f(x), then &} may be determined by solving the equation 
[F(E) |» =0.5. The immediate extension of this is that if &) is the 
p-quantile of the cdf of Xw then the probability of all values in the 
sample being less than £ is equal to p, that is, 


(18) Fe) = 2, 
from which § is given by solving the equation 
(19) F(t) = p”. 


In 1925 Tippett [72], using the immediate extension (18) of Dodd’s 
results, tabulated the cdf [*. (xim))dxcm) of the largest value in 
samples of size » from a normal population for which 


1 »# 
(20) . F(x) = apn) one 
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Thus, the basic formula used by Tippett in his tabulation was 


s 1 ] a 
ee ete J 
(21) fS edim = [saa f etna. 
Tippett’s tabulation was made for #3, 5, 10, 20, 50, 100, 200, 
300, -+-, 1000 and for x ranging from —2.5 to 6.5 by intervals of 
0.1. 


In 1928 Fisher and Tippett [14] obtained limiting distributions, 
asn—o, of the greatest (and least) values in a sample from a popula- 
tion having a cdf F(x) and satisfying certain regularity conditions 
for large values of x. They used an ingenious method of functional 
equations, based on the fact that the largest value in a sample of size 
mn has the same distribution as the largest value in a sample of size 
n from a population of largest values of samples of size m. They ar- 
rived at three types of limiting distributions. Almost simultaneously, 
Fréchet [15 | arrived at one of the types. R. von Mises [35 | has set forth 
more explicitly the regularity conditions on which the Fisher-Tippett 
results depend. Fisher and Tippett abtained three important classes 
of limiting distributions of Xia), the largest value in a sample of size 
n from a population having cdf F(x), which may be stated as follows: 

Case I. Suppose F(x) is a cdf which ts less than 1 for every finite 
value of x, and which is continuous and has two derivatives for aH x 
greater than some finite value xo, and that 


d {1 — F(x) 
in ra 
Then 
(22) Lim Pr (Ew = h)a() S u] = ot” 


for any u on the tnierval (— ©, +œ), where l, satisfies the condition 
F(a) = (n — 1)/n. 


Case II. Suppose F(x) is a cdf which ts less than 1 for every finte 
value of x, and has a dersoative F(x) fer x greater than some fintie value 
Xo such that 

xF (x) 


Lim -———— = & 
>. 1 — F(z) 


where k>0O. Then 
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(23) Lim Pr (= sS «) =e 
=a la 
for any u on the tnterval (0, œ), where |, ts defined in Case I. 

Cask III. Suppose F(x) is a caf such that F(a) =1, and that the first 
k—1 derivatives of F(x) exist and are 0 at x=a. Suppose F®(a) 
=(—1)*¢, where c>0, and that F@(x) is bounded on the interval 
(a—e, a) for some e>0. Then 


FC l/h í 
(24) Lim Pr (Eo = a) (=) sS u) = go (~u) 


for any u on the interval (— œ, 0). 

In 1927 Fréchet [15] obtained the limiting distribution in Case II 
in a slightly different form. The issue of the journal in which his re- 
sult was published was not printed until 1928, thus indicating that 
Fréchet’s results and those by Fisher and Tippett actually appeared 
almost simultaneously. 

To take an important example of Case I, suppose F(x) is the normal 
cdf given by (20). After some calculation, neglecting terms of order 
I? and (log »)—, the expression (Xia) — la) n F” (la) reduces to 


(25) EZ log »)*/* — log (on) 


Thus, for large », the probability element of this expression is ap- 
proximately 


(26) e dy, 


If one were interested in the largest value Xw in a sample from a 
normal population with mean m and variance o?, he would merely 
replace Xia in (25) by (X(s)—m)/o. 

A rather direct approach to the problem of obtaining the limiting 
distribution of the largest or smallest values in a sample can be made 
from (16). Consider the case of the largest value. We have r=n in 
(16). The probability element of Y, where Y=n[1—F(X())] and 
where Xia has probability element (16) is 


(27) (1 — y/n) dy (0S ¥S nm) 


and hence the limiting distribution as Y as n— © has probability 
element 


(28) edy. 
The problem of finding the approximate distribution of X (a) for large 
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n is a matter of making the transormation Y=n[i1—F(X(a))| on 
(28). 

(c) Limiting dtstribuiton of X. Results similar to these given in 
_ the preceding paragraphs can be written down for the limiting dis- 
tribution for the rth largest (or rth smallest) order statistic for fixed 
r. For example, in the case of the rth largest statistic X(n—-41, the 
limiting distribution of Y =ø [1 — F(X w40) | has probability element 

yie 
T(r) 


which plays the fundamental role in Ceriving the limiting distribution 
of Xia) for any particular cdf F(x aag pdf f(x) satisfying suitable 
regularity conditions. 

If, however, one allows r to increase with n so that r/n =>, and if 
f(x) is continuous and not equal to O at the -quantile £,, then the 
order statistic X» is asymptotically aormally distributed with. mean 
Ẹ, and variance p(1—p)/n[f(t,) }, that is, 


(Xo — Ep) f(Ep) 0”? 1 « 
(30) Lai Pr Bir 3 1 = aan) A 


Of the authors who have considered the limiting distributions of 
order statistics, Smirnoff [65] made a rather systematic and com- 
prehensive study of them in 1935, although there is no evidence that 
he was aware of the results on largest values which had been reached 
earlier by Fisher and Tippett [14] and Fréchet [15]. 


6. Joint distributions of several one-dimensional order statistics 
and applications. There are problems in parametric statistical infer- 
ence which involve the sampling theory of two or more order sta- 
tistics. Determination of the sampling distributions of the sample 
range (X(ay)—Xay) and midrange (Xay+Xa))/2 are examples of such 
problems. The exact sampling theory of two or more order statistics 
in samples from a population having a cdf F(x) with a continuous 
derivative f(x) is straightforward and presents no particular diff- 
culties. (See [87].) For example, consider two order statistics X» 
and Xir) (r <r’). The probability elament plt, XL (71) dX (9) BK (er) is 
obtained by applying the transformaton 


(31) «= F(x), p= F(x) — F(t) 
to (8) and setting s =r" —r. Setting r’=r+1, we have the joint dis- 


tribution of Xe) and Xim, from which Karl Pearson [51] obtained 
the solution to the Galton diference problem, namely 


(29) 





dy 
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(32) E(X e — Xe) 
P(n + 1) 


"Ter + DIG +1) J ee ee 


(a) Distribution of sample range. For r=1, and r’=n, we have the 
probability element for the two extremes in a sample from which it 
follows that the probability element g(r)dr of the exact distribution 
of the sample range R=X (a) —X 1) 18 


(33) g(r)dr 2 
an(n—1) ‘ f [F (r+) Elam) ] r+ za)faodzn} dr. 


A similar expression holds for the probability element of the mid- 
range M =(X w +X1)/2. 

The problem of the distribution theory of the sample range was 
originally discussed by von Bortkiewicz [1] in 1921. In 1925 Tippett 
[72 | showed that the mean value of R is given by 


GD =f {1- Pol- l- Pe] 


He tabulated E(R) and also the variance of R for samples from 
size 2 to 1,000 from a normal population in which F(x) is given by 
(20). In 1933 McKay and E. S. Pearson [33] determined explicit 
expressions for the distributions of ranges in samples of size 2 and 3 
from a normal population. More recently, Hartley [23 ] has tabulated 
the cdf of the range R for samples of size 2, 3, 4,--+, 20 from a 
normal population with zero mean and unit variance. 

Setting up new random variables Y and Z defined by 


(35) Y = nF(Xa), Z= n[1 — F(X w)] 


one finds Y and Z independently distributed in the limit as n= œ, 
which means that X(1) and Xia) are asymptotically independently dis- 
irsbuted in large samples, and hente the problem of determining the 
limiting distribution of the range R as n—œ is one of dealing with 
the difference between two asymptotically independently distributed 
random variables. This limiting distribution has been discussed by 
Gumbel [20], who has also dealt with what he calls mth ranges 
(X im) — X (nee) and mth midranges (Xim +X inmi) /2. In par- 
ticular, he shows that for fixed m, the order statistics X=) and 
Xia) are independently distributed in the limit, as #n—>œ. 
More recently Gumbel [22] has studied the reduced range R* 
= fa |R— 2l, | where i, is given by F(la) =("—1)/n and g, is the ratio 


e ese 
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F’(1,)/[1—F(1,) |. He has made some tabulations for the case of 
samples of size » from a normal population. Carlton [3] has given 
the asymptotic distribution of the renge of a sample from a popula- 
tion having probability element dx/€ on the interval (0, 6). 

(b) Limiting dtsirsbuiton of two or more order statssitcs in large 
samples. Smirnoff [65 | has shown thet if n, 11, and ms increase indefi- 
nitely so that n;/n=1, and n/n = fa (0<pi, ps <1), then the order 
statistics X iw and Xap in a sampie of size n from a population 
having a pdf f(x) (which is greater then 0 and continuous at the quan- 
tiles p and &,,) are asymptotically jcintly normally distributed with 
means $p, (¢=1, 2), variances p;(1—»,)/m[f(E,,) |? (=1, 2), and co- 
variance $1(1— ps) NFE (Ev): It should be remarked that these 
variances and covariance were derived as early as 1920 by Karl 
Pearson [53 |. However, he did not establish the fact that the limit- 
ing distribution of X iw and X(a,),a8 n— ©, is normal. Mosteller [39] 
has extended Smirnoff’s result to a set of k order statistics, obtaining, 
of course, a normal -variate limiting distribution. 

(c) Estimation of population parameters by order staitstics. Mosteller 
[39 | has investigated the efficiency of various linear combinations of 
several order statistics in large samples for estimating the mean and 
variance of a normal distribution function. To pick one simple case, 
he shows that by choosing pı =.2702 and p:=.7298, the average of 
the two order statistics Xap) and Xap have an efficiency 0.81 in 
estimating the population mean for large n. We are using efficiency 
here in the sense of R. A. Fisher, briefly and roughly stated as follows: 
if the “most efficient” method of estimating the population mean had 
been used (the arithmetic mean of all sample values in this case) a 
sample of size 0.8in would produce aa estimate with the same vari- 
ance, to terms of order 1/#, as that for the estimate based on the two 
given order statistics. To state the matter another way, this means 
that the use of these two order statistics for estimating the popula- 
tion mean “utilized about 819% of the information contained in 
the sample.” Among other results, Mosteller has shown that 
by using the average of 10 properly spaced order statistics one can 
obtain an estimate of the mean with zn efficiency of more than .97. 
He considered the cases of 2, 3, 4,- +--+, 10 symmetrically spaced 
order statistics in the estimation of the mean of a normal population. 
He also considered order statistics in the estimation of the variance 
o* of a normal population. The use of the range for this purpose in 
small samples was investigated by Davies and Pearson [8]. They 
found that for samples of aize 10 or leas, the range (multiplied by a 
suitable factor) is almost as accurate for estimating o as the cus- 
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tomary method based on the sum of squares of deviations of sample 
values from their mean. 

The use of order statistics promises to furnish a simple and. effec- 
tive practical method for estimating parameters of the normal and 
other populations having continuous pdf’s for both large and small 
samples—especially in situations where large samples are easily avail- 
able. The development of this field will depend on a vast amount of 
computation, but the reward will be extremely simple statistical 
methods useful for both large and small samples under certain prac- 
tical conditions. 

(d) Application of order statistics to breaking strength of thread 
bundles. An interesting application of the joint distribution theory of a 
set of one-dimensional order statistics has been made by Daniels [7 | 
to the statistical theory of breaking strength of bundles of threads, 
which illustrates a type of application of order statistics which may 
be important in the critical study of other physical phenomena of a 
similar nature. 

Suppose the breaking strength of a population of thread lengths has 
a continuous cdf F(x). Let the ordered breaking strengths (from least 
to greatest) of a sample be Xm, Xm’, Xw. Now suppose 
these threads are made into a bundle of » parallel threads and let a 
load S be applied and consider the probability that S will break the 
bundle. Itis evident that the bundle will break if the following condi- 
tions are satisfied: 


0 < Xa < S/n, 
Xay < Xa, < S/(w# + 1— 4) (i= 2,3,---, n). 


If we denote by B the region in sample space for which these in- 
equalities hold then the probability that S will break the bundle is 


(36) 


(37) pa(S) = wt f “aF(es)4F (ee) Pla): 


But, setting p= F(x) (¢=1, 2,+--, 2), this is equivalent to the 
following integration 


(38) pa(S) = n! f f~ fre J titma ap 


where b= F(S/s),¢m1, 2,- -, n, which yields 


nibi — ba) (Ba — bs) + + + (bai — Ba) Oe 


rial: >e fal 


BY p,(S) = >) 
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where $, denotes summation over all values of f1, 72, © * + , fa (posi- 
tive integers or zero) for which 


Sragi (¢e1,2,---,#—1) 
rl 
and > 37,=n. 


For a specified sample of size m, let \S* be the ae value of S for 
which the inequalities (36) are not all true. Then S* is a random vari- 
able representing the breaking load o: the bundle of # threads for this 
sample. Daniels has shown that if, in addition to the continuity of 
F(x), we assume that Lim,., «[1—F(x)]=0 and «[1—F(x)] has a 
maximum for =x", then 


i S* — na [1 — F(2*)] 1 .f* iu 
a a aoe ft Fay)" = ‘} T oat a 


In other words, S* is approximately normally distributed in large 
samples with mean ax*[1— F(x*) | and variance sx**F(x*) [1 — F(x*) |. 


7. Confidence bands for the cdf F(x). A fundamental problem in 
nonparametric statistical inference is that of finding confidence bands 
for a continuous cdf F(x) from a sample of size ». The natural ap- 
proach to this problem is to make use of the sample cdf F,(x) in 
determining these confidence bands. F,(x) is a function of order sta- 
tistics defined as follows: 


F, (x) w Q T< X (1); 
(41) F(x) = ijn, Xm Sx < Xan, 
F, (x) = 1, i = Tiaj 


The sample cdf F,(x) has been referred to by Cramér [5] as the 
statistical image of the population cdf F(x). 

Consider the transformation Tyy=F(X iy), Ta =F(X m) >, 
Tay ™ F(X cay). It is clear that Tiy, - +, Tim are order statistics in a 
sample of size # from a population having probability element di on 
the interval (0, 1). The cdf of T is 7. Denoting the sample cdf by 
G,(#), it is seen that Supe [f—G,(4)]=Supy) [F(x) — F(x) |. 

By working with the simplified racdom variable T and using the 
fact just stated, Kolmogoroff [30] showed in 1933 that 


(42) Lim Pr {sup [F(z) — Fa(z)]»¥* Sd} = 90) 


where 
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(43) P(A) = = (— 1) ¥en 28”, 


Thus, for a given confidence coefficient a, approximate confidence 
bands for F(x) are furnished by the two functions F(x) +\./n", 
where A, is determined so that PA) =a. Thus, we can say that for 
large n, the probability is approximately @ that the curve y= F(x) 
will be contained in the band bounded by the four graphs: y = F,(x) 
EAa/ PP, y=0 and y=1. Kolmogoroff tabulated values of A, for 
a=.95, .98, .99, .995, and .999, 

A result closely related to Kolmogoroff’s and obtained by Smirnoff 
[66] relates to the difference between two sample cdf's. Suppose 
F(x) and F,(x) are sample cdf’s for samples of sizes m and n respec- 
tively from a population having a continuous cdf F(x), and the ratio 
mjn remains between two fixed positive numbers a; and a3. Then 
Smirnoff showed that 


[Fa(z) — F,(z)] 
(44) Lim Pr {sup “W/m Limi Vein 


Wald and Wolfowitz [76] have considered the problem of setting 
up exact confidence bands for F(x). They have shown, for confidence 
coefficient æ and constant da, how to construct confidence bands for 
F(x) of the form F,(x)+d.. Thus, the probability is œ that the 
region ar band bounded by the graphs of y= F,(~) tda, y=0, and 
y =1 contains the curve y= F(x). There are many ways of determin- 
ing the da, but their evaluation is rather laborious. It would be very 
desirable to have an investigation of sets of values of the da which 
would produce “best” confidence bands, perhaps of smallest average 
vertical width weighted in some sense, and to have suitable tabula- 
tions to facilitate their application. 


8. Sampling distributions of coverages for the case of two or more 
dimensions. In §3 we discussed the sampling distribution of the set 
of elementary coverages produced by the order statistics in a sample 
of size n from a population having a one-dimensional continuous 
cdf F(x). We recall that these elementary coverages have the ex- 
tremely simple probability element (6), which does not depend on the 
population cdf F(x), from which one can readily determine the dis- 
tribution of two or more sums of elementary coverages. We shall now 
deal with the problem of coverages for the case of two or more di- 
mensions. 


For the sake of simplicity, we shall deal with the case of two 


<a} = $0). 
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dimensions. Extension of the results to more than two dimensions is 
‘ straightforward. Thus, suppose we have a sample O. of size n, say 
(Xi, Yi), (Xs, Fa), > ++, (Xa, Ya), from a population having a con- 
tinuous cdf F(x, y). This sample car. be represented as # points in the 
xy-plane. The basic question is this: What kinds of two-dimenstonal 
intervals or regtons S determined by the sample O. are there, tf any, 
which have dssirtbuiton-free coverages? 

We shall discuss several methode of constructing such regions. 

(a) For regions determined by one-dimensional order statistics. It is 
obvious from the one-dimensional case that the slices produced by the 
n lines parallel to the y axis passing through the n sample points are 
regions having distribution-free ccverages. In fact, the coverages 
(two-dimensional) for these regions have the probability element 
given by (6). This is evident from tke fact that this particular slicing 
operation is equivalent to considering only the X’s of the sample in 
precisely the same manner as we did in arriving at (6). Entirely similar 
results hold, of course, if the slicing is carried out with the n lines 
through the sample points parallel to the x-axis. In this case we would 
be considering only the Y's of the sample. 

The preceding considerations suggest a more general method of 
slicing the xy-plane into n+1 regicns or sets. Suppose A(x, y) ia a 
function such that if X and Y are rendom variables with continuous 
cdf F(x, y), the cdf of A(X, F) (=Z, say) is continuous. For the n 
sample points there will be » valuzs of Z, namely Z,=h(X,, Y,). 
Suppose Za) (¢=1, 2, -- - , n) are tke ordered values of the Z;. Now 
there will be n+-1 regions or sets of points in the xy-plane, S,,S3,---, 
Sait, Where S, is the set of points for which h(x, y) <Zy, Sa the set 
for which Zo <k(z, y) <Ziy and soon. Let Ci, Ca, © > +, Caga be the 
coverages associated with Si, Sa © , Sapı respectively. Then these 
coverages are distribution-free and any » of them have probability 
element (6). This follows at once from the fact that under the condi- 
tions stated, Z=4(X, Y) is a random variable having a continuous 
cdf and that we are simply considering the elementary coverages de- 
termined by the order statistics Zia), Zin, + * +» Za): 

But there are more general regions than these which are de- 
termined by the sample and for which the coverages are diatribu- 
tion-free as we shall see in the followimg paragraphs. 

(b) For rectangular regions in case of independent random vartables. 
In case X and Y are independent ir the probability sense, that is, 
when F(x,y) = F(x). Fs(y) (Fi(x) anc Fa(y) being continuous cdf’s of 
X and Y respectively), one can construct rectangular regions having 
distribution-free coverages by setting up a product distribution in the 
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product space of X and Y as followa: Suppose the sample O, is ordered 
with respect to the X’s. The order statistics X, Xi, ©, X@ 
determine a set of one-dimensional elementary coverages having prob- 
ability element (6). The sum U of any r (r Sn) of these elementary 
coverages has probability element (7). Similarly, if the sample is 
ordered with respect to the Y’s, a set of one-dimensional elementary 
coverages is determined such that the sum V of any s (ss) of them 
has probability element (7) with u replaced by v and r by s. Since U 
and V are functions of independently distributed random variables, 
= they are themselves independently distributed. If I, is the set of x 
intervals belonging to U and J, is the set of y intervals belonging to 
V, then IsI, is a two-dimensional product set of rectangles, say S. 
The sum of the two-dimensional coverages over S is simply the prod- 
uct UV. Hence the probability element of the two-dimensional 
coverage UV = W, say, can be calculated from the joint distribution 
of U and. Y, 
I*(n-+1) 

(45) — a 1 — a) (1 — 8) dado 

T(r) (s)T(s—r+10s—r+1) 
by integrating u and v over the region for which w<uv<w+dw and 
neglecting terms of order (dw)* and higher. 

To take a case in which the two-dimensional region S is very 
simple, suppose U is taken as the sum of the elementary coverages 
for the intervals (0, Xa), (Xa, Xæ) +++, (Xen, Xe), then 
U= F(X). Similarly, let V= F(Y). Then the two-dimensional 
set Sis the “corner” for which x < Xi, Y < Yq), and the two-dimension- 
al coverage over Sis F(X): Fal Yay). This two-dimensional coverage 
is the product of two independently distributed random variables U 
and V which have distributions independent of Fi(x) and Fa(y). 
Consequently, the distribution of Fi(X in): Fa( Y) ia independent of 
F(x) Faly). 

This product method of constructing two-dimensional regions hav- 
ing distribution-free coverages can readily be extended to any num- 
ber of dimensions. It was devised by the author [86] in connection 
with the problem of tolerance limits for two independent variables. 
To take a simple case, the rectangular region S for which 
Xm <*£<X qm) and Yy <y < Ya) is such that coverage W over it has 
probability element 


(46) n(n — 1)20*-*[2( — 1) — (w + 1) log wld. 


By integrating this expression from 8 to 1 and setting the result 
equal to æ one has an equation involving the three variables a, B 
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and #. By fixing two of them one may solve for the third. For in- 
stance if a=0.95 and »=500 one finda 8 =0.991. Thus, we may say 
that the probability is 0.95 that, in a sample of size 500, at least 
99.1% of the population will be included in the rectangle deter- 
mined by the range of the X’s and the range of the Y's in the sample. 

By using the product method one can find the joint distribution 
of one or more X order statistics and one or more Y order statistics 
in a sample from a two-dimensional population in which the two ` 
random variables are independent, and similarly for higher dimen- 
sions. But in the case of dependence this problem is extremely com- 
plicated. Mood [37] has given some results on the joint distribution 
of the median of X’s and the median of Y’s in a sample from a popula- 
tion in which x and y are not independent. He showed that the 
asymptotic joint distribution of the medians for the multivariate 
case is normal and determined the matrix of the variances and co- 
variances for the two and three dimensional cases. 

(c) Wald’s results for rectangular regions in case the random variables 
are not independent. The product method of constructing regions 
described above is severely restricted by the requirement of inde- 
pendence, that is, that F(x, y) = Fi(x)-Fs(y). The problem of con- 
structing rectangular regions having distribution-free coverages for . 
the case of samples from populations having any continuous cdf in 
two or more dimensions was solved by Wald [75] in his study of the 
problem of tolerance limits, when the random variables for the 
population are not assumed to be independent. 

Let us consider the two-dimensianal case. We have # sample pairs 
represented as # points in the xy lane. Consider the X order sta- 
tistics XW; Xw, rE aT Xa). The lines re Xin) and x= X (51 (rı <sı) 
cut the xy-plane into three slices. There are $sı—rı—1 sample points 
lying within the middle slice. Lez the Y order statistics for the 
Sı—rı—1 points of the middle slice be denoted by Yj45, 
Yht ¢s Yh- Consider th2 region S consisting of the 
portion of the middle slice which lies between the lines y= VY’, 
and y= YG. (r3<s3). Sis therefore a rectangle defined by X iry <x 
<Xy, and Yij,<y< Vi). Within S there are s:—1r;—1 sample 
points. Wald’s basic result is as follows: 

The region S has a disiribution-fres coverage W which has probability 
element : 

(47) TD) wrni] — wy) rida, 
(sz — ra (ee — 3, + r+ D 

The proof of this statement depends on an ingenious application of 

conditional probability theory. 
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Wald extended this result so that the region S could consist of 
several rectangles rather than a single one. More specifically, sup- 
pose $ (<n) vertical lines x =X (me, (¢=1, 2, ---+, k) are drawn. The 
xy-plane will be cut into k+1 slices. Within the left-most slice there ` 
will be m,—1 sample points. Within the next slice there will be 
%,—m,—1 sample points, and so on. Now suppose we draw a hori- 
zontal line through each of the m,—1 sample points within the left- 
most slice, each horizontal line being drawn completely across this 
slice but not extending into the other slices. We thus cut the first 
slice into m, rectangular blocks. (Note that two of the blocks in this 
slice have two infinite boundaries each, while m,—2 of the blocks 
have one infinite boundary each.) We do a similar operation on each 
of the remaining slices. The total number of rectangular blocks into 
which the xy-plane has been cut is n+1. Let R,; be the jth block in 
the sth slice, and let S* be a set consisting of s of these rectangular 
blocks. Let W* be the sum of the coverages for these s blocks, that is, 
W* = [ged F(x, y). 

Wald’s extended result is this: 

W* ts a dtsirsbutton-free coverage with probability element 

T(n + 1) 
(48) — (wh l(i — wda". 
T(s)T(# — s+ 1) 
Actually, it can be shown that any n of the coverages for the #+-1 
blocks R.; have probability element (7). The extension of Wald’s 
two-dimensional results to the k-dimensional case is straightforward, 
and, in fact, has been carried out by Wald himself. 

(d) Tukey's generalization of Wald’s results. Tukey [73] has gen- 
eralized Wald’s ideas to a stage which shows the full possibilities of 
the use of order statistics in cutting up the xy-plane into regions 
having distribution-free coverages. Although Tukey has generalized 
Wald’s results for any finite number of dimensions we shall again, 
for the sake of simplicity, confine ourselves to the two-dimensional 
Case. 

Let (Xi, Yı), (X3, Vs), ©, (Xn, Ya) be a sample of size n froma 
population having cdf F(x, y), and consider the » points in the gy- 
plane which represent the sample. Suppose, for each value of 
4 (t=>1,2,---,%), that 4,(x, y) is a function such that 4,(X, Y) is 
a random variable having a continuous cdf. Two or more of these 
functions may be identical. Thus, 4,;(x, y) may be used to order the 
sample points so that the values 4,(X,, Y;)=Z,,; (j=1, 2,-°-,) 
will be represented as » points on some interval (as, 0;). The Z, order 
statistics will be Zig, Zim, + * ©, Zia. The “curve” hilz, y) = Zim 
cuts the «y-plane into two regions or sets (we exclude boundaries; 
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the probability contained in them is zero since the cdf’s of the 
k,(X, Y) are continuous): 


Sı: for which klg, y) > Zig), 
and 

Sr: for which kils, Y) < Zia). 
The “curve” kalz, y) = Zra) cuts S/ into two sets 

Sa: for which A(x, y) > Zia) 
and 

Sj: for which kals, yY) < Zs—1. 


Similarly, we cut Sf into two sets, S and Sj, by the “curve” 
h3(x, Y) =Z, and so on. The xy-plane therefore will be cut up 
into #-+1 disjoint sets, Si, San, +--+, Sez1 which are completely de- 
fined as follows: 


Si: {hi(z, 9) >Z] 
Oa! { (a, y) Lims h(x, y) >Z} 


(49) Sa! f hlz, y) <Z1(n); h(x, y) <Lae1); k(x, y) Se] 


Sa: { hilz, y) LEi T g k,—1(z, y) LZa1 0), k(x, y) >Zauy| 
Seti: {Ala 9) <Zimpso, tort, 2,-++, 9}. 


If Cy, Ca, Cara are the coverages (two-dimensional) for 
Si, Ss, > ++, Sai, respectively, we have pase, C;=1. It is to be 
noted that there are n’ ways in which the xy-plane can be sliced up 
into #-+1 sets of type Si, Sa ©- >, Sagi, depending on the order in 
which the functions &4,(x, y) are selected. Tukey’s basic sitcing prin- 
ciple is as follows: 

For any given order in which the sets Si, Sa, © ©, Sapi are de- 
termined, the coverages C-, Ca, © ++, Cas1 assoctated with these sets are 
dtsiribution-free and have probability element (6). 

This principle is more general than it may first appear, for we 
could have cut the xy-plane into two sets by using a “cutting curve” 
determined by a general order statistic Zug, that is, hilz, Y) = Zin 
at the first step. The xy-plane is thus cut into two sets containing 
t:—1 and n—#, sample points respectively. Similarly, each of these 
sets can be cut into two sets by using a “cutting curve” determined 
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by a general order statistic Zau», that is, As(x, y) =Zigy, and so on, 
until the xy-plane has been cut into n+1 disjoint sets. 

The possibilities of applying Tukey’s slicing principle to statistical 
inference problems look promising but are still to be explored. One of 
the most immediate applications is that the method provides a more 
flexible “trimming” procedure for constructing tolerance regions than 
one can construct by Wald’s method of combining rectangles dis- 
cussed earlier. As an example, consider # sample points represented 
in the xy-plane as shown in Fig. 1. 





Fia. 1 


Now suppose the lines (or line segments) Ls, La, -+ La, as shown 
in the figure, are drawn in that order. Lines Lı and Jy are vertical, 
La and L horizontal, L, and Ly are 45° with respect to the x axis and 
Le and Ls are 135°. Note that eight sample points have been used 
in constructing these eight lines, and that »—8 points remain in the 
interior “residual” region Sy . It follows from Tukey’s results that the 
coverage W for Sẹ is distribution-free and has probability element 
(50) se w*-*(1 — w)'dw. 
T(n — 7)T(8) 

Thus, the probability that Sf, when used as a tolerance region, con- 
tains at least 1008% of the population is obtained by integrat- 
ing (50) from B to 1. Note that by continuing the slicing of Sf in 
any manner in accordance with Tukey’s principle one would finally 


32 l S. S. WILKS [Jancary 


cut Sg into #—7 regions, thus making a total (#—7)+8 or #+1 
regions having distribution-free coverages with probability element 
(6). 

(e) Extensions of distribution theory of coverages and order stattstscs 
to the discrete case. It should be noted that all of the results concern- 
ing coverages for any number of dimensions which have been dis- 
cussed heretofore depend on the continuity of the population cdf. It 
is important to have analogous results for the case in which the cdf 
is not continuous. This importance stems from the fact that, because 
of limitations of making measurements, the observational data, 
more strictly idealized, must be considered as a sample from a dtscrete 
population, that is, one having a step-function cdf rather than a con- 
tinuous one. In actual applications ties do occur among the values of 
a sample. 

Tukey, in some work not yet published, has shown how the prob- 
ability theory of coverages and order statistics can be extended to the 
discrete case in any number of dimensions by substituting inequalities 
for equalities in the probability statements for the continuous case. 
Scheffé and Tukey [62] discussed the problem for the one-dimen- 
sional cage in 1945. 


9. Application of mulfi-dimensional coverages and order statistics: 
to estimation problems. In §6c it was pointed out that some studies 
had been made of the problem of making “inefficient” estimates of 
the mean and variance of a normal population by means of order 
statistics. Analogous problems exist for the case of normal distribu- 
tions of two or more variables. A few results have been obtained on 
these problems but much remains to be done. 
~ Let us consider the case of two dimensions. Suppose (Xi, Y3), 
(Xs, Ya), + +*-, (Xa, Ya) iB a sample from a normal bivariate distribu- 
tion having means m, and my, variances g3, o3 and correlation coeffi- 
cient p. Estimates of the mean and variance of x (or y) may be made 
from the X (or Y) order statistics along lines described in §6c. But the 
problem of estimating p from order statistics ia one which must be 
considered in terms of using both X and Y order statistics. Mosteller 
[39] and Hotelling and Pabst [26] have made some contributions to 
this problem. Mosteller considered the numbers of sample points 
falling into four regions Su, Siz, Su, and Sy of the x»plane defined 
as follows. Draw the vertical lines x = X m+) and x= X yw) (2mM<n). 
There will be m sample points to the left of the first line and m to the’ 
right of the second. Draw any horizontal line y =y’ such that m of 
these 2m points lie abovs this line and m below. Consider the four 
“corner” regions: 
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Sit. 2 Sk wey, y> ¥, 
Os: A SX aay; y<y, 
Sas £< Xm, y>, 
Sq: 3 << Ximi PLY: 


(51) 


Let m* be the number of sample points falling in Sı. Then considering 
only the numbers of sample points falling into these four regions, the 
maximum likelihood estimate of p, say R*, is given by solving the 
equation, 


m* np* 





52 at Leena 
(52) m— m" mm — np* 


where 


($3) ee a f feta wp [at 3"~2nny]| dady 
and & is given by 


m 1 © 
(54) aan f Igy 
h 


mn (2x)3/3 








The variance of R* for large samples is 


2 p*(m — np") 
oR? = ——-— 


2nmp* 


(55) 


and the efficiency of this method of estimating p is about 51.5% 
(the Pearson product-moment correlation being 100% efficient), 
in the case of samples from a normal population in which the 
true correlation p between X and Y is zero. Mosteller has given 
a graph to facilitate the solution of equation (52) for p in practical 
applications. 

Suppose the sample pairs are ordered with respect to the X’s, 
that is, (X, Vay), (Xi, Yia), °° +, (Xw Yan). Then the a's 
will be some permutation of the integers 1, 2, ---, 2. Let R’ be the 
rank correlation coefficient in the sample between X’s and F's, that is, 
defined as the ordinary Pearsonian correlation coefficient between 
the ranks 1, 2, © +, n and a, as, -- +, a, (see (75)). Pursuing a lead 
suggested by the work of Karl Pearson [52] on rank correlation, 
Hotelling and Pabst [26 | have proposed an estimate R’ of p defined by 


(56) R' = 2 sin xr’/6- 
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The variance of R’ for the case of p =0 is +7/9n, and the efficiency of 
p’ is 91.2%. 

It would be desirable to have further studies of the problem of 
estimating p by other schemes depending on order statistics and 
simple functions of order statisucs. There are probably other very 
simple “inefficient” methods of estimating p which would be useful 
in situations where large samples can be obtained with very little 
effort. This is true in such fields as psychological testing where large 
amounts of data are available on punch cards which have already 
been used for operational purposes. 

In normal multivariate statistical theory it would be desirable to 
have similar studies made of the problem of estimating correlation 
coefficients from samples in which only ranks are given for sample 
values of some of the variables. 


10. Order statistics in the testing of statistical hypotheses——the 
method of randomization. The use of order statistics in the construc- 
tion of tests for nonparametric statistical hypotheses (valid for 
populations having any continuous cdf) have been receiving an in- 
creasing amount of attention during recent years. A considerable 
number of results have already been obtained and many more can 
be expected within the next few years. The main value of non- 
parametric tests of statistical hypotheses lies in the fact that they 
are free from the frequently uncomfortable assumption that a popula- 
tion distribution is normal or has some other specific functional form. 

One of the simplest and most elegant results in nonparametric 
statistical inference is the confidence interval theory of the median 
and other quantiles of a continuous cdf based on order statistics, as 
discussed in §4(a). Confidence band theory for a continuous cdf 
F(x) provided by Kolmogoroff’s theorem (for large n) and by the 
Wald-Wolfowitz method (for small #), discussed in §7, furnishes a 
satisfactory solution to the problem of testing the hypothesis that a 
sample is from a population with a specified continuous cdf F(x). 

Beyond these results, there is yet to be developed a satisfactory 
general theory of nonparametric statistical inference, particularly 
test theory. The only nonparametric tests which have thus far been 
developed are rather special cases in which intuition and experience 
with the well-established parametric test theory have served as 
guides. What is needed is a general theory of constructing non- 
parametric tests and a satisfactory method of characterizing the 
power of these tests. Wolfowitz [88] has made a step in this direction 
by proposing an extension of the likelihood ratio method, used in 
deriving parametric statistical tests. He has illustrated this method 
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with several examples, but more remains to be uone before the 
method can be considered generally useful. 

If there is a single property of order statistics which has played 
the greatest role in the development of nonparametric tests thus far 
it may be stated as follows: 

Suppose Xi, X1,+++, Xn tS a Sample from a population having a 
continuous cdf F(x). Consider the region Sia, in the sample space Ry 
for which the inequality 


(57) Kae Rigg Oa RS. 

holds, where a, as, © ©, Qa 4s any one of the nl permutations of the 
integers 1, 2, 3,---,n. Then the amount of probabthty contained tn 
Stay) 45 1/nl. 


The truth of this statement is clear from the fact that 
Prin = Xale L Aan) 


Xa, Xa, Xa, 
(58) = Pr ( aF(x) < dF(x) <- <f ir(2)) 


= Pr (Pa < Pe <00 < Pan) 


where Pas, Pa, °+*,P.e, are defined in §3, and have probability 
element (5). Integrating (5) over the region for which 0<po,<pa, 
< +++ Lpa, <1 gives the desired result 1/nl. 

A method of devising nonparametric tests of statistical hypotheses 
on the basis of order relations among the values of a sample known 
as the method of randomization has been suggested by Fisher [12, 13]. 
The general idea here is to construct a rejection region W in sample 
space R, by taking enough regions in the set {Si} (each of which 
has probability 1/#!) so that the probability contained in W will be a 
specified amount e. This method has been used in a number of special 
problems, the method of selecting regions from Siaj } being more or 
less intuitive in each case. We should note, however, that the 
randomization method cannot be used to test the hypothesis that 
F(x) has a specified form F(x), against the class of alternatives 
consisting of all continuous cdf’s different from Fo(x). For, suppose we 
construct a rejection region W for Hy in sample space R, by taking the 
sum of enough of the regions in the set {.S;.,;} to make the probabil- 
ity contained in W equal to e (or approximately so if «is not a multiple 
of 1/n!) when F(x) = F(x). Such a region will contain exactly the same 
probability e for any other continuous cdf F(x); and the test would 
have no power for testing the hypothesis that F(x) = F(x) over any 
of the alternatives F(x) F(x). In other words, the probability of 
the rejection of an alternative cdf will always be e no matter which 
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alternative it is. The method of randomization for constructing sta- 
tistical tests therefore must be applied to situations in which it is 
desired to test whether certain subsets of values in a sample come 
from populations having continuous cdf’s differing in some respect. 

The construction af rejection regions for nonparametric tests by the 
method of randomization has not yet been placed on a satisfactory 
„general foundation as has been done in the case of parametric tests. 
“The best way to discuss the method is perhaps to consider some 
examples. These examples will show how intuition plays an important 
role in each case and will emphasize the need of a general theory. 

Before considering applications of the method of randomization to 
the construction of nonparametric statistical tests, it should be em- 
phasized that the methcd of randomization has other interesting 
applications. It furnishes a way of dealing with any problem of de- 
termining probabilities of specified order relations among values in 
two or more samples which have been drawn from the same popula- 
tion having a continuous cdf. 

For example we may esk what is the probability that a pair of 
samples Oa (first sample) and O, (second sample) from a population 
with continuous cdf F(x) will be such that all the values of O, will fall 
within the range established by Oa? What is the probability that 
the pair of samples will be such that the largest value in O, will ex- 
ceed the largest value in Ga? Suppose the values in O, are drawn one 
by one until a value exceeds the largest value in Ow. For pairs of 
samples drawn in this way what is the probability function of n, the 
size of the second sample which must be drawn to satisfy the condi- 
tions of the problem? Ther: are many problems of this type which can 
be dealt with by the randamization method. They all reduce to com- 
binatorial analysis of the et of equally probable permutations of the 
m-n values of the two samples, enumerating the subset which 
satisfies the conditions of the problem. Similarly, one could deal with 
order relations problems for three or more samples. Also, one can raise 
analogous questions for the case of two or more samples from popula- 
tions having continuous cdf’s of two or more dimensions. 


11. Examples of nonparametric statistical tests for one dimension 
based on the method of randomiration. 

(a) Two-sample tasis. First, let us consider the two-sample problem 
treated originally in a very specific example by Fisher [13] and more 
generally treated by Pitman [55]. Let X,, Xp +--+, Xa and Xai, 
Xati t, Kata De two Independent samples Os and O, of sizes m 
and n from populations having continuous cdf’s F(x) and G(x) re- 
spectively. Let the values in O, and O, be pooled together into a 
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single sample 21, Z3, +++, Zmis Of size m+n and let the order 
statistics in the pooled sample be denoted by Za, Zim, °*-, 

Zima). Lf F(x) =G(x) then the probabilities associated with all permu- 
tations of the sample values are all equal to 1/(m+n)!. Let a separa- 
tion be a division of the pooled sample into two sets, consisting of m 
values and # values respectively. There are Cuin,, possible separations. 
For any particular separation let Z1, Z3,---, Za and Z/,Z4, °°", 
Z4 be the two sets of values. Let Z and Z’ be the means of the sets. 
Let S= J Z, (Z;—-Z)? and S' = $3, (Zf —Z’)*. Pitman proposed 


mn(Z — Z0? 
V m antes 
(m + aS + SY) + mn(Z — 2’)? 


as a criterion for testing the difference between the two means Z 
and Z’, large values of V being stgnsficant. He determined the first 
three moments of the distribution of V over the set of all separations 
(equally weighted) and for large m and » he showed the probability 
element of the cdf of V to be approximately 


T(m + n + 1)/2) 
P(1/2)0 (m+ m)/2) 


It is to be noted that the equal weighting of the separations comes from 
the fact that when F(x)=G(x) (that is, when the null hypothesis is 
true) the (m+n)! regions 1 Sian \. corresponding to the (m+n)! 
permutations of the type Za, <Za,< +++ <Za_,, all have probabil- 
ities equal to 1/(m-+n)!. 

In this example it is to be noted that a rejection region W in the 
sample space R, is constructed by taking those regions from the set 
{Sian} for which V has its largest values, and enough of them to 
produce a total probability as close as possible to e, the significance 
level. More precisely if v, is the critical value of V at significance level 
¢, then W is the region in sample space constructed of sets from 
{Sta} for which V20., where v, is the smallest number for which 
Pr( YV 20) Se, when F(x) mG(x). 

If we are to subject the test criterion V and the rejection region 
W to a more penetrating analysis we must ask for what class Q of 
pairs of continuous cdf’s { F(x), G(x) }, including the null hypothesis 
F(x) =G(x), is the test (consisting of V and the rejection region W) 
satisfactory”? This question has not been considered. Some might 
consider as a minimum requirement for the test to be satisfactory that 
it be unbiased, that is, that the probability (approximately equal to e) 
associated with the rejection region W be smaller when F(x) sG(x) 
than for any other pair of cdf’s in Q. Actually, the question of 


(59) 


(60) o-1/2(4 — p) (mie) /31dy, 
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whether a test is satisfactory or not has to be determined from a con- 
sideration of the whole power functton of the test, that is, the prob- 
ability contained in W expressed asa function of the pair { F(x), G(x) } : 
If Wand W’ are two regions such thaz the power functions are equal 
when F(x) sG(x) and the power funchon of W” is greater than that 
for W for all pairs F(x), C(x) which are different, then the test based 
on W is “better” than thet based on W. 

The Pitman test is unbiased if G(x) = F(x-+m), that is, if Q con- 
sists of all pairs of continuous cdf's of the form { F(x), F(x+m) } . In 
other words, the test would be satisfactory as a slippage or location 
test. 
A second rather simple and elegant test for the problem of two 
samples has been proposed by Wald and Wolfowitz [77]. To describe 
their results we again consider two samples, Om and O, of m and n 
values from populations having continuous cdf's F(x) and G(x) re- 
spectively. There is no loss of generality in assuming msn. As be- 
fore, let the pooled sample be Zi, Za °> , Zein, and the ordered 
values of the Z’s be Zq), Za), °° +, Zima). This sequence of order 
statistics will be a mixture of X's from the two samples. We shall 
define a run of length r from O,, in this sequence as an uninterrupted 
subsequence of X’s fram O,, with a similar definition of a run of length 
s from O,. The sequence of order statistica will then consist of a cer- 
. tain number of runs of X's from Oa and a certain number from O,. 
Let U be the total number of runs. Wald and Wolfowitz proposed 
U as the criterion for testing the hypothesis F(x) =G(x), where small 
values of U are significant. This is an intuitively reasonable test since 
small values of U correspond to bunching or poor mixing of values 
from the two samples, and hence furrish an observational basis for 
doubt of the hypothesis that F(x)=G(x). More precisely, the rejec- 
tion region W in the sample space K, consists of all regions from 
{Siaj} for which U Su., where s, is the smallest integer for which 
Pr(USu,) 2e when F(x) sG(x). The problem of determining x, is 
solved, of course, if the exact distribution of U is found when F(x) 
wu G(x). This reduces to a completely combinatorial problem. The 
result obtained by Wald and Wolfowi-z is 

maeaea | 
Cais 
(61) 


Pr (U = 2h — 1) = SoCs F Cwatt 
Caran 


(k = 2,3,--++,m-+ 1). 
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Swed and Eisenhart [69] have tabulated Pr(U Su’) for mSn3S20, 
and for all values of #’ in each case. They have also tabulated the 
smallest integer #, for which Pr(Usu,) 2 for ¢=.005, .01, .025, 
05, and the largest integer u, for which Pr(U Su.) Se for €=.95, 
975, .99 and .995. 

An important property of the U test established by Wald and 
Wolfowitz for certain regularity conditions on F(x) and G(x) is that 
the test is consisten for all pairs of cdf's { F(x), G(x) } in the limit as 
mand »—o so that m/n=r 30. This means that the probability of 
a sample point falling in the rejection region W in sample space 
when F(x) s4G(x) approaches 1 as m and »—> in a constant ratio 
m/n =r 540, 

The results of Wald and Wolfowitz can be readily extended to the 
case of three or more samples. Such an extension would reduce to the 
theory of runs for three or more kinds of elements as developed by 
Mood [36]. 

Other simple tests of the two-sample problem using order statistics 
have been devised by Thompson [71], Dixon [9], and Mathisen [32]. 
The tests proposed by Thompson and Mathisen are not consistent for 
hypotheses involving all pairs of continuous cdf’s f F (x), G(x) }, al- 
though it can be conjectured that they are consistent for the im- 
portant case of a slippage test of unimodal cdf’s, that is, for all pairs 
| F(x), F(2-+-m) }, when F’(x) exists and has only one maximum. 

(b) Tests of independence or “randomness” in ordered sequences; 
run tests. It was pointed out earlier that no satisfactory statistical test 
based on order relations among the values in a sample could be de- 
vised for testing the hypothesis that F(x) has a specified form F(x). 
This does not mean that there are not important hypotheses which 
can be tested by using order relations among the values in a single 
sample. 

One of the most important problems in this category is the ques- 
tion of whether F(x) is changing from drawing to drawing, or whether 
the sample values, Xi, Xa, °°- Xa, in the ordered sequence as 
drawn are “random.” In this case we would consider the class Q 
of all n-dimensional continuous cdf’s F(x, %3, - © + , Xa), or some sub- 
set of Q, and the null hypothesis would state that 


(62) F(a, Xa, °° +, tm) mm F(x) F(x) +++ Fha). 


This hypothesis of independence or “randomness” is basic to the whole 
theory of random sampling. The practical importance of this problem 
as one to be investigated before applying random sampling theory 
has been strongly emphasized by Shewhart [63] on the basis of his 
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experience with sampling in industry. In dealing with this problem 
various tests of independence based on order statistics have been 
proposed. Several of them, now referred to as run tests and based on 
intuition have been stuciec. We shall briefly describe two of these 
tests: (1) runs above and below the median, and (ii) runs up and down. 

First let us examine (i). Consider a sample of values X,, X,,°°°, 
Xse+, drawn in the order indicated. Note that these are not order sta- 
tistics. In this sequence let each X lesa than the median, Xian, be 
denoted by a, and let each X greater than Xw} be denoted by b. 
Then deleting the median from X,, Xq4,---, Xanz, we have 2" X's 
left which are now replaced by some arrangement of #a’s and n b's. 
There will be rı; runs of g's of length t, and rq; runs of 6’a of length $, 
#—m1,2,---, #. Under the hypothesis of independence, the proba- 
bility ae of fu and rs; reduces to a consideration of the set of 
(2a)! permutations of tke n a's and » b's, all of which have equal 
probability 1/(2) 1. The median is ignored as far as determining runs 
is concerned. In case of a sample of 27 values one can select any num- 
ber between Xia) and Xai» as the value to separate X's into a’s 
and b's, and the run theary is the same as that for the case just con- 
sidered. Thus, the problem of finding the distribution function of the 
ri, and ra; is completely combinatorial, and has been solved by Mood 
[36 |. He has also solved the analogous distribution problem for more 
than two kinds of elements. such as would arise if one used several 
arbitrary order statistics to cut up the set of sample values into more 
than two sets of elements. 

Mosteller [38], using Mood’s basic distribution theory of runs, 
has considered the length L of the longest run of a's as a criterion for 
testing randomness, large values of L being significant. The critical 
value of Z for probability level e is the smallest integer }, such that 
Pr(L2i,) Se. A similar criterion exists for the b's. He also con- 
sidered a criterion L’ defined as the length of the longest run of a’s 
or b's. He tabulated critical values of 2, and 7? for 2n = 10, 20, 30, 40, 
50 and for e=.01 and .05. 

It should be noted that the Wald-Wolfowitz U test may also be 
considered as a test of type (i) for testing the hypothésis of inde- 
pendence. In this case U would be the total number of runs of a's and 
b's. 

Now let us consider a run test of type (ii) treated by Wolfowitz 
'and Levene [89] and by Olmstead [44]. In this case let the sample 
values be X,, Xa, -© -, X„ in the order drawn. We now set up a 
sequence of s—1 -+’s and —’s defined as follows: If X: <X u we write 
down a +, if X:> Xin we write down a —,4=1,2,---+,#—1. We 


1948) ORDER STATISTICS 41 


now consider runs of +’s and —’s. The test criterion L” used in this 
test is the length of the longest run of +’s or —’s, large values of L” 
being significant. The probability theory of L” is much more compli- 
cated than that of Z or L’, and was worked out by Levene and 
Wolfowitz. Olmstead [44], making use of a recursion relation, has 
been able to tabulate the exact probability function of L” for sample 
sizes ranging from 2 to 14 and has been able to find the approximate 
distribution for larger values of n. A criterion for testing independence 
in an ordered sequence proposed by Young [90] and based on the 
method of randomization is given by 


(63) C= 1- E X- Kast /2 È Ke X. 


Young found the first four moments of the distribution of C assuming 
independence as expressed by (62). 

Wald and Wolfowitz [79] have considered a criterion similar to 
that studied by Young. Their criterion is defined as 


a—1 
(64) D = D, XXi + XXa 
tml 


and was proposed as a test for randomness, the null hypothesis being 
given by (62). The method of randomization was used in dealing 
with the distribution of D. The mean and variance of D was found 
when the null hypothesis stated by (62) is true and it was shown that 
D is asymptotically normally distributed for large n in thie case. 

It should be noted that these run tests have been devised from 
intuitive considerations for the purposes of detecting the presence of 
“causes” of slowly changing “secular changes” or slippage in the 
population cdf during the course of drawing a sample. The prob- 
ability theory of all of these run tests is based on the assumption that 
the null hypothesis of independence expressed by (62) holds. It is 
likely that these run tests are satisfactory for alternatives to the 
hypothesis of random sampling in which the population cdf changes 
by slippage during the course of sampling, but this is yet to be 
explored. 

The problem of testing for independence or for “randomness” in 
successive drawings from a population, which is fundamental in the 
theory of random sampling, deserves more theoretical attention than 
it has received. Possibly a consideration of the problem from the 
point of view of Wald’s theory of sequential analysis would be 
profitable. 
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(c) One-dimensional parametric tests involving order statistics. A 
number of authors hav= investigated parametric statistical tests 
based on order statistics for samples from a normal population. 
E. S. Pearson and Hartley [50] have studied the “Studentized” range 


7 (m — YI w — Xa) 
m 1/2 
[Z 20] 


determined by two samples Xi, Xn ©- <, Xn and X/, X,t, Xu 
from a normal populatiom having mean m and variance g, where X’ 
is the mean of the seconc sample. They have tabulated the 1% and 
5% points of the distribution of g for all values of # from 3 to 20, 
and for m=11, 12, ---, 20, 24, 30, 40, 60, and 120. The 100a% point 
in this case is defined as the value of ga for which Pr|q| >qa) =a 
when both samples are from the same normal population. 
Daly [6] has considered the quantity 


xX —m 
Frnt meanen aea 
Xa Aa 


as an alternative to the Student t-test for testing the hypothesis 
that the population mean m in a normal population has a specified 
value mo. He has found that for sample sizes less than 10, a test based 
on G is almost as powerful as the Student t-test. Walsh [82] has con- 
‘sidered an even simpler alternative to the t-test for small samples 
from a normal population, namely. 


Xm +, Xy)/2 m 
X (a) u X (1) 


This test is almost as powerful as the Student t-test for values of # 
less than 10. 

Walsh, in a paper not yet published, has devised very simple tests 
based on order statistics for testing the hypothesis that the median 
of a continuous cdf has a specified value. In the case of a normal 
population he has found the power eficiency of his tests to be at least 
90%, when compared with the Student #-test, for samples of less 
than 15. The power efficiency of E% as used by Walsh means 
that the power function af the test for a sample of size n is approxi- 
mately the same as that of a Student t-test for a sample of size 
En/100. 

(d) Analysts of variance tests by the method of randomisation. Among 
other one-dimensional nonparametric tests should be mentioned 


(65) 


(66) G 


(67) H 
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analysis of variance tests. In 1937 Friedman [16] devised an analysis 
of variance test based on ranks. In his test rs “observations” X; 


(gem1, 2,--+,97; j=1, 2,--+,5) are arranged in r rows and s 
columns. The sample values within each row are ordered and only the 
ranks (1,2, - --, $) of the ordered values in each row are used in the 


test. The hypothesis tested (null hypothesis) is that there are no 
column “effects,” that is, that the sample values within each row are 
from a single population with some continuous cdf. This means that 
all possible permutations of ranks within a row are equally probable. 
If œ is the rank associated with the ¢th row and jth column, where 


Oo sg, °°» Qua (f= 1,2, +--+, r) is some permutation of the integers 
1,2,---+, s, the test criterion proposed by Friedman is 
3 12 $ r 2 
(68) = Èh È a) = areta 
rs(s -+ 1) pæl \ om 


If there are no column “effects,” the quantity x? is, for large r, ap- 
proximately distributed according to the chi-square law with s—1 
degrees of freedom, that is, with probability element 


G2) (e-3)/2 A ; 
(69) ——e dlx). 
2r((s — 1)/2) 

The test is a randomization test in which the null hypothesis is that 
the s values X., (j=1, 2, +--+, 5) in the sth row (¢=1, 2,---,71r) is 
a sample from a population having some continuous cdf. We therefore 
have a sample of size s from each of r populations. Kendall and Smith 
[29] and also Wallis [80] have studied the same problem but used a 
criterion 1? related to x? by the expression y?=r(s—1)n?. 

In 1937 Pitman [57] investigated the standard analysis of vari- 
ance test for testing column “effects” in a layout of r rows and s 
columns under the assumption that the observations in each row con- 
stitute a sample of size s from a population having a continuous cdf, 
the cdf's for the rows being identically the same except for slippage. 
Let X,; be the observation for the th row and jth column. Consider 
the ratio 

F(X.. -p 


tÍ 


70 W oree A 
ew Dy (Xa a- Bie + K+ DK. — FR 


where >_;,;denotes summation from $=1 to randj=1 tos, X, X; 
are the averages of the X’s in the sth row and jth columns respec- 


we 
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tively, and Y is the average of all rs X's. Pitman, using the method of 
randomization, determined the first four moments of the distribution 
of W under the set of all permutations of the X’s within rows, and he 
presented some evidence to the effect that the distribution of W could 
be reasonably well fitted by the beta distribution 

[(r(s — 1)/2) 


(71) a tt wy (e-9 191 45 w) D Ge D 9-1 gig 


P((s — DEC — 1)(s — 1)/2) 


which is the same distribution as-that obtained under the usual as- 
sumption of normality of the analysis of variance test. In 1938 Welch 
[84] made a study of the standard correlation ratio test for homo- 
geneity from the point of view of the method of randomization. This 
problem is very similar to the analysis of variance problem treated 
by Pitman. Welch [83] also carried out an investigation of the 
analysis of variance test for randomized blocks and Latin squares 
from the point af view of the method of randomization. 

All of these analysis of variance tests are essentially extensions of 
the usual analysis of variance test to the case of more general popula- 
tions. One type of nonparametric test which needs consideration isa 
k-sample slippage or location test for testing the hypothesis that a 
sample which has the largest “observed slippage” to the right, let us 
say, as Measured in some sense bv arder statistics, does, in fact, come 
from a population centered farther to the right than the populations 
from which the other samples come. Here it would be assumed 
that the cdf’s of the k populations are of the form F(x-+m,) 
(¢=1, 2, -- -, $), and the null-hypothesis would be that the m, are 
all equal. Mosteller [40] has proposed one simple test for this situa- 
tion in the case of k samples, each of size n. To define his test we select 
from among the & samples that sample having the largest X. Let r be 
the number of X’s in this sample which exceed the largest X in any 
of the remaining samples; r is the test criterion. The problem of de- 
termining the probability function of r under the null hypothesis 
(that is, when all m; are equal) is an application of the method of 
randomization—it is completely combinatorial, and the probability 
that r=r’ under these conditions is 


k(n!) (ka — r^)! 

Cna — N 
which is approximately 2” for large ». The important feature of 
this test is that one allows himself to select the sample with the 


largest “observed slippage” and then to ask whether there are enough 
values in it exceeding the largest value in the remaining samples to 


(72) Pr(r = r’) = 
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be “significant.” A full analysis of this test—like other randomiza- 
tion tests—requires a study of its power function for all sets of cdf’s of 
the form | F(x-+m1), F(x-+my), + °°, F(x-+-m,)}. Mosteller has ob- 
tained a few inequalities on the power of the test. 


12. Nonparametric tests for two or more dimensions based on the 

method of randomization. The principle of randomization can be 
extended to populations involving two or more variables. We shall 
not attempt to discuss the general problem here. Several examples of 
tests for the two-dimensional case will indicate the nature of such 
tests. 
(a) Tests of independence based on correlation coeficients. Pitman 
[56], by using the principle of randomization, for two dimensions, 
developed a test for the independence of the two variables in a 
bivariate population having a continuous cdf F(x, y). In this case the 
sample O, is (X1, Yı), (Xa, Va), +++, (Xa, Ya). The hypothesis of 
independence is that F(x, y) =Fi(x)-Fs(y). If the hypothesis is true, 
one essentially has two samples: namely, X1, Xa, °°, Xa and 
Yi, Fa, eee, Ya, in which the pairing of values has occurred “at 
random.” In the X sample space there are n! regions of the type 
Xa <AXa,< °° LXa, where ai, a, +--+, @,i8 a permutation of the 
integers 1,2, -- -, n, and similarly for the Y sample space. Therefore in 
the product space of the two samples there are (m!)* product regions 
in each of which an X inequality Xa,<Xa,< °+: <Xa, anda Y 
inequality Ys < Ys, < +++ < Ys, hold simultaneously. The prob- 
ability contained in each of these product regions is (1/n!)? when the 
hypothesis of independence is true. This means that the probability 
associated with any particular matching (Xan Yo), (Xa Yates 
(Xan Ye) is 1/(#1)*. Pitman has considered the distribution of the 
ordinary correlation coefficient 


2o (Xa, — X)(%a ~ Y) 

fon 
(73) Og N 
( 2a (Xa, nA xX)? 2 (Ya, g P) 

qm] fom I 
over the (n!)? matchings of X’s and Y's, where X and Y are the 
means of the X’s and Y’s respectively. He obtained the first four 
moments of R and for large n fitted a beta distribution to that of R, 
obtaining as the pdf of the fitted distribution 
T'(m/2 — 1/2) 


i Tagra T OA 
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for the interval (—1, +1). 

In 1936, Hotelling and Pabst [26], using the method of randomiza- 
tion, investigated the rank correlation coefficient as a criterion for 
testing independence of X and Y, defined by 


2 (a, — (n + 1)/2)(B; — (# + 1)/2) 


eÍ 


o Sg ee 
(È e- + 1/9" È E- (+ 0/2) 

ym] tm} 
which has the same approximate distribution as R’, namely (74). 
Each of the quantities m?R and #?R’ is asymptotically normally 
distributed with zero mean and unit variance for large n. Olds [43] 
has tabulated the distribution of a quantity S related to R’ by the 
relation R’ =1—6S/(2*—n) for values of » from 2 to 10. 

(b) A “corner” test of arsoctation. Olmstead and Tukey [45] have 
recently devised a simple test for the independence of two random 
variables on the basis of a sample of size 2n-+1. Their test is as fol- 
lows: consider the sample (Xi, Vi), (Xa, Vs), +- , (Ximo Fini) 
as represented by 2n-+1 points in the xy-plane. Then draw the 
horizontal line y= Yw} end the vertical line x =X apy. Designate 
the quadrants as +, —, +, —, beginning in the upper right-hand 
quadrant and moving counterclockwise. Now begin with the sample 
point farthest to the right and move toward the left as long as sample 
points are on the same side of the horizontal median line as the 
original one encountered. Let this number of points be Pi, attaching 
a+ or — sign depending on whether the points are in a + or — 
quadrant. Do a similar counting operation moving from the top 
sample point downward, a similar one moving from the left-most to 
the right and a similar one moving from the bottom sample point up- 
ward. Let the numbers of points be Pa, Ps and Pa, respectively, with 
attached + or — signs depending on whether the points in each case 
fallin a + or — quadran:z. Let € be the algebraic sum of the four 
P’s with their signs attacked. Then if X and Y are independent, S 
is a function of only the order relations among the X’s and ¥’s and 
the problem of determining the distribution function of S is therefore 
combinatorial. Olmstead and Tukey have shown that, for large n, 


OE3 + 9k? + 168k + 208 
216(2)* 


They have also tabulated exact values of Pr(| S| =k) for 2n=2, 4, 6, 
8, 10, 14, and for k=1, 2,3, - - - 30. An important feature of this 


(76) Lim Pr(| S| 2 k) = 


1948] ORDER STATISTICS 47 


test is that Pr(| S| 2%) approaches its limiting form very rapidly. 
This test has also been extended to the case of more than two 
dimensions. 
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THE OCTOBER MEETING IN NEW YORK 


The four hundred twenty-eighth meeting of the American Mathe- 
matical Society was held at Hunter College, New York City, on 
Saturday, October 25. The attendance was over two hundred, in- 
cluding the following one hundred eighty-five members of the Society: 


Milton Abramowitz, Leonidas Alaoglu, E. B. Allen, C. B. Allendoerfer, R. L. 
Anderson, ‘R. G. Archibald, L. A. Arocian, W. A. Asprey, P. T. Bateman, F. P. Beer, 
Stefan Bergman, Lipman Bers, Gertrude Blanch, R. P. Boas, Salomon Bochner, 
G. L. Bolton, A. D. Bradley, H. W. Brinkmann, Paul Brock, A. B. Brown, Hobart 
Bushey, J. H. Bushey, S. S. Cairns, J. D. Campbell, K. Chandrasekharan, Herman 
Chernoff, J. A. Clarkson, I. S. Cohen, L. W. Cohen, T. F. Cope, Richard Courant, 
A. P. Cowgill, W. H. H. Cowles, A. R. Craw, J. E. Crawford, H. B. Curry, E. H. 
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man, T. R. Hollcroft, E. M. Hrll, Witold Hurewicz, S. A. Joffe, Fritr John, R. A. 
Johnson, A. W. Jones, Aida Kasish, Hyman Kamel, È. L. Kaplan, Samuel Kaplan, 
M. E. Kellar, D. E. Kibbey, J. R. Kline, E. G. Kogbetliantz, E. R. Kolchin, B. O. 
Koopman, H. K. Kutman, A. W. Landers, M. K. Landers, F. X. Larkin, J. R. Ler, 
Solomon Lefschetz, Joseph Lehner, Howard Levi, M. A. Lipschutx, E. R. Lorch, 
Lee Lorch, A. W. McMillan, Brockway McMillan, L. A. MacColl, Saunders Mac- 
Lane, Henry Malin, A. J. Maria, M. H. Maria, Imanuel Marx, W. S. Massey, F. I. 
Mautner, K. A. Morgan, F. J. Murray, D. S. Nathan, C. A. Nelson, Morris Newman, 
P. B. Norman, E. R. Ott, O. G. Owens, J. C. Oxtoby, J. S. Oxtoby, L. G. Peck, A. M. 
Peiser, Anna Pell-Wheeler, C. R. Phelps, Everett Pitcher, E. L. Post, Hans Rade- 
macher, R. C. Rand, Irving Reiner, Daniel Resch, R. R. Reynolds, Moses Richardson, 
J. F. Ritt, S. L. Robinson, Saul Rosen, Herman Rubin, H. E. Salzer, Arthur Sard, 
Samuel Schechter, M. M. Schiffer, Lowell ‘Schoenfeld, Pincus Schub, Abraham 
Schwartz, G. E. Schweigert, I. E. Segal, Max Shiffman, James Singer, P. A. Smith, 
J. J. Sopka, E. H. Spanier, George Springer, E. P. Starke, N. E. Steenrod, J. J. 
Stoker, Walter Strodt, M. M. Sullivan, Olga Taussky-Todd, C. B. Tompkins, Hing 
Tong, L. V. Toralbaila, Annita Tuller, H. E. Vansant, W. G. Warnock, W. R. Wasow, 
G. C. Webber, Louis Weisner, A. M. Whelan, M. E. White, A. L. Whiteman, Norbert 


Wiener, John Williamson, G. M. Wing, J. W. Young, J. J. Zeig, H. J. Zimmerberg, 


On Saturday morning there were two sections, one for papers in 


Analysis in which Professor Norbert Wiener presided, and one for 


papers in Algebra, Topology, and Logic in which Professor H. B. 
Curry presided. 


On Saturday afternoon Professor C. B. Allendoerfer of Haverford 
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College gave an address on Global theorems in Riemannian geometry. 
President Einar Hille presided. At the beginning of this session a 
motion by Professor C. A. Nelson was passed unanimously authoriz- 
ing the Secretary to express to President George N. Shuster of Hunter 
College the thanks and appreciation of the Society for the use of the 
facilities of Hunter College for this meeting. 

Abstracts of the papers read follow below. Papers whose A A 
numbers are followed by the letter “i” were read by title. Professor 
Godement was introduced by Professor Claude Chevalley, Dr. 
Lorentz by Professor R. P. Agnew, and Professor Wright by Professor 
Saunders MacLane. 


ALGEBRA AND THEORY OF NUMBERS 


1%. Reinhold Baer: The role of the center in the theory of direct de- 
compositions. 


It has been noticed far some time that the center plays a fundamental part in the 
theory of direct decompositions of operator groupe and loops. In particular it has been 
found that the existence of isomorphic refinements of direct decomposttions can be 
aseured by imposing conditions which refer solely to the center. It is the object of the 
author to give an explanation for these phenomena by proving that quite generally 
the validity of the refinement theory, properly stated, in an operator loop is a conse- 
quence of the validity of this theory in the center. (Received August 12, 1947.) 


2t. Leonard Carlitz: The singular sertes for sums of squares of poly- 
normals. 


In several papers the writer had considered the problem of the number of repre- 
sentations of a polynomial in GF[p*, x] as the sum of first an even number of squares, 
and later as the sum of an odd number of squares. In a previous (unpublished) com- 
munication, the writer constructed an analog of the Hardy singular series for squares 
of rational integers. By thig method it was possible to treat the even and odd cases 
simultaneously. The present paper la an improvement of the previous one in several 
respects. For ane thing it is now shown that the singular series gives the correct result 
for one square. Secondly, in the even case it is shown to yield a theorem of Cohen 
(Duke Math. J. vol. 14 (1947) pp. 251-267). Finally, the evaluation of the series in 
the odd case is considerably simplified. This leads in particular to an elegant result on 
the number of premesises solutions. (Received August 22, 1947.) 


lp Leonard Carlitz: Cauchy products of artthmetic functions in 
GF|", x]. 


In a previous (L. Carlitz and Eckford Cohen, Cauchy products of divisor func- 
tions in GF[p*, z], Duke Math. J. vol. 14 (1947)) three kinds of Cauchy multiplica- 
tion were defined; in particular the Cyproduct of two arithmetic functions is defined 
by > f(A) g(B), the summation extending over all polynomials A, B of degree less 
than r such that A -+-B =M. It follows that the set of functions {f} forms a com- 
mutative ring R; the divisor functions of the previous paper form a proper sub-ring 
of R. It is proved that R is a direct sum of fields. Among the other results of the 
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present paper may be mentioned the construction of a set of “orthogonal functions” 
egy which seem well-suited for applications. Application is made to certain problems 
on sums of squares. It is now possible to handle certain cases excluded by the “singu- 
lar series” method. (See preceding abstract.) (Received August 22, 1947.) 


4. O. E. Glenn: Phases of the inverse theory of rational tnvartants. 


If an s-ary quantic f~oy =at +--+ has arbitrary coefficients, and a set g0), 
» ++, ¢,(y) of rational, integral polynomials in variables y, Yẹ °° + is cogredient with 
the set (a1, ---, Ge) under the induced or unspecified transformations on the qx, then 
Am (g0/dai-+- +++ +g,3/da,) is an invariant operator. If c is a covariant of degree g 
in the a, then F= Arct is a ground-quantic, that is, is of degree unity in the a. But 
F in general has three types of factors, universal covariants of linear transformations 
on functions of y; (and of x,), universal covariants of cognate transformations on 2, 
and an irreducible invariant function whose coefficients are the a; The transforma- 
tions can then be determined from these universal covariants and ultimately from 
c. Applied to a case in which a=(n—n)", B= Gin", p= (7—7), and f is 
ternary, a factor of F is d= (y -yant (n — r)a t (y1—y)t. Therefore the group is 
a certain formal group on x: in four parameters, under which any ternary quantic 
will have a fundamental system. The group can be generalized. (Received July 14, 
1947.) 


5t. V. L. Klee: On a conjecture of Carmichael. 


Carmichael (Bull. Amer. Math. Soc. vol. 28 (1922) pp. 109-110) conjectured 
that for no integer N can the equation ¢(x) = N have exactly one solution, ¢ denoting 
Euler’s totient. In support of his conjecture, this note shows by elementary methods 
that each N for which there is a unique solution must satisfy various restrictions, one 
of which implies N >10, (Received August 28, 1947.) 


6. Saunders MacLane: The group of abelian group extensions. 


The structure of the group Ext (T, G) of all abelian group extensions of the abelian 
group G by a torsion group T is studied. Assume T denumerable and -primary, let 
Ta be the subgroup of all elements of order at most $*, wT the subgroup of all ele- 
ments of infinite height. Then Ext (T, ©) may be mapped onto the group of all 
homomorphisms of the system of groups 7,4¢>T 441 into the system of groups G/p*G 
G/P1G. The kernel of the mapping is the set Exty(T, G) of extensions trivial on 
finite subgroups of T; this kernel may be mapped onto the group of all homomor- 
phisms of aT into G./als, where Gais the inverse limit of the sequence G/p*G, and aG 
the natural image of G in Ge- The kernel of this second mapping is isomorphic to 
Ext(wT, œG). To the latter group the same reduction may be applied again. (Received 
September 22, 1947.) 


1t. F. I. Mautner: The Peter-Wevyl theorem for discrete groups. 


It is shown that any countable discrete group G has a system S of irreducible uni- 
tary representations (in Hilbert space) which is complete in Z,(G) in the sense of the 
Parseval equation. In general S does not contain all irreducible unitary representa- 
tions and the theory for La can differ strongly from: the theory of almost periodic 
functions on G. Use is made in the proofs of a decomposition theory for Hilbert spaces 
and rings of operators by von Neumann and recent results by Segal. The Murray-von 
Neumann theory of relative trace leads to a theory of group-characters, in particular 
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their completeness in the space of clase-functions in Jy. If the number of finite classes 
of conjugate elements of G is finite then S is finite (though G may have infinitely 
many inequivalent unitary irreducible representations) and orthogonality relations 
for group-characters hold. An improvement for discrete groups of the Gelfand-Raikov- 
Segal existence theorem for irreducible representations follows. (Received September 
17, 1947.) 


8. C. E. Rickart: One-to-one mappings of rings and lattices. 


Let R and § denote arbitrary rings and let ¢(r) denote a one-to-one, multiplica- 
tive mapping of R onto $. If R is a Boolean ring, then ¢{r) is additive as well as 
multiplicative. Also ¢(r) is additive if R contains a family 7 of minimal right ideals 
with the following properties: (1) Rr=(0), for each RE F, implies r=0; (2) Each R 
is of dimension greater than one over the division ring of all endomorphiams of R which 
Commute with each endomorphism induced in R through right multiplication by 
elements of R. It is also shown that one-to-one, meet preserving mappings of certain 
distributive lattices onto a distributive lattice are also join preserving. (Received 
September 15, 1947.) 


94. R. M. Robinson: The critical numbers for unsymmetrical ap- 
proximation. 

If ¢ is an irrational number, the modulus of approximability from the right, 
M{*(€), is defined as the least upper bound of the values of a for which the inequality 
0<A/B-E<1/nB* bas infinitely many solutions. In a similar way, M(E) is defined 
measuring the approximability of £ from the left. The number ¢ is called critécal if there 
ia no other irrational number £’ for which M+(E) < M (£) and M(E) <M(8. A 
sequence of integers ri, 7y fa 74° °° will be called dertecdis if ultimately just two 
different numbers occur in the sequence, and these are consecutive integers $ and 
k+1. The sequence s, $a, 3, °- giving the number of k-+1's between consecutive 
h’s is called the derivative. It is proved that the number t is critical +f and only tf tts 
expansion as a continued fraction has the form Eme [ge h, +--+, gui 1, ru 1, fa 1, Ta 
1,--- ], mhara the sequence 11, x, Ta -> other has infinitely many derivatives, or tis 
heghest derisative is a sequence h, ty, bs, > - - such that ta A, where kts a posthes tuleger, 
or tye, This paper is a continuation of Unsymmatrical approximation of irrational 
numbers, Bull. Amer. Math. Soc. vol. 53 (1947) pp. 351-361. (Received August 22, 
1947.) - 


10. Lowell Schoenfeld: On the functton which enumerates the num- 
ber of partstions of an integer into distinct kih powers. Preliminary 
report. . 


Let Fila) [2a 0 He i+ EaP) and fala) = [2a amma 
+J aupi(m)ı". Then Palm) is the nomber of partitions of m into kth powers with 
distinct summands and $;(s) is the mumber of unrestricted partitions of s into sth 
powers. Wright (Acta Math. vol. 63 (1934) pp. 143-191) obtained an exact trans- 
formation equation for f;(x) which exhibits the behavior of f(x) in the neighborhood 
of its singularities at the rational points of the unit circle. In'this paper, the author 
obtains a similar equation for F (x). This can be done in two ways: either derive this 
equation directly in a manner similar to that used by the author for f(x) (Duke 
Math. J. vol. 11 (1944) pp. 873-887), or observe that F(x) =f (x)/fa(x®) and use the 
transformation equation for f(x). The second method, though formal in character, is 
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not trivial since as simple an equation as possible is required. While moat of Wright's 
work is applicable to the determination of an ayamptotic series for Pa(m), the oscil- 
latory character of certain coeficients makes it difficult at the present time to ascer- 
tain the dominant term of this series. (Received October 8, 1947.) 


11t. A. R. Schweitzer: Remarks on groups of ordered dyads. 


The author constructs sets of postulates for groups of ordered dyads of which 
postulates 1, 2, 3 are the same as postulates 1, 2, 4 of a previous paper (Bull. Amer. 
Math. Soc. Abstract 52-11-352). Definition: af Kyu means: There exist § 9, t in 
S such that ap mfy, y= nt, yum. This definition is effective relative to postulates 
1, 2, 3, 4 and 1, 2, 3, 4’, 5’; 4. af, yè in T imply the existence of & 9 in S such that 
apm gy, yom St, ated, 4’. af, yd in T imply the existence of £, s, ¢ in S such that 
amy, ySent: ap, a’B’, ap" in T imply the existence of £, +, t, r in S’such that 
afm Ey, aB’ mn, aB om oe. 5. bama’, ntm t imply Ef mw t’t’, Basic for the proof 
of sufficiency of each set of postulates is the theorem: If af Xy8=—Au then aß =a’p’ 
implies a'f’ Xy8m Ayu, yå my3” implies af Ky'8’ Au; Aum’ u’ implies af Ky5—A'y’. 
The independence of the first part of 4’ is discussed. It is assumed that the relation 
symbolized by “=” is reflexive, symmetric and transitive. Postulates 1, 2, 3, 4’, 5’ per- 
mit interpretation of dyads as rational numbers, excluding rero. (Received September 
20, 1947.) 


12. L. V. Toralballa: On Newton’ s interpolation sertes in n variables. 


The finite difference analog of Taylor's expansion theorem in several variables is 
the theorem: If f(x1, #2: ++, %) poesesees partial derivatives of all kinds and orders 
at the origin, and moreover the limit as $ approaches infinity of the square root of the 
absolute value of d'f/Ox1dx% +--+ x, is zero for all sets f, 4, +++, fe such that 
titht::: 4,4, then F(a ty, °* La) = f(0, 0, ety 0) + (£1m +raAe, 
a tite, )F(0, 0, sry 0) + (1/22) (£14m + taAeg t a NO, Uee 0) 
+e, where (mAntarde,t = ++ Hrs) OfO, 0, +, 0)— Èa] al -+  - aul) 
„Dann mAAR ++ ALTSO, 0,---, 0), where the summation extends 
over all the compositions of ṣi, zeros being allowed. This is proved by induction. As a 
special ; case one has ae Seas sm Žar tar eas Er e/a Nei) 
s.. (22/4 NAs A ni ‘An 07O - - - Om. (Received September 22, 1947.) 


13. G. C. Webber: Non-extstence of odd perfect numbers of the form 
post pr pps. 

Sylvester (C. R. Acad. Sci. Paris vol. 106) proved that an odd integer #, divisible 
by 3, cannot be perfect unlese it contains at least five prime divisors. In this paper 
it is proved that the number of prime divisors of such » must be at least six. The 
principal tools used are, first, results concerning the form of the cyclotomic polyno- 
mial when that polynomial is divisible by an odd prime; second, certain inequalities 
obtained by consideration of o(#) <2# and o(#) >27. (Received September 11, 1947.) 


14. E. M. Wright: Equal sums of like powers. 


Let s22 and let P(k, s) be the least value of 7 such that the equations } i đa 
= DF, +++ m D0? a. (1 Sh Sk) have a nontrivial solution in integers. Prouhet 
(C. R. Acad. Sci. Paris vol. 33 (1851) p. 225) showed that P(s, s) 33>. The author 
proves that (i) P(k, s)&(#?+4+-2)/2, GD if k is odd, P(A, 3) S(4*+3)/2, (ili) PQ, 5) 
=3, (iv) P(3, s) 4. (Received September 25, 1947.) 
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ANALYSIS 


15. R. J. Duffin: On 2 question of Hadamard concerning super-bi- 
harmonte functions. 

A function w satisfies the equation A*w(x, y) = p(x, y) in a region of the plane and 
vanishes together with its first derivatives on the boundary of the region. Consider 
then the assertion “p20 impies w 20.” In mechanical language the assertion can be 
translated to say that if a positive distribution of pressure p is applied to the surface 
of a thin plate which is clamped on its boundaries, then the displacement w'of the 
plate is nowhere negative. It m shown that the assertion is not true for some regions. 
Of special interest is the region bounded by two infinite parallel lines. If a positive 
pressure is applied over a sufficiently limited portion of such a strip, then the resultant 
displacement at large distances is essentially à damped sine wave whose wavelength 
and decrement depend only on the breadth of the strip and not on the perticular form 
of the distribution of pressure. (Received September 22, 1947.) 


16. Paul Erdds: On bounded polynomeals. 


Let =} (1¢5) be a politt group in (—1, 1). It has property A if for every wth 
degree polynomial f satisfying | f(x7)| <1 for m>(1+ca)s we have [f(x)| <a in 
(—1, 1), with cy independent of f and # but dependent on cı. Bernstein proved the 
roots of the Tchebycheff polynomials, Zygmund the roots of the Legendre polyno- 
mials, have property A. The Dllowing property is proved necessary and sufficient for 
property A: if the y; are the projections of the sf upon the upper half of the unit 
circle then for any sequence of positive numbers a, approaching infinity and sequence 
of arcs of length a,/ the nunber of y; on the sth arc is greater than a./x—o(an). 
(Received September 11, 1947.) 


17#. Roger Godement: Les fonctions de type positif et la théorie des 
groupes. 


Let C be a locally compact topological group. A function ¢ on G is said to be of 
positive type if 2 aart, (s; 3) 20 for all systems of points (Su +++, Sa) of the group 
and of complex numbers ay, - - - , ay. Continuous functions af positive type are shown 
to be closely related to representations of G by unitary operators in Hilbert space; 
by this method, the existencs of irreducible unitary representations of G is estab- 
Hshed. These results duplicate to a large extent those of Gelfond and Ratkow (Ir- 
reducible unitary representations of arbtirary locally bicompact groups, Rec. Math. 
(Mat. Sbornik) N.S. vol. 13 (1943)). The spectral theory of functions of positive type 
is generalized from the case af the group of real numbers to that of arbitrary locally 
compact groups, yielding a generalization to the latter case of Beurling’s theorem. It 
is shown that a continuous ¢ cf positive type is (in a unique way) the sum of an almost 
periodic function of positive type and a function ¥ of positive type such that the mean 
value of |4|? is 0. Special prcperties of functions of positive type belonging to L? are 
studied. (Received October 23, 1947.) 


18%. J. W. Lawson: A suffictency theorem for the Plateau problem. 


A hypersurface V. is considered, embedded in the Euclidean space Sw and the 
analogue of the Plateau probl=m set up in parametric form. For the multiple mtegral 
problem, a field is constructec using the sufficiency condition which is the main result 
of the peper. Hypersurfaces satisfying the Euler differential condition being termed 
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minimal, the theorem is: If there exists one point in the space, through which no 


tangent hyperplane passes, then the minimal hypersurface is minimizing. (Received 
August 22, 1947.) L 


19% Norman Levinson: The asymptotic nature of solutions of linear 
differenital equations. 

Let x denote a column vector. Let dx/di=(A+4+R)x where (1) A is a constant 
matrix with simple characteristic roots u; (2) (f) is a complex matrix such that 
$0 ab ft 0 and the elements of ¢ are all of bounded varlation over (0, œ); (3) the 
elements of the complex matrix, R, are all absolutely integrable (0, œ). Let the char- 
acteristic roots of the matrix 4+ be denoted by 4,(4). If the real parts of m are all 
distinct (or if certain leas restrictive conditions are met) then there exist # independent 
vectors +@(#) each a solution of the system such that x@(f)~C® exp (/—a()d?) 
as tœ, Each C™ js a characteristic vector of A associated with the root us (Re- 
ceived August 29, 1947.) 


20%. G. G. Lorentz: Tauberian theorems and Taubertan conditons. 


Let ca =a taast °° bea regular Sitverman-Toeplitz sequence-to-sequence 
transformation A by which a sequence Sa is evaluable A to ¢ if lim came. A te- 
quence #,<,<-++ of positive integers determines a gap condition: “a =O when 
NYÍRI, ms, ** +. A sequence c Ey +> of positive constants determines an order con- 
dition: #,=0(c,). Relations among the sequences #,and cy are determined such that 
if > x. converges whenever >. ls evaluable A and satisfies the gap (or order) con- 
dition, then >’. converges whenever >, is evaluable A and satisfies the order (or 
gap) condition. For the Cesdro methods and the Euler-Abel power series method, there 
is given a characterization of the sequences c} for which the order condition 
tt, O(c) is a Tauberian condition which, with summability, implies convergence. 
(Received September 30, 1947.) 


21%. M. E. Munroe: Homomorphtsms on Banach spaces. 


If G is a closed linear subspace of the Banach space E, then G* (the conjugate space 
to G) is algebraically isomorphic to the factor space E*/T where T = [f| f(x) =0 for 
x€G}. The natural homomorphism T(E*) =G* is continuous and open when E* has 
its norm topology and G* has its norm topology. The above results are already known. 
It Je shown that T is continuous and open with respect to the weak and weak* topol- 
ogies in E* and G*. T is not closed for any of the usual topologies. In fact, it does not 
even map all closed convex sets into closed sets. However, T preserves weak" closure 
of linear subspaces. Remarks on weak and weak* convergence are appended, includ- 
ing an example to show that in any infinite-dimensonal E* there is a directed set weak“ 
convergent to xero but containing no bounded subset having zero as a point of ac- 
cumulation. The same thing is true of weak convergence. (Received September 11, 
1947.) 


22. J. C. Oxtoby: On the eesti theorem of Hurewscs. 


Let u be a measure in a set S and assume that S is o-finite. Let T be a 1:1 measur- 
able transformation of S onto itaelf, and let F(X) be a countably additive finite func- 
tion of a measurable set. Write F(X) = DO F(T'X), ha (X) = Zol TX), and let dx(x) 
be a point function such that /rd.dp, = F,’(X), where F,’ is the absolutely continuous 
part of F. with respect to ue. Such g function exists by the Radon-Nikodym theorem, 
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It is shown (1) that in any case the limit ¢(x) —lim,.i¢.(x) exists except on a set N 
such that u( TN) =0 for +20, and (2) that if HTX) = or © for each measurable 
set X, then u(T*N)=0 for every integer 4, ¢(z) is integrable, and ¢(x) =¢(7'x) except 
on a set whoee images all have measure zero. If in addition F(X) =0 for every invari- 
ant set of measure zero, then [rdu = F(X) for every invariant set of finite measure. 
Result (2) generalires Hurewicz’ theorem (Ann. of Math. (2) vol. 45 (1944) pp. 192- 
206) and directly implies the ergodic theorem of Halmos (Proc. Nat. Acad. Sci 
U.S.A. vol. 32 (1946) pp. 154-161, Theorem 1). It is derivable from either of these 
theorems, The proof of (1) requires supplementary considerations. (Received Septem- 
ber 10, 1947). 


23. Everett Pitcher: A proof of lower semtcontinutty. 


A short direct proof is mede of a general theorem of McShane (Duke Math. J. 
vol, 2 (1936) pp. 597-616, Theorem 3.1) on lower semicontinuity of simple integrals 
of the calculus of variations, (Received September 19, 1947.) 


24. Arthur Sard: The rematnder in approximations by moving 
averages. 


Let g(s, t) be a function which, for each real number ż in a set T, is of bounded 
variation in s on each finite s interval, Given any function x(s), put y(t) = f“_2(s)dg(s, $) 
and R[x] =x(t) — y(t), tE T. Integrals on infinite ranges are to be understood either as 
Lebesgue-Stieltjes integrals oc as improper Lebesgue-Stleltjes integrale, R[x] exists 
if y(#) and x(t) exist and are finite for each tE T. Asume that R[x] exists and vanishes 
whenever x(s) is a polynomial of degree #—1 20. Put k(s’, O= Rly. |, pe (s)—=0 if 
sv’, yels) p(s, s^) if s>s, p(s, s) = (s—s)t/(n—1)L Let x(s) be a function with 
absolutely continuous (#~—1)th derivative on each finite s interval. Put R*[x] 
= [7 (sDals’, Dds’ and I= f" dig(s, ) fips, sx (s ds’. A neccesary and suffi- 
cient condition that R[x] and R*[x] exist and be equal is that I exist and that 
the order of integration in J be invertible, IET. A sufficient condition is that 
Sale| MG’, Dds’ be firite, ET, where M(x’, Hm fS lp, s| |dagls, | if 
50, M(s’ t)= it p(s, #)||dag(s, | if s’>0. The sufficient condition also implies 
that R*[z] exists as a Lebesgue-Stieltjes integral. (Received September 19, 1947.) 


25. I. E. Segal: Operator algebras associated with locally compac 
groups. Preliminary report. 

Certain uniformly closed self-adjoint algebras of bounded operators on Hilbert 
spaces, determined either by a locally compact group or by a locally compact group of 
transformations of a locally compact space, with an Invariant measure, are studied, 
from a viewpoint suggested by quantum kinematics. Some results for arbitrary groups 
are obtained, and it is also shown that the self-adjoint elements of the algebra deter- 
mined by the covering group of the mhomogeneous de Sitter group constitute a model 
for the bounded observable aseociatec with an elementary particle, with the following 
properties: (1) the usual relativistic and non-relativistic models are limiting cases, (2) 
space-time is relativistically invariant and space is discrete, (3) the rest-mass and spin 
of the particle are automaticaly determined. (Received September 2, 1947.) 


26t. J. E. Wilkins: The tsopertmeirtc problem of Bolsa with finste 
side condtitons. 
In view of recent improvements in the theory of the problem of Bolza, due pri- 
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marily to McShane and Hestenes, it is now possible to give a much simpler treatment 
of the problem of Bolza with auxiliary finite conditions than that originally given by 
Bower (The problem of Lagrange with jintts side condition, Contributions to the cal 
culus of variations 1933~1937, University of Chicago Press). (Received September 15, 
1947.) 


27t. G. M. Wing: Summability with a governor of integral order. 


The series 5.” _,@, is said to be summable by means of a governor of order & (ha 
positive integer), or (G, k) summable, if lime.. 20° jS:Pe—1(8)/Pa(k+1) =o exists and 
Lime naa(B)/pa(k+1)=0, where sam D7 0, Pa(O— |an], and pik) = Soto 0-1) 
(k= 1, 2,---+). The method (G, k) reduces to the method (G) of G. Piranian (Bull. 
Amer. Math. Soc. vol. 52 (1946) pp. 882-889) in the case k= 1, and is shown to pre- 
serve all of the characteristic properties of that method. It is proved that (G, k) in- 
cludes the Cesdro method of order $, and several conditions are given under which the 
new method is stronger than the corresponding Cesiro mean. One of these yields a 
new proof of a theorem of Piranian on (G) summability of certain series derived from 
polynomials. An example is given to show that there exists no integer $’ such that all 
Cesàro summable series are (G, k^) summable. (Received August 29, 1947.) 


APPLIED MATHEMATICS 


28. Stefan Bergman: An inverston formula for the tntegral operator 
of the second kind tn the theory of a compressible fluid. 


The stream function ¥(, 8) of a compressible fluid flow (see NACA, TN972) 
can be represented in the region [|à] <3¥*{ol] in the form y=Im fo,B(Z, Z, 0) 
‘f(27Z(1 —#))dt/(1—F)4". Here Z=)440, Zmdh—-10, B= ABO +4 [2-1Z(1 —2) M8 
"AED, where A, are suitably chosen (complex) constants satisfying the condition 
Im {iA Aa} 960, and BO m 90e gO / (PZU, os. satisfying the equations 
(n-+2/3)q9 + O FO m0, m0, 1, 2,- ; Cis a curve in the complex 
¿—1 plane connecting f= —1 and tei. Let limp =x (8), linne (3p /AM) x8). 
The line A™0 (that is, M 1) is the transonic line. Then f can be expressed in terms of 
the xy namely, f(t)=349[2e Im (DD3)]}>{(—2)"D hs iret eN 1N 
ED, fi [xx (0) ~ak 9] (1 — r)i MF dr — 3 — Dap) Doia De Sy [x* (0) — 3h” 
e (1 =r) Sr Nadr + (— 2i) [Ded — EaD ]}, where xi(o) = fa xx(ce)dw, o 
= —2it(1—r), and the D, and af® are suitably chosen constants. (Received October 
25, 1947.) 


29, Lipman Bers: Subsonic gas flows past a stratght cascade. Pre- 
liminary report. 


The author deals with a subsonic gas flow past a straight cascade of profiles. The 
gas is assumed to satisfy Chaplygin’s simplified density-speed relation. The problem of 
finding the flow is reduced to a mapping problem involving the domain exterior to the 
profiles of the cascade and a certain standard Riemann surface. The mapping prob- 
lem is shown to be equivalent to a nonlinear integral equation, similar to the one oc- 
curring in the theory of a single airfoil (cf. Bera, NACA TN No. 1006, 1946). Under the 
asmimption that the profiles are convex, it is shown that the integral equation pos- 
sesses a solution. (Received October 23, 1947.) 


30#. Eric Reissner: Note on the membrane theory of shells of revolu- 
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The solution of the equilibrium equations of the membrane theory of shells of 
revolution is expressed in terms of a stress function which is slightly more general 
than Neményi’s strese function (Bygningstatinke Meddelelser (1936)). The essential 
difference between Neményi's stress function and Pucher’s stress function (Beton und 
Eisen vol, 33 (1934)) is set in evidence. It appears that Neményi’s function is some- 
what more convenient for the applications than is Pucher's function. Finally, a for- 
mula is derived which expresses explicitly Pucher’s function in terms of Neményi’s 
function. (Received September 9, 1947.) 


GEOMETRY 
31i. Reinhold Baer: Projecttotises of finsie projecisve planes. 


Consider a projectivity p of the finite projective plane P in which the theorem af 
Desargues may or may not be valid. Denote by m the order of the projectivity p, by 
‘ #-+1 the number of points on a line in P and by F the set of fired elements of the 
projectivity p. The author obtains relations between the arithmetic properties of m 
and # and the geometric properties of the configuration F. A typical example of such a 
relation is the following proposition: If m is a power of a prime g, and if Fis nota 
complete subplane of P, then g is a divisor of (14a -+-nf}æ(#1—1). (Received August 
12, 1947.) 


32%. Salomon Bochner: Curvature and Betti numbers. 


If on a compact space Sa with a positive definite Riemannian metric the Ricci 
(mean) curvature is positive, and if the spece is conformally flat, or more generally if 
the deviation from conformal flatness fs a small fraction of the Ricci curvature, then all 
Betti numbers vaniah, B,=0, 1 Spás —1. On the other hand, for # even, it is easy 
to give a criterion onder which Bugi, }=1, 2, 3,+-+. (Received September ‘17, 
1947.) 


33% Edward Kasner? Trajectories and catenarses. 


The author discusses analogies and differences between the theories of general 
trajectories and general catenaries in an arbitrary field of force. In each case, the focal 
locus is a circle. This circle becomes a straight line only when the field is constant 
or elastic. However, while the angular ratio is 1:1 for trajectories, it becomes 3:2 for 
catenaries. Again the fundamental ratlo 1:3 for special (rest) trajectories becomes 
1:2 for special catensries in any field. Analogous results exist for brachistochrones, 
for velocity curves, and for systems S+. The locus of the centers of all the focal circles 
for a given lineal element is determined. (Received September 26, 1947.) 


Locic AND FOUNDATIONS 


344. Ira Rosenbaum: Enumeration of first order classes, ordered 
g-ads, and q-adic relations ir: a universe of m objects (1,2, +--+, m). 


Let a? = (c—1)m be the coefficient of æ in the m-adic number-system expression of 
cml. Define the wth ordered g-ad of an m-membered universe as follows: ge = ({n, 1}, 
fu, 2},-+-, {n g}) where {=, k} =1-+ àmi | (#—1)a) and 13s ame Defining 

gradic relations (predicates, propositional functions) extenslonally as classes of ordered 
qads, Ri =({#,1}, {m 2}, - , {x, mt}), wherenow {m, b} =1+(21 | (#—1)), 
gi k denotes the aderoi gad e and this cad isto bea membara R™ if and only 
if (x, k} m1. Here 1 Ss 32". A ict relation is thus established between the numbers 
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1, 2,+++, mt and the mt ordered g-ads and between the numbers 1, 2,---, 2™%and 
the 2»! gadic relations definable in an #-membered universe. By methods like those 
of Bull Amer. Math. Soc. Abstract 53-5-265, it is possible to determine the number 
# of any order g-ad whose elements and order are known, and the number # of any 
qadic relation whose member g-ads are known. For g=1, the formula for Rt™ defines 
the xth class of individuals in an »-membered universe. Rt™(g>) is analytic or con- 
tradictory as Í», k} is 1 or 2, that is REO (gr) = {», $}. (Received August 18, 1947.) 


354. Ira Rosenbaum: On a method of determining the nth rational 
p-valued g-adtc relation tn a universe with No elements. 


Both ordered g-ads of a universe with No elements and'the rational numbers are 
effectively enumerable, the enumeration of the latter proceeding in familiar fashion, 
the fraction k/t occurring in the [(&+-¢—1)(b-+-#—2)/2+4]th place, fractions equal 
to a preceding fraction being considered subsequently struck from the array. A de- 
numerably infinite array of columns, each containing a denumerable infinity of entries, 
may be envisaged, the value {#, r} in the rth row and sth column being the rth digit 
in the p-adic decimal representation of the #th rational number. The denumerably 
infinite set of values {#, 7} obtained for fixed # and variable r defines the sth rational 
p-valued gadic relation, {#, r} indicating the degree in which the rth ordered g-ad 
is a member of the #th rational relation. Since every rational number when converted 
into a decimal, in general, becomes a terminated, or a pure repeating, or a mixed re- 
peating decimal, one can represent the table of the ath rational p-valued gadic rela- 
tion in abbreviated form. Thus the table of the 18th rational 10-valued g-adic relation 
in 142857, (Received September 8, 1947.) 


36i. Ira Rosenbaum: On a method of determining the number n of 
any arbsirary raitonal p-valued q-adic relation defined by a table. 


Any denumerably infinite set of integers coinciding with the digits of a terminated, 
pure or mixed repeating p-adic decimal may be taken as defining a rational valued 
qadic relation of a universe with a denumerable infinity of individuals. To determine 
the number » of the rational p-valued g-adic relation in question requires two major 
stepe, (1) transformation of the decimal into a fraction, this being reduced to its 
lowest terms, and (2) determination of the order number # of the resulting rational 
number in the enumeration of rational numbers. The number # of the resulting 
rational, say k/t, will be not greater than ((’-+#—1)(’+¢—2)/2+4] and its determi- 
nation hence a finite process. The transformation of the decimal into a fraction 
utilizes only known mathematical methods, for example, when p=—10, the trans- 
formation of a mixed repeating decimal into a fraction is accomplished by multiply- 
ing the integer formed by the non-repeating digits by that formed by the repeating 
digits and then subtracting the former integer, subsequently dividing the result by 
(10° —1)10* where s is the number of non-repeating digits, r the number of repeating 
digits. Related methods suffice in other cases. Reduction to lowest terms is also, 
generally, readily accomplished. (Received September 8, 1947.) 


37%. Ira Rosenbaum: On a method of enumerating ordered q-ads ina 
universe with a denumerable infinity ( Xo) of elements. 

In a universe with a denumerable infinity ( Ña) of elements, the set of ordered 
gads, for every finite integer q, is denumerable, since the number of gads is then 
Ni and N= Ne Each gad may be regarded as a point with integral coordinates in 
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a space of q dimensions. In order to enumerate the ordered g-ads of a universe of the 
type in question one first writes down the integers in the single ¢-pertition of g, thus 
obtaining the first ordered g-ad. One then determines the number of ¢-partitions of 
q+-1, the actual ¢-partitions of g-++1, an order among these œ- partitions, the permuta- 
tions of each partition, an order among these permutations, and then lists the ist, 
and, +++ permutations cf the first ¢-partition of g+1, of the second ¢-partition of 
q+i, +--+, of the last ¢partition of g+1; and similarly for q+», #2, 3,4,-°-. 
In this way every ordered g-ad will be listed once and only once. One may assign an 
order pumber to each ordered gad as it is written down and hence speak of the sth 
ordered gad in a universe with N, elements. The above process embraces that of 
Gödel (Monatshefte ffir Mathematik und Physik vol. 37 (1930)). (Received Sep- 
tember 8, 1947.) 


38t. Ira Rosenbaum: On absolute junctions of p-valued q-adic rela- 
tions in an m-membered universe. 


A set of m1 integers, Wi, 15 Wisp, may be regarded as defining a g-adic -valued 
relation of an m-membered universe; each of the mt integers W; indicates the degree 
_ in which the sth ordered gad gr is a member of the relation; the number »# of the 

relation is determinable from the condition #—1= J, W, p where cmmet, 
Conversely, given the number # of a gadic p-valued relation, the integer in the kth 
row of its table is fm, bh} =1+(p*"* (w—1),), 1545 One has: R= R, 
Cle A Leb} BCR E [m8] [AD RAR: B 
k) max ({w, k}, {s, b})), RR = -Ra j= 2e(e)({x, k} min ({m k}, {s, $})), 
— Ram Rpr mst, For g=1, the definitions reduce to those of -valued clase-junctives; 
for p =2, to those of the traditional (two-valued) theory of classes and relations. For 
p=2,q=—1, clases defined by a table with only a single “1” in them are wni classes; 
for ¢2@2, similarly, we obtain unit-relatians (that is, those with only a single gad as 
member); and similarly for p &3. (Received September 8, 1947.) 


39t. Ira Rosenbaum: On converses, relative products and sums, 
powers and mulstpres of p-valued binary relaitons in an m-membered 
universe. 


Given two arbitrary p-valued binary relations Ra and Ry letting {wx, 9} 
mel (pels (u —1)p), rmi- [r/m] (where [r/m ] denotes the integral part of r/m) un- 
lees r/m is an integer s in which case x=4-+(s—1), yp(r, m)-}-m(1—1) (where 
p(r, m) denotes the remainder obtained on dividing r by m, unless r is exactly divisible ` 
by m, when p(r, m) =t1) and adapting and generalizing a device of Schroeder’s, one 
obtains (for the m? values af r (1, 2,---, m?) and hence of z and y) the s? values 
defining the relative product R,./R, and relative sum R,@® R, by use of the formulae 
dona (ix, =} Alay) and [Iz (im, =} {i }) respectively, 2, and [I denoting 
p-valued logical sums and products. Using the m? values defining R,/R, and RAD R, 
determine the numbers of these tables (and relations) by previous methods. Letting 
fmn, one obtains the tables of the square Ry and double 2R,, of Ra, from the formulae 
for relative product and eum respectively. Since Rt? = Ri/R, and (b+1)Rea=kROR,, 
powers and multiples of relations are definable generally. Letting p(r, m) and [r/m] 
have their previous significance, the converse, Cao'Ra, of Ra has the table whose 
values, for the s? values of r, are given by {m, [r/m]+1-+m(o(r, m)—1)} and with 
these values the number of Cav’, is obtainable as previously. (Received September 5, 
1947.) s 


— 
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40i. Ira Rosenbaum: On p-valued q-adic relations in a universe 
with a denumerable infinity (Xo) of elements. 


Although the set of ordered g-ads in a universe with Ne elements is denumerably 
infinite and, indeed, effectively so, the set of p-valued clasees and p-valued g-adic 
relations is nondenumerably infinite, possessing the power of the continuum. This is 
easily seen since the number of ~-valued g-adic relations in the universe in question 
in pat = pits = 28e, It followa that tables defining the p-valued gadic relations cannot 
be completely enumerated. One may, however, consider a 1~1 correlation to exist 
between the real numbers of the interval 0$+1 and the set of p-valued gadic rela- 
tions. One may consider the relation correlated to a given real number, of the range 
indicated, to be defined by the successive digits in the p-adic decimal representation 
of the real number in question, the rth digit in the decimal indicating the degree in 
which the rth ordered g-ad is a member of the relation correlated with the real 
number. [f the real number correlated with a p-valued qadic relation is irrational, 
one may term the relation itself trratonal; otherwise rastonal, The values in the tables 
defining irrational p-valued gadic relations can be but incompletely determined, 
those of rational relations completely determined. (Received September 8, 1947). 


41%. Ira Rosenbaum: On the nth q-adtc p-valued relation in an 
m-membered unsverse. 


i EL L ee by the relation 
gr=({k,1},-++, {k, q}) where {k, i} =1-H(m™1 | (k—1)a), generalize the defini- 
Goa Of clames and cela ioan piven ia a oreo liorabetaci Thee any rveniadiriduai 
(or ordered qad) either was, or was not, a member of g given class (or relation); so that 
an essentially two-valued theory of classes and relations resulted. The admission of 
more than these two possibilities (complete membership, complete non-membership) 
leads to many-valued theories of classes and relations as in the corresponding case of 
propositional logic. Let 1 denote complete memberahip, p complete non-membership, 
and intermediate integers intermediate degrees of membershi re ae 7 ath 

valued relation of an sy membered universe ala: 1), i 

n, m}) where {m, k} =1-4-(p : (w—1),), k denotes the ordered ae D this 
g-ad is a member of R, in the degree indicated by {#, k}. For g=1, Bera AA 
class of individuals in an įm-membered universe is obtained. In all cases RX“ (g7) 
= (n, k}. Given #1 integers 4, 1545, the number » of the gadic p-valued relation 
defined by them is determinable as in Bull. Amer. Math. Soc. Abstract 53-5-265. 
(Received August 19, 1947.) 


42t. Ira Rosenbaum: The nth genus of rth order k-adsc predicate in 
the functional calculs of higher order. 


The genus of an rth order k-adic predicate is here defined so as to depend solely 
on the pattern of orders of the arguments of the function, It is less complex, more 
general, than the concept of logical type. The wth genus of rth order b-adic predicate 
is either (1) undefined, or (2) is defined as that in which the order of the sth argument, 
for each ¢ such that 1544, is specified by {#, i} ~1+(r+1 : (w—1),). It is unde- 
fined or defined according as (1) for no value of ¢ is {x, i} =r—1 oc (2) for some 
i, {m, i} =r—1 and for no dis {#, +} >r—1. Given a set of k arguments of suitable 
orders the genus-number » of a function of those arguments is determinable. The 
‘umber G, of genera of rth order badic functions is given by G,y~r*—(r—1)* and 
by two recursive relations: G,s—rGrpaat(r—1)*" and GramGrau+r*—2(r—1)4 
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-+(7—2)+. The number of genera of rth order functions of degree not greater than 
k is given by 2 1 Gram (r —1)/r—1)—(r—1)>*/(r—2). The number of genera 
of b-adic functions of orders not greater than r is given by 2a Gi» Which is alge- 
braically calculable with the help of the Ecler-Maclaurin sum formula for daa. 
(Received August 18, 1947.) 
STATISTICS AND PROBABILITY 

43t. Mark Kac: On the distribution of certain Wiener functionals. 
Prelimi 7 É 

Let x(t), z(0)=0, O0Si< œ, be elements of the Wiener space and V(x) a non- 
o(a; #) be-the probability (Wiener measure) that / V(=(r)}dr <a. It is shown that 
the double real Laplace transform Jf exp (—sa—s#)de,(a; idt is equal to 
[rat(s, #; x)dx, where (5s, #; x) is the (unique) fundamental solution of the differ- . 
ential equation ¥’’/2 —(s+a¥(x))ġ 0 subject to the conditions ¥(x)0 as x+» œ, 
|y (s)| <M, ¥/(—0)—¥(40)—=2. The special cases V(x) =x, V(x)—[x/, V(x) 
= ({i-+sign z)/2 treated elsewhere by a somewhat different method are used as illus- 
trations of the present method. Generalizations to more-dimensional Wiener processes 
and to Markoffian processes other than that of Wiener are indicated. (Received August 
29, 1947.) 

TOPOLOGY 


44. E. H. Spanier: Borsuk's cohomotopy groups. 


Let X be a compact topological space with dim X <2#—1. Borsuk showed how the 
homotopy classes of continuous maps of X into the #-sphere S* form a group s X), 
called the sth cohomotopy group of X. In a similar manner the relative Borsuk 
group «*(X, A) of a pair consisting of a compact space X and closed subset A is de- 
fined. The elements of this group are the classes of maps of X into S* which map A 
into a paint. A coboandary operator, which is 2 homomorphism from #*(4) to 
(X, A), is defined, as well as the homomorphism from s*(¥, B) to rX, A) in- 
duced by a continuous map from (X, A) to (F, B). The cohomotopy groups with these 
auxiliary concepts satisfy the Eilenberg-Steenrod axioms for cohomology groupe ex- 
cept that the cohomotopy groups are defined only for’ those integers # such that 
a> (dim X¥+1)/2. The Hopf theorems about the classes of maps of an #-dimensional 
space into S> and the Steenrod theorems about the classes of maps of an (#-+1)- 
dimensional space into S* are proved in the framework of the cohomotopy groups. 
These results are summarized in a mixed exact sequence involving cohomotopy and 
cohomology groups (Recetved September 10, 1947). 4 


453. A. H. Stone: On products of paracompact metric spaces. 


A Hausdorff epace is paracompact (J. Dieudonné, Une géntralisation des espaces 
compacts, J. Math. Pures Appl. vol. 23 (1944) pp. 65-76) if it has arbitrarily fine 
neighborhood-finite open coverings, It is proved that a metrisable space is para- 
compact if and only if it has a basis for its open sets consisting of a countable number 
of families of open seta, the sets in each family being pairwise disjoint. The following 
two theorems are among those deduced from this characterization. A necessary and 
sufficient condition for a product of nonempty paracompact metric spaces to be 
paracompact is that all but a countable number (at most) of the factors be compact. 
For the product of a given metric space X with every compact Hausdorff space to be 
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normal, it is necessary that X be paracompact; sufficlency here was proved by 
Dieudonné. (Received September 26, 1947.) f 


46. Hing Tong (National Research Fellow): Some charactertsations 
of normal and perfectly normal spaces. Preliminary report. 


Let R be a topological space. The following theorems are proved: (1) A necessary 
and sufficient condition for R to be normal is that if y and ¢ are respectively upper and 
lower semicontinuous functions over R such that y 9¢ (for every point in R) there ina 
function p continuous over R ao that ¥ Sp Sẹ (for every point in R). (2) The following 
properties concerning R are equivalent: (a) R is perfectly normal. (9) for every 
closed set A in R there is a function ¢ continuous over R such that the set of zeros of 
@ is precisely A. (y) Every upper semicontinuous function over R is the limit of a 
monotonically decreasing sequence of continuous functions over R. (Received Sep- 
tember 20, 1947.) 


T. R. HOLLCROFT, 
Assoctate Secretary 


THE NOVEMBER MEETING IN ST. LOUIS 


The four hundred twenty-ninth meeting of the American Mathe- 
matical Society was held at Washington University, St. Louis, Mie- 
souri, on Friday and Saturday, November 28-29, 1947. All sessions 
were held in Brown Hall. The total attendance was about 150, in- 
cluding the following 115 members of the Society: 


V. W. Adkisson, J. J. Andrews, W. L. Ayres, Reinhold Baer, R. W. Ball, M. A. 
Basoco, P. O. Bell, Herman Betz, H. D. Block, L. M. Blumenthal, D. G. Bourgin, -~ 
H. R. Brahana, P. B. Burcham, R. H. Bruck, A. V. Bushkovitch, R. H. Cameron, 
J. E. Case, Abraham Charnes, Harold Chatland, H. J. Cohen, Byron Coaby, M. E. 
Daniells, M. M. Day, Hubert Delange, J. L. Doob, T. L. Downs, Otto Dunkel, John 
Dyer-Bennet, J. D. Elder, Benjamin Epstein, Paul Erdos, D. H. Erkiletian, G. M. 
Ewing, J. W. Gaddum, R. E. Gaskell, B. E. Gatewood, Michael! Golomb, S. H. 
Gould, Cornelius Gouwens, L. M. Graves, R. E. Graves, Franklin Haimo, Marshall 
Hall, O. H. Hamilton, Charles Hatfield, F. F. Helton, G. A. Herr, D. L. Holl, L. A. 
Hostinsky, F. B. Jones, L. M. Kelly, Marie Kernaghan, L. A. Knowler, J. C. Koken, 
Max Kramer, M. Z. Krzywoblocki, Joseph Landin, J. S. Leech, Solomon Lefschetz, 
Walter Leighton, A. J. Lorenz, W. S. Loud, Szolem Mandelbrojt, C. W. Mathews, 
Kenneth May, S. W. McCuskey, W. C. McDaniel, J. V. McKelvey, R. J. Michel, 
Josephine Mitchell, E. E. Moise, F. V. E. Morfoot, K. L. Nielsen, Rufus Oldenburger, 
Isac Opatowski, Gordon Pall, S. T. Parker, P. M. Pepper, B. J. Pettis, G. B. Price, 
M. O. Reade, Francis Regan, T. M. Renner, P. R. Rider, R E. Roberson, W. H. 
Roever, Arthur Rosenthal, R. G. Sanger, A. C. Schaeffer, H. M. Schaerf, Robert 
Schatten, K. C. Schraut, M. G. Segner, M. E. Shanks, Marlow Sholander, Annette 
Sinclair, M. F. Smiley, G. W. Smith, C. E. Springer, R. H. Stark, M. H. Stone, E. B, 
Stouffer, H. P. Thielman, W. J. Thron, E. A. Trabant, H. L. Turritin, F. E. Ulrich, 
G. B. Van Schaack, W. A. Vezeau, Bernard Vinograde, G. L. Walker, S. E. Walkley, 
S. E. Warschawski, M. F. Willerding, L. C. Young. 


At 10:00 a.m. Friday Professor Marshall Hall of the Ohio State 
University delivered an hour address entitled Foundations of geom- 
elry—retrospect and prospect. Professor Reinhold Baer presided. At 
9:00 a.m. Saturday Professor Szolem Mandelbrojt of the College de 
France and the Rice Institute delivered an hour address entitled 
Analytic continuation and infinitely dsfferentiable funcitons—a general 
principle, with Professor L. C. Young presiding. Two sessions for 
short research papers were held at 11:15 a.m. Friday, and additional 
such sessions at 2:00 ps. Friday and at 10:15 a.m. Saturday. Pre- 
siding officers for these sessions were, respectively, Professors Gordon 
Pall, L. M. Blumenthal, M. H. Stone, and G. B. Price. 

An informal gathering of midwestern applied mathematicians was 
arranged for lunch on Friday for the purpose of a preliminary discus- 
sion of the future needs and plans for applied mathematics in the Mid- 
west. It was the sense of the group that no specific conclusions should 
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be reached at-that time. A committee of three midwestern applied 
mathematicians was elected by those present, with instructions to 
consider, in cooperation with the Committee on Applied Mathe- 
matics of the American Mathematical Society, what questions, if 
any, might warrant further discussion by a more representative group 
of midwestern applied mathematicians, and to initiate such a dis- 
cussion if deemed desirable. 

`" Those attending the meetings were the guests of Washington Uni- 
versity at a very successful tea, held at 4:00 p.m. Friday in the 
Women’s Building. At 6:30 p.m. Friday, a dinner was held in the 
dining room of McMillan Hall, with an attendance of 112. Professor 
J. E. Case was toastmaster. Assistant Dean Graham welcomed the 
Society on behalf of Washington University. Dean Stouffer expressed 
the appreciation of the Society for the hospitality of Washington 
University, and warmly commended Professor P. R. Rider and the 
other members of the Local Committee on Arrangements for their 
very efficient work. 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter “t.” Paper number 48 
was presented by Professor Chatland, number 54 by Mr. Block, 
number 58 by Professor Ulrich, number 72 by Mr. Kelly, and num- 
ber 82 by Dr. Moise. 


ALGEBRA AND THEORY OF NUMBERS 
473. A. A. Albert: Power-assoctatsve rings. II. 


A power-associative algebra A over a field F is trace-admissible when there is a 
function t(x, y) on A, A to F such that Hz, y) mé(y, x), tay, 3) mi (x, ys), (x, y) =O if 
xy is nilpotent, ts, «) 40 if e is idempotent. When the radical is defined to be the 
maximal nilideal a trace-admissible algebra has the usual structure properties. An 
algebra A is called a standard algebra if the identities s(xy)-+y(sx)-+ (sy)x —s(yx) 
+ (xx) 9+ (ys)x, wo [x(ys)]+ | (toy) ]s+ [ (208) x by = (0x) (ys) + (toy) (xe) + (tos) (xy) are 
satisfied. All associative and Jordan algebras are standard. All standard nilagebras are 
solvable and all solvable standard algebras strongly nilpotent. If the field is non- 
modular standard algebras are trace-admissible and the radical of A is the radical 
of the Jordan algebra A“. For every algebra A there is an attached algebra A(A) de- 
fined by the product x: y=Axy-+-(1—A) 9x for Ain F. Theh AM —A(1/2). The author 
calls A over F quastassociative if there exists an extension K such that Ax =B(A) for 
B associative and A in K. Then either A is associative or à? —) is in F. He calls A 
J-simple if A(i/2) is a simple Jordan algebra, and shows that all flexible J-simple 
algebras are either the exceptional Jordan algebra or quasiageociative. In particular, 
every simple standard algebra is either associative or a Jordan algebra. (Received 
October 13, 1947.) 


48. Harold Chatland and H. B. Mann: On extensions of domains of 
entegrity. 
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Let I, J’ denote domains of Integrity with unit element. The authors call J’ an 
extension of I if I’ DI and if p=gr, p, g, in I, r in J’ imply r in. Two elements a, b 
of I are called coprime in J if dla, djb implies dj 1. The following theorems are proved. 
Theorem 1. If a, b in J are coprime in every extension of I then there exists elements 
x, y in I such that ax-+by m1. Theorem 2. To every J there exists an extension I’ 
such that every ideal in J is the intersection of a principal ideal of I’ with J. Theorem 3. 
If any two elements in J have a greatest common divisor in J then (a, d) =1, (b, d) =1 
implies (ab, d) =1. Received October 20, 1947. 


49. Paul Erdös: On additive number theoretic functions. 


Let f(x) be an additive number theoretic function, [f(p")| <c for all p and a. 
Previously the author proved that the density of integers for which f(#-+1) >f(»#) is 
1/2. Now it is shown that the necessary and sufficient condition that for every k the 
density of integers with f(in-+’—1)>f(n-+k—-2)> +--+ >f(m) equals 1/k! is that 
> »(f(d))9/p diverges. Also the necessary an sufficient condition that for every k 
the inequalities f(s-+k—1)>f(n+k—2)> >». >f(e) have a solution is that 
lim sup f(*) = œ. The condition fe) | <c can be weakened, but f(s) mlog # shows 

` that f(p*) must be restricted in some way. It is not yet clear what the neceseary condi- 
tion is, (Received October 18, 1947.) 


50% Franklin Haimo: Presertatson of divisibiltiy under homomor- 
phisms. 

To each element of an additive abelian group G, attach the collection of its heights 
with respect to the primes (Prifer, Math. Zeit. vol. 20 (1924) pp. 165-187). Under a 
homomorphism, these heights will tend to increase. H, a subgroup of G, is said to be a 
Liapin subgroup of G if each element of the factor group G/H has the same set of 
heights as one of its antecedents in G. (Cf. Liapin, Rec. Math. (Mat. Sbornik) N.S. 
vol. 8 (1940) pp. 205-237). It is proved that if G is a torsion-free abelian group, every 
subgroup of which is Liapin, then G is the direct sum of copies of, the additive group 
of rationals. Finite ordered subgroups are always Liapin in any containing group; 
and sequentially compact subgroups of drvision-closure groupe are Liapin. In par- 
ticular, cloeed subgroups of compact groups are Liapin; whence it follows that direct 
sums of copies of the integers can never be compact groups. (Received October 21, 
1947.) 


51. Gordon Pall: The minimum of an indefinite, binary, quadratic 


form. 


The first two Markoff minima of an indefinite, real binary quadratic form are 
obtained simultaneously by a simple method. (Received October 24, 1947.) 


52t. H. J. Ryser: Ratsonal vector spaces. 


Two finite-dimensional rational inner product spaces are said to be equivalent if 
their rational inner products determine the same clase of positive definite matrices 
(Bull. Amer. Math. Soc. Abstracts 52-9-267, 53-1-21). Let V, be an arbitrary rational 
inner product space of dimension # and let Af, denote the set of all polynomials 
of degree less than # with rational coefficients. Toere exists a rational inner product 
Loi (=) e(x)dy(x) for Ma euch that M, is equivalent to V. The function y(x) is non- 
decreasing with ¥(0)=0, has an infinite number of points of increase on OSs< œ. 
Every rational inner product space that is denumerable and infinite-dimensione! has 
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polynomials Q(x), Qs(x), - - - with rational coefficients such that every polynomial 
Sih atin occidentale Gra RE Gite Dia nO.) where the a's are 
rational, and, moreover, f, Q.(=)Q,(z)dx=a,, } j=1, 2, . Results on algebraic 
number fields are extended. Te te showa that every abelian eld iy a eutiteld of e cydio 
tomic J-field, and for every integer #>2, there exists an infinitude of abelian J-fields 
of degree n. (Received October 29, 1947.) 


53. M. F. Smiley: A pplication of a radical of Brown and McCoy to 
non-assoctative rings. 


The theory of the F,-radical of Brown and McCoy (Amer. J. Math. vol. 69 (1947) 
pp. 46-58) is extended to arbitrary non-associative rings. After certain fundamental 
properties of non-associative rings are established, the proofs given in the associative 
case require no essential change. In particular, a son-associative ring R kas sero 
F-radscal tf and only tf 4 is isomorphic to a subdirect sum of simple non-ossoctatios 
rings with unit clements and the sum ts direc if the descending chain condstion holds for 
the (two-sided) ideals of R. For a non-associative algebra of finite order which has a sætt 
element, this radical coincides with the radical defined by A. A. Albert (Bull. Amer. 
Math. Soc. vol. 48 (1942) pp. 891-897). For a hypercomplex alternative ring (Max 
Zorn, Ann. of Math. (2) vol. 42 (1941) pp. 676-686), this radical reduces to that 
defined by Zorn and therefore also to that defined by N. Jacobson (Amer. J. Math. 
voL 67 (1945) pp. 300-320, and the author’s abstract, The radical of an allernative ring, 
Bull. Amer. Math. Soc. Abstract 53-11-373). (Received October 20, 1947.) 


ANALYSIS 


54. H. D. Block and H. P. Thielman: Note on commutative poly- 
nomials. 

Two functions f(x), g(x) are maid to be commutative with each other if fg =f [g(x) | 
mefme[ f(x) |, An “entire set of commutative polynomiala’ is a set of polynomials 
which contains one of every positive degree, and which is such that any two poly- 
nomigis of the set are commutative with each other. A linear transformation of a 
function g(x) is defined as Agal, where à is a linear function and the operation is 
substitution. It is shown in this paper that the only entire sets of commutative poly- 
nomials are linear transformations of x*, and of cos (* arccos x). (Received October 23, 
1947,) 


55. D. G. Bourgin: An approximate isometry. — 

If T is a generalized « isometry of the Banach space C(O) of bounded continuous 
functions onto C(Q;) where Q, and Q are completely regular spaces, then there is an 
isometry within ke of T. This extends a theorem of Hyers and Ulam who require that 
T be a homeomorphism and that Q, and Qy be compacta. In particular, the theorem 
implies that if Q and Q are Hausdorff compact, then the existence of a generalized « 
isometry on C(Qi) onto C(Qy) implies the topological ee ee er ek (Re- 
ceived November 24, 1947.) 


56%. D. G. Bourgin: Some operators. 


Operators of Riesz type are developed for constant coefficient partial differential 
equations for other than the normal hyperbolic or elliptic cases. For instance, the 
parabolic equation is included. (Received October 24, 1947.) 
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57. R. E. Graves: A generalisation of the Riemann-Stiehjes integral 
appropriate to the Wiener sbace C. ne report. 


Let f(i)GL4 on [0, 1], let {asl} (+=1, 2, - ©- ) be a complete orthonormal set 

on [0, 1], each of whose elements is of beainded Variation, and fet x(#) be an element 
E the Wiener space C. Define amfi (as(Hdt. The generalized Stieltjes integral 
col.f(@dax(é) is defined to be lim s.a J, 2 ceent)dx(t) m Y icaidh. The author 
proves that the limit on the right extant for all’=¢ (CC exept for a it ai Wener 
measure zero. He proves further that any two generalized Stieltjes integrals defined 
with different sets of as(#)'s agree for all x(-}©—C except for a set of Wiener measure 
zero. The paper concludes with a proof that the generalized Stieltjes integral is a true 
generalization in the sense that if f(#) is of B.V., so that the ordinary Stieltjes integral 
exists for all x(-)EC, then the generalized Stieltjes integral agrees with the ordinary 
Stieltjes integral for all x(-)€C except for a set of Wiener measure rero. (Received 
October 20, 1947.) 


58. Szolem Mandelbrojt and F. E. Ulrich: Concerning regions of 
flatness for holomorphic functions and their derivatives. 


Let C(a, R) denote the circle |s—a| <R. Suppose f(z) is holomorphic and dif- 
ferent from rero in each circle Cla, R), where a and R vary over a set S of values (a 
complex, R real and positive). For a given 0<9<1, let M(a, R; »)=—Max HOI 
for sEC(a, 4R), ma, R; )=Min |f@)| for sECla, +R). Let Lla, R; 3) 
= Min [log M(a, R; 4)/log mia, R; 3), Mla, R; 4)/m(a, R; y)]. If to each 0<9<1 
there corresponds a finite positive number A(q) such that Lla, R; 3) <(Ay) for all a 
and R belonging to S, the circles C(a, R) will constitute regions of flatness for f(s). This 
definition is somewhat of the same character as that proposed by J. M. Whittaker. The 
authors have proved the following theorem: Suppose the circles C(a, R) are regions 
of flatness for the function f(z) and f’(s)s40 in any of these circles. If there exist 
three positive constants A, B, and d such that R| [logs f(a) | >A, log |f(a)| >BR 
and Rgd, then the circles C(a, R) are regions of flatness for f’(s). (Received October 
22, 1947). 


59%. Szolem Mandelbrojt and Norbert Wiener: Infinitely difer- 
entiable funcitons on the half line. 


The authors,prove a theorem which aseerts that an odd, infinitely differentiable 
function on the half line is identically zero if an infinite sequence of odd derivatives 
are zero at the origin and if the maxima of the wth derivatives grow suitably (the func- 
tion and its derivatives are supposed bounded on the half line). The statement is 
along the same lines as previous thearems by S. Mandelbrojt. The proof differs from 
those given by the latter for his theorems in that the authors employ an auxiliary 
function, holomorphic in the half plane with an argument corresponding to an order 
of differentiation, real or complex, with non-negative real part, and a value given by 
the value of the derivative of that crder at the origin of the infinitely differentiable 
function. (Received October 22, 1947.) 


602. Morris Marden: The number of zeros of a polynomial in a circle. 


Let f(s) = Die and f*(s) =x*f-(1/s). Let the sequence f,(s) = 2ra "iz = 
defined by the recursion formula f= 4, f7(s) — ae Fs faa) w= f(s), j m1, 2, ° 
As proved in the present note, if 8;—f,(0) 0 for j=1, 2, ge T 
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teros of f(s) in the unit circle is equal to the number of negative P, among the products 


Pimba- e 8, fmi,2,--++, n Furthermore, if there is a $ <y such that f»p(3) m0 
and Py»t0 forjmi,2,+-+-, k, then f(s) has n — k zeros on the unit circle and a number 
of zeros in the unit circle equal to the number of negative P, forj=1,2,-:-, $. By 


use of the first theorem, the Schur-Cohn determinant criterion (Math. Zeit. vol. 14 
(1922) pp. 110-148) for the number of zeros in the unit circle is given an elementary 
proof not involving the theory of Hermitian forms, as previous proofs. (Received 
October 24, 1947.) 


61. P. M. Pepper: Algebrasc harmonic functtons. 


Using Bergman’s integral operator method the author gives sufficient conditions 
on the coefficients of the development $ = ) pup D p=—pA po R™Py (cos 6)", in spher- 
ical harmonics, in order that & be an algebraic harmonic function. In terms of the Ag, 
the expressions a(u, ») Agr »2*!/{(2u) PH] for OS»S2u and alu ») =0 other- 
wise, are defined. For non-negative integers # and o determinants Tae(uy, ++ * , Fwi, 
Py +, Pw) of order w= ("+1)(o-+1) are formed in which the element of the kth row 
and the Ith column is 6(g,—q:, Pa—r:) where q:=([i/(o+1)] and rimil—(o+1)q;, 
the brackets denoting the greatest integer less than or equal to the quantity within 
them. A sufficient condition for $ to be algebraic is that there exist four non-negative 
integers m, #, p, o such that the determinant relations Tug(41,° °°» Hej Pi * * * s Pa) 0 
hold for each selection of 2~ integers pu °°: , Mei °° °, % for which, in each pair 
(um ¥a) either pa > or yy>>: (or both). A derivative process of generating harmonic 
functions is given. New types of singular lines of algebraic harmonic functions are 
given. (Received October 23, 1947). 


62. B. J. Pettis: Intertorsiy and continutty of homomorphisms be- 
tween metric groups. 


Necessary and sufficient conditions are given that a homomorphism ¢ between two 
metric groups X and Y be interior and that it be continuous. Defining ¢ to be permuta- 
tive if transformations [Sa] and [Tp] exist in X and Y respectively such that for each 
xX and each a there is some $ auch that $(Sq(x)) =7s(¢(x)), where [Se] and 
[Ta] have certain topological properties, it follows that if ¢ is permutative and has 
a closed graph and X is complete then ¢ is interior. A dual definition leads to a dual 
theorem giving sufficient conditions that ¢ be continuous. From these two theorems 
there immediately follow, with somewhat weaker hypotheses, the well known inte- 
rlority and continuity theorems of Schauder, Banach, Freudenthal, and Dunford for 
spaces of type (F) and for metric groupe with separability assumptions. (Received 
October 21, 1947.) 


63. G. B. Price: Researches in the theory of functions of several real 
vartables. Il. Dersvaiices of functions. 


Tie Beat to ee eee at X? is defined to be 
lim ALFA; XOX + ++ XPV/ALN; XX? - . x], the limit being taken as 
ce ay oe tend to X* subject tomi abie restrictions. The denominator of the 
aaoi igen increment of the independent variable X™:(m,°+-+,#,), and the 
sasisera trie ia thé CorreaponBiiie Ticrement of the finca Ons oa 7), Theda 
nition is sufficiently broad to include ordinary partial derivatives and Jacobians in 
one treatment; it leads to significant advances in the theory of differentiation. This 
paper develope the theory of BP-derivatives under the following section headings: 
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eets of increments; BP-derivatives; BP-derivatives and factorable sets of increments; 
increments of BP-differentiable functions; Stolz differentiable functions; functions 
with derivatives of dimension 1; functions with derivatives of dimension greater than 1 
only; continuity of BP-differentiable functiona; derivatives of composite functions; 
directional dertvatives; other limits for derivatives; functions with zero derivatives; 
linear spaces of differentiable functions; and history and the literature. (Received 
August 29, 1947). 


644. H. M. Schaerf: On unique invariant measures. 


Let a measure space In the group G be the union of a sequence of measurable sets 
of finite measure. Under an assumption weaker than Weil’s condition M there are 
proved (1) the structure theorem: If the measure is unique invariant then any measur- 
able set A, whose measure is not greater than that of a measurable set B or equal to it, 
is almost congruent by finite or denumerable partition respectively with some measur- 
able subset of B or with B; (2) a necessary and sufficient condition for the unique- 
ness of an invariant measure. The second result furnishes a simple proof for Weil’s 
theorem on the uniqueness of an invariant measure under Weil’s condition M and a 
new similar theorem. Extensions to measures invariant under a transitive group of 
transformations are indicated. (Received August 13, 1947.) 


65t. W. J. Thron: Twin convergence regions for continued fractions 
bo + K(1/0,). 1O. 


Let two regions B, and B, in the complex plane be defined as follows: re4C B, if 
and only if ref(?), re*C-B, if and only if r24/f(*-—-6), where {(6) >0 and more- 
over f(6) is such that the complements of the regions Be and B, are both strictly ` 
convex (that is, the curvature of the boundary is never equal to zero). Then By and 
B, are “best twin convergence regions” for continued fractions of the form bo+XK(1/d,). 
This is an improvement over an earlier result of this nature proved by the author 
(Amer. J. Math. vol. 66 (1944) pp. 428-438). The proof depends on the fact that the 
regions Be and By are of the desired type if and only if f(6) =fe-exp (/¥ a tan a(¢) d 4), 
where a(9) has period 2r and satisfies | aœ(0)| <r/2, a’(8) <1. (Received October 23, 
194.7.) 


66. L. C. Young: Area and length. 


The current definitions of area and length have objections which have been re- 
peatedly emphasized, particularly by T. Radó. Moreover, they are still restricted to 
parametric images of very special figures and they lack analogy with one another and 
with volume or hyper-vohime, Intrinsic definitions, free from these drawbacks, are 
proposed. For the topological image of a plane set, the new area agrees with the 
Carathéodory-Hausdorff 2-dimenslonal measure u. More generally, consider a 
“multiplicity-function” M(x) where x denotes a point of the space in which the 
surface S is situated, and where M(x) takes integer values, positive on S. The new 
area of Sis then the sum $ au(Ze) where Eq is the set in which M(x) 2" >0. Its defini- 
thon depends on the choke of M(x) and in fact two such multiplictties are intro- 
duced: a crude one which leads to the “Banach” area, and a more satisfactory one (the 
“Morrey” multiplicity) which leads to the “Intrinsic area.” Various theorems connect 
these, and corresponding definitions of length, with clasalcal definitions: thus the 
intrinsic area is not less than the classical double integral and agrees with the latter in 
the case of a Lipschitxian representation. (Received October 18, 1947.) 
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APPLIED MATHEMATICS 


67t. D. G. Bourgin: A boundary problem for the damped wave egua- 
tion. 

This work extends the clasa of problems for which explicit solutions can be ob- 
tained. The data are given in implicit form on two nonparallel time-like straight lines 
and a space-like third side. The method in part involves co-images and Laplace trans- 
forms. The paper will appear in the Quarterly of Applied Mathematica. (Recerved 
October 24, 1947.) 


68. Abraham Charnes: Wing-body tnteraction tn linear supersonic 
flow. 

The problem treated is to determine the steady uniform irrotational supersonic 
flow about a wing symmetrically affixed to a body. With the usual linesrizing assump- 
tions, if ¢i is the velocity potential for flow about the wing in the absence of the 
body, #2 is sought such that ¢i-+-¢, is the potential for the flow about the wing plus 
the body. Bodies considered are circular and polygonal cylinders. In the former case 
¢s 1s obtained as a Fourier series involving inverse Laplace transforms of ratios of mod- 
ified Bessel functions and their derivattves. With certain restrictions on œ which the 
known ¢; satisfy, convergence of ¢y and appropriate derivatives is rigorously estab- 
lished. (Received October 24, 1947.) 


69. M. Z. Krrywoblocki: On the two-dimenstonal steady turbulent 
flow of a compressible fluid far behind a solid symmeirtcal body. II. 
Vorticty transfer theory. > 

In the theory of incompressible turbulent flow it is the opinion that the velocity 
distributions obtained by the momentum transfer theory or the vorticity transfer — 
theory are the same. Whereas the temperature distributions based on the vorticity 
transfer theory fit the results obtained from tests better than the distributions based 
on the momentum transfer theory. The question arises whether these statements are 
true for a compressible turbulent flow. To answer this question, the author solved the 
entire system of equations based on both theories. The first part contained the set of 
equations based on the momentum transfer theory (Bull Amer. Math. Soc, Abstract 
53-11-409). In the present paper the second part was solved. The following conclusions 
were drawn: (a) the velocity distributions based on both theories are the same only 
to the approximation of the first order. Beginning from the approximation of the 
second order there are increasing discrepancies between both velocity patterns, (b) 
the temperature distribution is different in both cases beginning from the approxima- 
tion of the first order, (c) the density and pressure distributions are different in both 
cases beginning from the first approximation different from rero, that is, approxima- 
tion of the second order. (Received September 15, 1947). 


70¢. H. E. Salzer: Coeffictents for expressing the first thirty powers +n 
terms of the Hermite polynomials. 

Exact expressions are given for x*, #=0, 1, 2,- ++, 30, in terms of the Hermite 
polynomials H,,(%) mm (—1)™s(2") (d™/dx)e(—x%), where «(x) me". The computation 
followed a formula in a paper by E. Feldheim and an overall functional check was 
performed to guarantee the accuracy of the final manuscript. This table is useful for 
approximating a polynomial of high degree by a polynomial of much lower degree, 
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which is best in the least square sense where the interval Is [— œ, œ] with weight 
factor 6(—*), by virtue of the well known property that if ¢,(x) denotes the partial 
a ee deca eee nage AS in terms of Hermite polynomials, 

and r(x) is any polynomial of degree Sr, distinct from g(x), then J> e(—+*) 
[ f(x) — g(x) dr< T ioe e(— x?) (F(x) —r,(x) fdr. “Received October 22, 1947.) 


GEOMETRY 


71. R. W. Ball: Dualcttes, of finite projective planes. Preliminary 
report. : 


A duality 8 of a finite projective plane is a one-to-one correspondence of a point P 
(line k) to a line P? (point #) such that P is on k if and only if # is on P’. If N is the 
number of absolute points (that is, points P suzh that P is on P*), in a finite plane, 
Nua mod # for all primes p that divide # (wher= there are #-+-1 points on every line). 
Hence every duality of a finite plane possesses at least one absolute point. If 20(8) is 
the order of 3 and if the progression 1+220(3 contains at least one prime p with 
(n/p) = —1, then N my-+1. And if Npin-+i anc # not a square, then o(8) is not 1, 2, 
or a power of a prime of the type 444-3. (Recetved October 21, 1947.) 


72. L. M. Blumenthal and L. M. Kelly: New metrac-theoretsc prop- 
erites of elliptic space. 


In two recent papers elliptic spaces of finite and infinite dimensions were char- 
acterized metrically among the class of semimetric spaces (Trans. Amer. Math. Soc. 
voL 59 (1946) pp. 381-400) and criteria for the superposability of congruent subeets 
were obtained (toappear in Trans. Amer, Math Soc.). The present paper continues 
the development of metric-theoretic properties of elliptic space and is principally con- 
cerned with the remaining fundamental problem of determining a congruence order of 
a-dimensional elliptic space with respect to sub-classes of semimetric spaces. Several 
such theorems are proved. The ptincipal result obtained is that the elliptic plane has 
congruence order 9 with respect to the class of ell separable semimetric spaces. The 
intrinsic difficulty of these problems is due to the presence in every elliptic space (of 
dimension exceeding 1) of congruent but not superposable subsets. (Received October 
12, 1947.) 


73. M. O. Reade: On the boundary of minimal surfaces. Preliminary 
report. 


Claseic results due to Carathéodary, Fatau, Seidel, et al. (see Seidel, Math. Ann. 
vol. 104 (1931) pp. 182-243) are used to obtain incormation concerning the boundary 
of minimal surfaces. A typical result is the following. LetX =X (x, 9), #?-+97<1, de- 
fine a regular minimal surface Tif, and let f =—t(s, 7) mr (s) be the normal vector to Af. 
If y(t, ¥) 90, stet <i, then lim t(s), se”, exists for almost all @; here s ap- 
proaches e along a path not tangent to the unit circle |s| =1. (Received October 24, 
1947.) 


14. Marlow Sholander: Contributions žo the theory of convex curves. 


Results representative of those contained in this paper are stated below. The mid- 
points of certain chords of a closed convex curve Care used to define a curve M which 
has the following property: If P is a point inside Z and not on M, if the index of P 
with respect to Mf is m, and if the number of pairs of points on C which have P as 
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midpoint is #, then 2m-}-1 =», The set of all points which divide the members of a 
family of parallel chords of C in a fired ratio form a curve which is called a croes 
curve of C. Croes curves derived from the same family of chords are said to be parallel. 
For all C which contain at most one linear segment it is shown that (I) two non- 
parallel croes curves have one and only one point of intersection, (ii) two points inside 
C lie on one and only one cross curve. (Received October 27, 1947.) 


75. E. A. Trabant: Some special Riemann spaces. 


The following two theorems are proved. Theorem 1: A three-dimensional Riemann 
space with element of arc-length ds*=g,,datds/, 4, fm 1, 2, 3, and the components of 
the fundamental metric having the form gu —ge—gu™Af(x’), gagn =B], 
fa on ™£ fn =O and | A| |B| may possess constant Riemannian curvature of 
value b if and only if B =0 and will possess a zero curvature invariant if and only if 
S (x) = ((Cx’+D)/kY, where (342—2B")k =8(42—B*) and C, D are arbitrary con- 
stants. Theorem 2: In a s-dimensional Riemann space with element of arc-length 
ds =g dada! where gum d f(x), 5m1 if imj, 3 ô = 0 Í isj and $, J=1, 2,»--, m, a 
necessary and sufficient condition in order that the space possess constant Riemannian 
curvature of value 5, be an Einstein space, and may be mapped conformally on a flat 
space is that f(x)~K“(<£+C)* where K = --b, C is an arbitrary constant and 
cual x3 +++, or 2*, (Received October 22, 1947.) 


STATISTICS AND PROBABILITY 


76. Benjamin Epstein: The role of the Mellin transform in the study 


of the dssirsbutton of the product and quotient of ica i random 
varsables. 


It is well known that the Fourier transform is a powerful analytical tool in study- 
ing the distribution of the sums of independent random variables. In this paper it is 
pointed out that the Mellin transform is a natural analytical tool to use in studying 
the distribution of products and quotients of independent random variables. Formulae 
are given for determining the probability density functions of the product & and the 
quotient £/_ where £ and y are independent positive random variables with probability’ 
density functions f(x) and g(y), in terms of the Mellin transforms F(s) m f }x*"'f(x)dx 
and G(s) = {ey g(y)dy. An extension of the transform technique to random variables 
which are not everywhere positive js given. A number of examples including Student's 
t-distribution and Snedecor’s F-distribution are worked out by the techniques of 
this paper. (Received September 15, 1947). 


77t. Dorothy J. Morrow: On the distribution of the sums of the char- 
actersstsc roots of a deferminanial equation. 


Consider distributed with a multivariate normal distribu- 
ate te val end ojal (imi, s+ +, pami,- <, mi; Bm1, +++, m2) be 
observation matrices of two samples of x, with m, and #3 degrees of freedom 


and covariance matrices S=||XX'l| and S*=||X*x*|| respectively. Then the de- 
terminantal equation | S-1.5*—2| m0 has p roots, `p +, àp Define Ty/ms to be 
the sum of the roots. Under the condition that #1/#4 is large, the cumulative distribu- 
tion function of T$ is expressed in series form. The first four terms of the series are 
found exactly by a method which extends to the general term, the series is shown 
to be alternating and convergent, and an upper bound for the remainder after & terms 
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is given. The statistic, Ty, provices a test of the significance of the difference between ° 
covariance matrices for two semples and therefcre has many practical applications. It 
is an extension of Hotelling’s generalized 7? test. (Received October 20, 1947.) 

782. D. N. Nanda: Certasn results cn the roots of a determinantal 
equaiton. 

If x=|]x;,|| and * we || 2c | are two >-variate sample matrices with m and m de- 
grees of freedom and S=|[xx'||/m; and S*=||x"x*'||/m are the covariance matrices 
which under the null hypothesis cre independent estimates of the same population 
covariance matrix, then the joint distribution of the roots of the determinantal equa- 
tion | A —0(4 +B) | =0 where A =n,S and B= x,5* has been obtained by Hau in 1939, 
This also gives the joint distribution of the squares of canonical correlations between 
two sets with p variates in one set and g in the ozher. The limiting distribution of any 
root specified by its rank order has been obtained in the form of linear combinations 
and products of incomplete gamma functions for the equations of 2, 3, 4, and 5 roots. 
The distribution of the sum of the roots of an equation of 2, 3, or 4. roots has also been 
obtained under either of the conditions that m =b + 1 or that the numbers of variates 
in two sets differ by one. The distritution ls expressed as a simple function of algebraic 
functions and incomplete beta functions. (Recetved October 20, 1947.) 


TOPOLOGY 


79t. H. W. Becker: On the enumeration of bridge circuits. Prelimi- 
nary report. 


The pure active bridge circuits 2.* (s-branch, without free SPB sub-circuits) are 
relatively few, and derivable from s% , by recurrence, h=1, 2, 3. The pure passive 
bridge circuits baf are found in og,- by deleting aa active branch in all possible ways. 
The b.f are classified according to the node, mesh, symmetry, or direct path partitions, 
to the number of feeders (terminal branches), true bridgers (having negative terms 
in the transfer conductance), breake, or makes (products in the hindrance sum, or its 
inverse), and to the multiplicity (of the general term in the conductance denominator), 
dimensionality (of surface applicable without crcssovers), fracto number (of SP cir- 
cults in the equivalent fracto-series circuit), or yet other criteria. Then the number 
of bridge circuits without external (but with possibly internal) free SPB branches is 
bi m 2 cCpP, summed over all terms of possible cmcensus of sub-b* of given sym- 
metry partition, C=given topological binomial coefficient, P = topological product of 
the SPB circuits inserted, and p = their permutaticns among the pon chosen; the 
bridge circuits with external SPB branches, b= $ b, ETE, eralized SP 
number. Finally, the totel number of E oridge circuits an) +b, which is 
computed through s=12, where they outnumber the SP circuits about 3 to 1. (Re-, 
ceived May 10, 1947.) 


807. R. H. Bing: Some ckaractsrisations of arcs and simple closed 
Each compact continuum conteins two points neither of which cuts between two 


open subeets of the continuum. A compact continuum is a simple closed curve if each 
pair of its points cuts between open subsets of it. (Received October 24, 1947.) 


81. F. B. Jones: A nots on homogeneous plane continua. 
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That a homogeneous compact plane continuum exists which is sai a simple closed 
curve has been shown by R. H. Bing. However, it is shown in this paper that if a 
homogeneous compact plane continuum is aposyndetic (or semi-locaily-connected), 
it $s a simple closed curve. It follows that a homogeneous compact plane continuum 
which contains no weak cut point is a simple closed curve. (Received October 27, 
1947.) 


82. E. E. Moise and G. S. Young: On imbedding continuous curves 
in 2-mansfolds. 


Claytor (Ann. of Math. vol. 38 (1937) pp. 631-646) has proved that a compact 
locally connected continuum can be imbedded in a 2-sphere if it contains no one of 
four continua, two of which are the primitive skew curves, and two of which are curves 
which will be called C-curves. The authors have proved a theorem which seems to 
çast some light on the role of the C-curves in Claytor’s theorem. Their result is some- 
what more general than the following: If a compact, locally connected continuum 
does not contain a C-curve and has no local cut points, then it can be imbedded in 
a 2-manifold. (Received October 24, 1947.) 


83%. Hing Tong (National Research Fellow): On some problems of 
Čech. 


Čech has proposed a few problems in his paper On bicompact spaces (Ann. of 
Math. (1937)). Two of them have been solved by Hewitt (Bull. Amer. Math. Soc. 
Abstract 52-5-206) and Pospíšil (Ann. of Math. (1937)). The purpose of this note 
ia to discuss the remaining ones. Specifically, answers to the questions on p. 836, 
line 13, p. 837, footnote, p. 843, lines 27-28, p. 843, footnote, p. 844, lines 14~15, 
p. 844, lines 16-18 are no, can be weakened but not entirely removed, yes, can be 
weakened but not entirely removed, no, no respectively. (Received October 24, 
1947.) 


844. G. S. Young: The factorszation of manifolds. Preliminary re- 
port. 

It is proved that no connected open subset of a compact combinatorial *-mani- 
foki (without boundary) is homeomorphic to the product of two spaces A and B, 
such that A is compact and can be continuously retracted onto a nowhere dense sub- 
set of itself. From this it follows that if A is a finite complex, it is a manifold. These 


results are partial extensions of work of Borsuk (Fund. Math. vol. 33 (1945) pp. 
273-298) and some of the methods used are due to him. (Received October 24, 1947.) 


R. H. BRUCE, 
Associate Secretary 


THE NOVEMBER MEETING IN PASADENA 


The four hundred thirtieth meeting of the American Mathematical 
Society was held at the California Institute of Technology, Pasadena, 
California, on Saturday, November 29, 1947. The attendance was 
approximately 115, including the following 82 members of the Soci- 
ety: i 

O. W. Albert, H. L. Alder, E. F. Arens, S. P. Avann, L. H. Bechtolsheim, E. F. 
Beckenbech, H. W. Becker, M. M. Beenken, Clifford Bell, E. T. Bell, H. F. Bohnen- 
blust, Herbert Busemann, Ralph Byrne, W. D. Cairns, F. H. Campbell, L. H. Chin, 
F. M. Clarke, L. M. Coffin, F. E. Cothran, E. L. Crow, D. R. Curtiss, P. H. Daus, 
Harold Davenport, R. W. Davies, R. P. Diworth, L. K. Durst, Arthur Erdélyi, 
G. C. Evans, G. E. Forsythe, W. H. Glenn, E. C. Goldsworthy, J. W. Green, Leonard 
Greenstone, H. J. Hamilton, W. L. Hart, Olaf Helmer, J. G. Herriot, M. R. Hestenes, 
P. G. Hoel, Alfred Horn, D. H. Hyers, Rufus Isaacs, C. G. Jaeger, P. B. Johnson, 
P. J. Kelly, Cornelius Lanczos, D. H. Lehme-, Harold Luxenberg, S. L. McDonald, 
G. F. McEwen, Rhoda Manning, A. V. Marcin, A. D. Michal, E. D. Miller, T. E. 
Oberbeck, J. W. Odile, L. J. Paige, R. S. Phillipe, W. T. Puckett, W. C. Randels, 
H. P. Robertson, J. B. Robinson, R. M. Robinson, C. H. Savit, Henry Scheffé, 
G. E. F. Sherwood, Ernst Snapper, I. S. Sokclnikoff, R. H. Sorgenfrey, D. V. Steed, 
A. C. Sugar, J. D. Swift, Alfred Tarski, E. B. Tolstead, C. A. Truesdell, S. E. Urner, 
F. A. Valentine, Morgan Ward, L. E. Wear, P. A. White, R. M. Winger. 


The morning session was devoted to research papers and to the 
hour address, Electronic aids to the theory of numbers, by Professor 
D. H. Lehmer of the University of California. Professor Morgan 
Ward presided. Additional research papers were presented in the 
afternoon in two sections, analysis and algebra, at which Professors 
E. F. Beckenbach and E. T. Bell, respectively, presided. 
` Following the meetings, tea was served at the Athenaeum through 
the hospitality of the Department of Mathematics of the California 
Institute of Technology. l 

Abstracts of papers read at the meeting follow below. Abstracts 
whose numbers are followed by the letter “{” were presented by title. 
Dr. Karlin was introduced by Professor Morgan Ward. Paper num- 
ber 87 was read by Dr. Horn, paper 88 by Professor Tarski, and paper 
90 by Miss Chin. 


ALGEBRA AND THEORY OF NUMBERS 
85. H. L. Alder: The nonexistence of certain identities in the theory 
of parttitons and compositions. 
Let gea(#) be the number of partitions of # into parts differing by at least d, 


each part being greater than or equal to m. Identities involving qa(s) (Euler's 
identity) and gii(*) and galu) (Rogere-Ramanujan identities) are. known. It is 
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shown in this paper that, aside from a simple generalization of Euler’s identity, no 
other such identities can exist. The following two theorems, both of which were 
proved for the case m=1 by D. H. Lehmer (Bull. Amer. Math. Soc. vol. 52 (1946) 
pp. 538-544), are proved: The number ga.(s) of partitions of # is not equal to the 
number of partitions of # into parts taken from any set of integers whatsoever unless 
d=1, or dm?2 and mœ=1, 2. The number qaa(#) of partitions of # is not equal to the 
number of partitions of # into distinct parts taken from any set of integers whatao- 
ever unless d = 1. The nonexistence of certain generalizations of an identity of I. Schur 
involving partitions into parts differing by 3 or more is also proved. Furthermore it is 
shown that the results above can be extended to compositions. (Received October 13, 
1947.) 


86. S. P. Avann: Ternary dtsirsbutive semi-laittices. 


A ternary distributive semi-lattice J is a set of elements closed with respect to a 
ternary operation satisfying (T1) (a, a, b) =a, (T2) (a, b, c) symmetric in all three 
letters, (T3) ((a, b, c), d, e) = ((a, d, 6), b, (c, d, 6)). Representing the elements of J 
by points and joining elements b and c by a “link” of length 1 whenever (b, x, c) =b orc 
for all x, one obtains the graph: (3) Jof 3. Ternary distance p[x, a]-+p[x, b]+-e[x, c] 
in J(3) has a unique minimum for x= (a, b, c). Conversely, if to each unordered triple 
a, b, c of elements of a connected graph J there corresponds an element [a, b, c] 
having unique minimal ternary ternary distance. thea G iaia temary distributive semi: 
lattice with (a, b, c) = (a, b, c]. For each a& 9 a partially ordered set p(c, 3) may be 
defined whose ascending chains are the minimal chains joining a to the other ele- 
ments of J. Each pla, 3) is an ideal of a distributive lattice of rank equal to the 
number #, independent of a, of join irreducibles of p(a, 3). If a has a complement a’ 
satisfying (T4) (a, x, a) =x for all x, then p(a, 3) is a distributive lattice. (Received 
November 20, 1947.) 


~ 87. Alfred Horn and Alfred Tarski: Measures in Boolean algebras. 


A non-negative functional # on a Boolean algebra B is called a measure on B if 
m(x-+y)mm(x)+m(y) for any disjoint x, y—B, and m(1)—1; it is called stricly 
positics if m(x) =0—>zm=0, and countably additive if m() vcete) =) acatt(%.) for any 
disjoint +.€-B. The definition of measure, in one of its equivalent forms, is applied 
to an arbitrary set SOB; every measure m on S is shown to be extendible to a mees- 
ure m on B (w being two-valued if m is two-valued). Furthermore, various condi- 
tions for the existence and non-existence of strictly positive or countably additive 
measures are established. For example, if B has a strictly positive measure, every un- 
countable SB includes an uncountable subeet T such that z, y¥CT—+x-y»<0. Also, 
if a countable set DCB is “dense” in B (that is, if every «CB is a sum of elements in 
D), then (i) B is isomorphic with a field of sets of integers; (ii) B has a strictly positive 
measure which is not countably additive; (ii) B has a countably additive measure 
only if it is not atomless; (iv) B has a strictly positive countably additive measure 
only if it is atomistic. (Received October 22, 1947.) 


88. Bjarni Jónsson and Alfred Tarski: Boolean algebras with oper- 
ators. 
A function F mapping a Boolean algebra B onto a set CCB is called an operator if 


F(x-+-y) = F(z) +F(y9) forz, y¥EB; Fis complete if FÈ x) = F(x) for xB (whenever 
2 1540 exists), and normal if F(0)=0. A function of many arguments is called an 
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operator if it is an operator in each argument; similarly for complete or normal opera- 
tors. Closure algebras, relation algebras, protective algebras are Boolean algebras 
with operators (see McKinsey-Tarski, Ann. of Math. vol. 45, and the following two 
abstracts). Extension Thoorem: (i) Every algebra B with operators Fy, Fi, +--+, can 
be extended to a complete atomistic algebra B’ with complete operatora Fy’, Fi’, - +; 
(if) every identity in B involving Boolean addition, multiplication, and operators F; 
becomes an identity in B’ when F, are replaced by F;’. Given an #-termed relation 
(a set of «-termed sequences) R and sete X),- ++, Xan let R*(X, +++, Xaa) be the 
set of all y's with (m, +++, Sa- ER for some sE Xu. Representation Theorem: Every 
algebre with normal operators is isomorphic to a field of sets with operators of the 
form R*. Example: every closure algebra is isomorphic to a field of sets with the 
closure operator R* where R is a reflexive and transitive binary relation. (Received 
October 21, 1947.) 


89t. Bjarni Jónson and Alfred Tarski: Representation problems for 
relaiton algebras. f 


A relation algebra (RA) 4 is a Boolean algebra with a binary associative operator | 
and a unary operator ~ such that: | has the unit element g; e~ ma; (a!b)~ 
=3~|a~; al alba. (See Tarski, Journal of Symbolic Logic vol. 6, and Abstract 
88.) Examples: I. Proper relation algebras (PRA’s)—families A’ of subrelations of a 
binary relation U closed under set addition R+-S, complementation U — R, relative 
multiplication R|S, conversion R~; the set of all (o, a) with o@G@ U is in A’. II (by 
McKinsey). Frobenius algebras (FA’s)—families A” of subsets of a group G closed 
under set addition and complementation, complex multiplication and inversion; the 
smallest subgroup of G isin A’’, Results: 1. A is extendible to a complete atomistic 
RA. 2. A is isomorphic with an algebrawhere R+S, R| S, R~ (but not complementa- 
tion) have the meaning in I. 3. An atomistic A where a~|aSe (or a~|a ms) for every 
atom a is isomorphic with a PRA (or FA). 4 (by McKinsey-Tarski). A is simple if and 
only if ays0—+1|a[1—1. 5. A PRA which iseimple is isomorphic with a PRA A’ where 
Uis a Cartesian set-equare; and conversely. Problems: Are all RA’s isomorphic with 
PRA's? Are all RA'a with a| b=0—(a m0\/b=0) isomorphic with FA's? (Received 
October 21, 1947.) 


90. Louise H. Chin and Alfred Tarski: Remarks on projective alge- 
bras. 


By Everett-Ulam, Amer. J. Math. vol. 68, projective algebras (PA's) are Boolean 
algebras with additional operations O (a) = ds, O(a) =a, satisfying certain‘postulates 
(ome rather involved). Example: proper PA’s—non-empty families of subsets of a 
Cartesian product XX Y closed under set addition, A+B; complementation, 
(XX Y)—A; projections on X-axis, A,, and Y-axis, Ap. By definition, in any PA: 
a” m (the largest b with 5, =a,); similarly a”; p= 1s A PA can now be characterized as 
a Boolean algebra with operations a”, a, and a distinguished element p satisfying 
mutually independent postulates: O°=0Q; O=—0; a Sa"; asa; (P -bP ma - ir; 
(ar bY mgt - WW; apt) +o m1: p ia atom; p= pagr, One redefines Gs as *- H; ialariy 
ay. The two postulate systems for PA’s prové equivalent. By Abstract 89 above, 
a*, Æ being operators, every PA is extendible to a complete atomistic PA (result 
obtained differently by McKinsey, Bull, Amer. Math. Soc. Abstract 52-7-227); con- 
sequently, by Everett-Ulam, it is isomorphic with a proper ‘PA. Both results extend ` 
to related algebras, for example, Boolean algebras with operations a”, af satisfying all 
postulates above not involving p; PA’s supplemented by an operator a with 
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omg, oma, (Ina proper PA, A* is obtained from A by interchanging coordinates 
in each point.) PA’s are closely related to RA’s of Abstract 89. (Received October 
21, 1947.) 


91%. C. A. Rogers: The signatures of the errors of simultaneous 
Dtophaniine approximations. 

Let &,:--: , Oa be irrational numbers, such that 1, h,- , 6s are linearly in- 
dependent. It is well known that there are an infinity of simultaneous Diophantine 
approximations #,/#,'°-: , #,/#, such that | 0;—se,/1| <i Ue for ped, m 
The author investigates what precision can be attained by simultaneous approxima- 
tions, when restrictions are imposed on the signs of the differences &—s:/m. It is 
shown that for any e>0, there are always simultaneous approximations, with eack 
difference having a prescribed sign, which satiafy | 6,— 1, /s <a, forte i, +: | mw. 
Further there are always an infinity of simultaneous a imations with one of the 
differences having a prescribed sign, which satisfy eel <2i-ay-Its for 
tmi,--:,. But if more than one of the » signs are prescribed this extra degree of 
accuracy is not always attainable. In fact, when two or more of the signs are pre- 
scribed, for any continuous function f(x) tending to zero as # tends to infinity, there 
are irrationals f,- >- , Ôn, such that the inequalities | 0, —w,/#| <w7tf(w), im 1,- >, 
have only a finite number of solutions subject to the prescribed conditions on the signs. 
The results are obtained mostly as corollaries of a more general investigation of the 
asymptotic directions” of # linear forms in #-+1 integral variables, which will appear 
m the Proc. London Math. Soc. (Received October 16, 1947.) 


92. Ernst Snapper: The center of the endomorphism ring of a group 
for which the decomposition theorem holds. 


Let B be an abelian group with a commutative ring A as operator domain. Let B 
be a direct sum of cyclic operator subgroups, B= (n) -+> -- F (m), where a is the 
annihilating ideal of %. Suppose that a,Ca; ($= 1,- , A), that is, that q is the an- 
hilating ideal of B. It is proved that then the center C of the operator endomorphism 
ring of $ consists of the multiplications of elements of B with elements of A. Conse- 
quently, C is isomorphic with the factor ring A/m. The conditions of this theorem are 
satisfied, for instance, if A is a principal ideal ring and % has a finite number of gen- 
erators with respect to A. For a finite abelian group B without operators, the theorem 
states that the center C of the endomorphism ring consists of the endomorphisms 
v—nv, where # is a fixed whole number and v ranges over 8. Consequently, C is then 
isomorphic with the factor ring J/(p), where J is the ring of whole numbers and p is 
the smallest non-negative integer such that p= 0 for all pEB. (Received October 18, 
1947.) 


93. Morgan Ward: Dsvtssbslsty and factorabthity properties of general 
numerical functions. 


Let W=¢(n) be a function on the positive integers to a fixed residuated dis 
tributive lattice © with null element O and unit element J in which quotients are 
unique. @ has property D if (0) =O, ¢(1) =I and ¢(s)¢(ms) whenever n divides m. 
@ has property F if ¢(m) =—d(s)d(m) whenever n, m are coprime. Among other 
results it is shown that a necessary and sufficient condition that a function ¢ have 
both properties D and F is that there exist a second function ¥ such that y (mms) =y(x) 
\ Aims) for n, #8 coprime and ¢(s) =] [¥(¢°). Here the product refers to multiplication 
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t 


in the lattice, and is extended over the powers of primes dividing #. ¥(s) is uniquely 
. determined by ¢. (Receiveri October 24, 1947.) 


ANALYSIS 


94. J. G. Herriot: Inequaletses for the capacity of a lens. 

A lens is a solid determined Sy the intersection of two spheres. It is the purpose 
of this paper to compere the electrostatic capacity C of the lens with certain more 
accessible geometrical quantities. These quantities are the surface radius 5 which is 
the radius of the sphere having the same surface area as the lens and the “outer 
radius” 7 of the meridian section of the lens. It is shown that (4/9) log 24C/r 94/s, 
the extreme values corresponding to two equal tangent spheres and the circular disk. 
respectively. Moreover, C/7 is greater or less than one according as the dielectric 
angle of the lens is greater or less than r. It is shown that for two tangent spheres 
(limiting case of lens) 247 log 25C/$<1, the equality holding only for two equal 
spheres. Since 24? log 2=.980, it is seen that 5 is a close approximation to C in this 
case. For the symmetric lens 2"/r5C/S 31, the extreme values 


corresponding to 
the circular disk and sphere respectively. It is conjected that CS for all lenses. 
(Recetved October 15, 1947.) 


` 


95. M. R. Hestenes: Quadratic forms in the calculus of variations. ` 

The second variation J(+) of an’integral I(y) in the calculus of variations is a 
quadratic form of the variation y. Moreover these variations with a suitable norm 
form a Hilbert space, provided the class of variations is taken sufficiently large. In 
the present paper is studied the. properties of quadratic forms in Hilbert space that 
have significant applications in th= calculus of variations together with these applica- 
tions. This method enables one tp give a unified treatment of the second variation for 
the various simple integral and multiple integral problems that arise in the calculus 
of variations. (Received October 22, 1947.) 


96. Samuel Karlin: Bases in Banach spaces. 


This paper investigates four types of bases in separable Banach spaces. A basis 
in a Banach space E is a sequence cf elements za such that each element x has a unique 
representation in +2(|[x—)_Tantsl]—+0). An absolute basis x, is a basis such that when- 
over Ý Ont, converges, then the series converges by every arrangement. It is shown 
that whenever E possesses an abeotute basis and the conjugate space E* is separable, 
then K* is weakly complete. In addition, if E has an abeolute besis and A* is weakly 
complete, then £* has an absolute basis. As a consequence, it can be deduced that the 
space of continuous functions has no absolute basis. A basis is said to be absolutely 
convergent if Pn hfe (x) nll converges fcr every z in E. A space with an absolutely 
convergent basis is necessarily finite-dimensionelL If M is a proper subset of E possess- 
ing a basis 7. and a biorthogonal eet f« then a necessary and sufficient condition 
that M poseess a projection operation on it is that there exist an extension fa of fa 
to E* such that > ga(*)x converges for every x in E. This result is used to give several 
criteria that a space E be a cocjigate space. Other related results are obtained. 
(Received October 5, 1947.) 


97. Cornelius Lanczos: Differentiation of a Fourier series. 


The error of a truncated Fourier serite of # terms can be estimated in’ the follow- - 
ing form: exp iss times a relatively slowly changing function of =. Differentiation 


t 
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of the first factor brings the large # in front and decreases the convergence of the 
differentiated series, The operation [flx+r/#)—f(x—r/n)]/(2r/#), on the other 
hand, bypasses the first factor (except multiplication by —1) and differentiates the 
second factor only. As # grows to infinity, the derivative f'(x) is obtained but now 
without loss in convergence. By this method a function such as x™, which is not 
absolutely integrable but the mth derivative of an absolutely integrable function, 
becomes expanded into a trigonometric series. The method amounts to a multiplica- 
tion of the standard Fourier coefficients a, and & by the “attenuation factors,” 
vp (sin rk/n)/(rk/a), or generally the mth power of these factors. This operator 
has strong smoothing properties in damping out the oscillations of the square wave 
series and the delta function series and other analogous series. The method is equally 
applicable to the Fourier integral. (Recetved October 24, 1947.) 


98. E. B. Tolsted: Limiting values of subharmonte functions. 


Littlewood showed that under certain restrictions a subharmonic function defined 
in the interior of the unit circle has a radial limit at almost all points of the unit cir- 
cumference (J. E. Littlewood, On functions subharmonic in a circle II, Proc. London 
Math. Soc. (2) vol. 28 (1928) pp. 383-394.) Priwaloff published a proof that such 
a subharmonic function has a non-tangential limit at almoet all points of the unit 
circumference (I. Priwaloff, Sur'un probleme limiit des fonctions sousharmoniques, 
Rec. Math. (Mat. Sbornik) Moscow vol. 41 (1934) pp. 3-10). In 1942 Temarkin 
discovered a mistake in Priwaloff’s theorem, and in 1943 Zygmund constructed a 
counterexample to the theorem. In this paper counterexamples to the Priwalof 
theorem including Zygmund’s example are presented; and generalizations of Little- 
wood's thearem are proved in which the subharmonic function is shown to have a limit 
for restricted types of approach to the unit circumference, (Received October 1, 
1947.) 


APPLIED MATHEMATICS 
99. H. W. Becker: Bridge circust duality decomposition. 


Let Cand C be any pair of dual bridge circuits. Let C. and Cy be the fracto com- 
ponents of C with branch b opened and shorted, respectively; and let Ce’ and C,’ be 
the fracto components of C’ with b’, dual of b, likewise taken as key branch. Then 
C. and Ce’ are dual circuits, and so are Ce and Ce’. More generally, let S and S’ be 
any complete sets of S—P decompositions of C and C’, using dual sets B and B’ of 
key branches; then Sand S’ are dual sets of circuits, (Received October 18, 1947.) 


100%. S. A. Schaef: Notes on nonlinear heai conduction. 


Two types of analytic solutions are obtained for the nonlinear heat conduction 
equation @(A(T)aT /dr) /ax—S(T)aT /8. One of these is a perturbation series, suc- 
Cessive terms of which are obtained by the Laplace transform. The other is a set of 
exact solutions, each containing three arbitrary constants, for various special forms 
assumed for K(T)/S(T). (Recetved September 7, 1947.) 


GEOMETRY 
101. R. M. Winger: The parametric treatment of cycltc-harmonsc 
curves. 


X 


Moritz, in a series of papers culminating in an extensive monograph (University 
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of Washington Publications in Mathematics (1923)), and Hilton (Ann. of Math. 
vol, 24 (1922-1923) p. 209) have discussed the curves with the polar equation 
pa cos p6/q-+h, where p, q are relatively prime integers and a, k are real. In this 
paper the author obtains very concise parametric equations of these curves, proving 
ipeo facto that they are rational He is thus able to apply the technique for dealing 
with rational curves. The group properties of the curves are considered and several 
errors of Moritx are carrected. (Received October 20, 1947.) 


LOGIC AND FOUNDATIONS 


102. R. M. Robinson: Recursion and double recursion. 


A simple proof is given of the fact that the function Gax defined by the double 
recursion Cer = g-}-1, GCap Gai, Gaya(s+1) =G.Gaysx majorizes all primitive recur- 
sive functions of one variable in the following sense: If Fx is a primitive recursive 
function, then there is a number # such that Fx<G,.x. Also, two primitive recursive 
functions Ax and B(x, -y) are found, such that the function Geax defined by the double 
recursion Germ Ax, Gay0@0, Gayi(x+1) ~G, B(x, Gapir) generates all primitive re- 
cursive functions of one variable in the following sense: There exists a primitive re- 
cursive function H(s, x), which is indeed a polynomial in # and x, such that if Fx is 
a primitive recursive function, then there is a number # such that Fr=G.H(s, 2). 
Results of a similar character were found by Récsa Péter, Konstrukiton nichirekur- 
siver Funktionen, Math. Ann. vol. 111 (1935) pp. 42-60. The proofs given here depend 
on Theorem 3 in. §7 of the anthor’s paper, Prissitive recursive functions, Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 925-942. (Received October 18, 1947.) 


103%. Ira Rosenbaum: On the numbers correlated with p-palued 
classes of referents and relata with respect to Ry?™, 


The clase, sg’ R,’k, of referents of the Individual & with respect to the #th pvalued 
dyadic relation Re is readily determined as the sth of the p= p-valued classes of an 
m-membered universe, where s=1-+0 t Wma Pt) and Wie) = (pert: 
(x —1)»). Similarly, the number of the p-valued clase, gs’ Rik, of relata of $ with respect 
to R, is determined as y= 1-+-()0" Wma pete) with Wapa (petit 5 (e—1)y). 
Since the number assigned to a sum of classes is determinable by previous methods 
when the numbers of the summands are known, the number correlated with the clase, 
R,''C,, of referents of members of C, is easily obtained, since this class is the logical 
sum of the classes of referents with respect to R. of the members of C,. Similarly de- 
termination of the numbers correlated with the classes of relata re Ra of the members 
of C, makes possible determination of the number assigned to the class sum of these 
Clasees, that is, to the clase, Cav Ra’'Ca of relate re Ra of members of C,. ery 
C,=the universal class, and R,’’C,= D’R, (the domain of Ra) while Ce Re G =A 
(the converse domain of Ra). (Received October 23, 1947.) 


STATISTICS AND PROBABILITY 


104. G. F. McEwen: Evaluation of an integral occurring in a fluctua- 
tion problem of cosmic-ray showers. 

A. Nordsieck, W. E. Lamb, Jr., and G. E. Uhlenbeck (Physica Vol. 7 (1940)) 
obtained a solution of the statistical problem of the fluctuation in the number 


of particles as a function of the thickness, x, of matter penetrated when the effect of 
ionization is considered. They found for the number of particles, N(s, x) =exp [~x] 
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-{1+/,Ii(s) exp [4*/8x]dy}, where J; is the modified Besse! function of the first kind. 
Various approximation methods, including that of steepest descent, were used to 
obtain numerical estimates of the definite integral. It can be integrated by repeated 
applications of a reduction formula involving integration by parts in two ways. Final 
results are the two converging series: exp [—b9m3]/2%J,(x) exp [—b%r*]dx= { fo(x) 
+ (2b*x) fiz) +-(25%2)%fa(z) +--+} exp [bsa] exp [bs], and 
exp{—btx,*]/F®12,(2) exp [—b%*}dx—[exp (1/2) —1]([1+fe(e,) 1/2 — {fi(2)/ (25%) 
+fa(x)/(2b%x)?+ +++ } exp [—bt(e—x:)2], where the tabulated function f,(z) 
—exp (—2)h(z)S1, and 2%, —1, and [1+fe(x)]/2 =} 02 f.(x). (Received Octo- 
ber 20, 1947.) 


TOPOLOGY 


105%. R. F. Arens: Representation of certain nearly commutative 
Banach algebras. i 

It is proved that a certain type of Banach *-algebra in which sr" m yty is always 
in the center is equivalent to the ring of all continuous quaternion valued functions 
(vanishing at infinity) on a locally compact Hausdorff space which satisfy a certain 
condition of covariance under the ordinary orthogonal group. (Received October 25, 
1947.) 


J. W. GREEN 
Associate Secretary 


FIRST SUMMER SEMINAR OF THE CANADIAN 
MATHEMATICAL CONGRESS 


This seminar in algebra and the theory of numbers was held at Vic- 
toria College in the University of Toronto from August 15 to Sep- 
tember 13, 1947. The program consisted of three lecture series on 
research topics, four expository courses of graduate level, and sub- 
seminars with lectures on individual researches. About a hundred and 
thirty mathematicians took part in the seminar. 

The lecture series were the following: Théorie des tdéaux algébrique, 
by Professor Paul Dubreil; Algebraic cohomology, by Professor 
Saunders MacLane; Topics from number theory, by Professor L. J. 
Mordell. l 

The expository courses were: Iniroductory topology, by Professor C. 
H. Dowker; Elemeniary theory of numbers, by Professors R. D. James 
and Gordon Pall; Introduction to modern algebra, by Professor D. C. 
Murdoch; Les fondements généraux des mathémaisques, by Professor 
Adrien Pouliot. 

In the sub-seminars in algebra and number theory, conducted re- 
spectively by Professors Richard Brauer and Gordon Pall, the follow- 
ing papers were presented: 

Ernst Snapper: Linear equations in Noetherian rings. 

H. S. M. Coxeter: On cuadratic residues, and analagmatic tessela- 
tions. 

S. A. Jennings: Group algebras of certain infinite groups. 

Christine Williams: Normal chains in groups. 

R. D. James: Viggo Brun’s method. 

L. K. Hua: Exponential sums. 

D. C. Murdoch: A theorem on nilpotent groups. 

G. de B. Robinson: Nakayama’s prime factor theorem. 

Karl Menger: Generclization of a theorem of Minkowski. 

Edward Rosenthall: The sum of cubes. 

Richard Brauer: Class-number of algebraic number fields. 

R M. Thrall: Quast-Frobenius algebras. 

C. J. Nesbitt: A remark on representation of algebras. 

J. S. Frame: Double coset traces. 

L. K. Hua: Geometry of matrices. 

R. H. Bruck: Applicetrons of loop theory. 

Grace E. Bates: Loop homomorphisms. 

Irving Reiner: Meyer's theorem on primes tn a binary quadratic form. 

L. J. Mordell: The minimum of an indefinite binary quadratic form. 
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Peter Scherk: Densities. 

Hans Tornehave: Generalization of Kronecker’s theorem. 

Leslie Peck: On a theorem of Hajos. 

W. L. G. Williams: Algebraic invariants and a certain congruence. 

R. D. James: Linnsk’s proof of the three prime theorem. 

Peter Scherk: An analogue to algebraic geometry. 

Harold Davenport: On a theorem of Minkowski. 

Irving Kaplansky: Complete algebras. 

H. 5. Vandiver: On the solutions of certain general types of equations 
in a finite field. 

A. T. Brauer: The distribution of quadratic and nth power restdues. 

Marie-Louise Dubreil-Jacotin: On the imbedding problem. 

Bjarni Jónsson: Boolean algebras. 

It was decided to hold in the summer of 1949, at the time of the 
regular quadrennial meeting of the Congress, another seminar de- 
voted to topics from applied mathematics and cognate fields of pure 
mathematics. 

During the course of the month arrangements were made for the 
publication by the Congress of a mathematical journal. This is to 
be an international quarterly journal of mathematical research, the 
first issue appearing January 1949. The editorial board is: H. S. M. 
Coxeter (Editor-in-Chief), Abel Gauthier, Leopold Infeld, R. D. 
James, R. L. Jeffery, and G. de B. Robinson (Managing Editor). 


R. Eric O’Connor, S.J. 
Secretary, Canadtan Mathematical Congress 


HARRY BATEMAN 
1882-1946 


i 


‘Harry Bateman was born in Manchester, England, May 29, 1882. 
He was the third and youngest child of Samuel and Marnie Elizabeth 
(Bond) Báteman. His father, who was born in Congleton, Cheshire, 
was a druggist and commercial traveler. His mother was born in New 
York City in 1853 (her father, who came from Lancaster, having 
been a planter in the West Indies and America). He lived from 1884 
to 1890 in Oldham, Lancashire, and his early education was received 
at home since, as he records, his mother did not wish him to acquire 
the Lancashire accent. He recounts two incidents of these early years 
in a manner which conveys some impression of the quiet, dry humor 
which was characteristic of him in later life. In order not to spoil 
this impression we use his own words: “One day a Mr. Pullinger, to 
whom my father had been apprenticed, was visiting. us, As a result 
of some questions he had put to me he recommended me to study 
mathematics. I was quite impressed but my memory played me a 
trick when a lady asked mea few days later what I was going to study. 
My reply was that I was going to study acrobatics. She then asked me 
where I was going to perform and I was at a loss for an answer. Since 
I have learned recently that Dr. Thomas Young was an expert tight 
rope walker and harlequin my mistake does not seem so bad after all.” 
The second story of his early days runs as follows: *Perhaps my love 
for the exact sciences dates from the day when I went with my sister 
to the home of one of her girl friends. The father of this girl was very 
stout and when I met him I gazed at him in astonishment and finally 
spoke thus: ‘Mr. Booth, the next time I come to see you I am going to 
bring with me mother’s inch tape and measure you. I think your 
waist line is about two yards.’ ‘No, Harry,’ replied the good humoured 
Mr. Booth, ‘it’s nearly three’.” From 1891 to 1900 he attended Board 
School and Grammar School in Manchester. He held Manchester 
City Council and Langworthy Scholarships at the Grammar School 
where he specialized in mathematics and ended by winning a Derby 
Scholarship and sizarship at Trinity College, Cambridge. When he 
was at Board School, and not yet twelve years old, a teacher named 
Arthur Gronowsky offered a, prize of one shilling to the boy who was 
first able to demonstrate the first twelve propositions in the first book 
of Euclid. A shilling seemed a lot in those days to young Bateman, 
and he set to work to win the prize. They had good teachers then in 
Manchester (and, doubtless, still have) and this amall piece of bread 
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cast on the waters by one of them certainly brought returns. 

At Trinity College Bateman won a major scholarship in 1902 and 
took his B.A. in 1903, being bracketed Senior Wrangler with P. E. 
Marrack. He was Smith’s Prizeman and won a fellowship in 1905 and 
took his M.A. in 1906. He worked very hard during his last year 
(1904-1905) at Cambridge for in addition to his dissertations for the 
Smith’s Prize and fellowship, he marked papers for the Briggs Cor- 
respondence School and coached for the Mathematical Tripos, After 
winning his fellowship he studied for a year on the continent, visiting 
Göttingen and Paris. In 1906 he was appointed Lecturer in Mathe- 
matics at Liverpool University. Before taking up this appointment he 
visited Professor Carey who was head of the department of mathe- 
matics at Liverpool, and he recounts that Carey’s boys “besieged me 
with questions,” At night one of them said to his father, *You told | 
us that Mr. Batemen was a Senior Angler but he doesn’t seem to 
know anything about fishing.” 

After one year at Liverpool Bateman was appointed Reader in 
Mathematical Physics at Manchester University. In 1910 he was ap- 
pointed Lecturer in Mathematics at Bryn Mawr College ‘where 
_ Charlotte Angas Scott, another English mathematician, was head of 
the department of mathematics. He spent only two years’ at Bryn 
Mawr and we can only surmise that he was not particularly successful 
as a teacher of young ladies or that he did not find the work particu- 
larly congenial, In 1912 he received an appointment as Johnston 
Scholar at Johns Hopkins University where Frank Morley, an old 
Cambridge mathematician, was head of the department of mathe- 
matics. The Johnston Scholarship in those days at Hopkins was a 
research scholarship, and the holder could give a seminar if he felt 
like doing so and if there were any students who felt like taking the 
course. Bateman had married in the summer of 1912 Ethel Horner 
Dodd and a son was born in 1914, The death of this son in 1917 was 
a blow which left its mark but which was borne with a courage which 
revealed the inner strength of the man. The Batemans later adopted 
a daughter Joan, who prepared the list of publications at the end of 
this memoir. l 

Bateman spent five years at Hopkins, holding the Johnston 
Scholarship for three years and being Lecturer in Mathematics for 
the two year period 1915-1917. In order to add to the small income 
from his scholarship and, later, his lectureship, he taught at the 
Bureau of Standards and at Mount Saint Agnes College and reviewed 
papers for the Weather Bureau; he also spent the summer of 1915 in 
Washington working for the Department of Terrestrial Magnetism. 
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In 1917 he was appointed Professor of Mathematics, Theoretical 
Physics and Aeronautics at Throop College (now the California 
Institute of Technology), Pasadena, California. He held this position 
until his sudden death fram coronary thrombosis on January 21, 
1946, while on the train to New York to receive an award from the 
Institute of Aeronautical Sciences. 

Bateman’s distinction as a mathematical physicist was widely 
recognized. He was a Fellow of the Royal Society (1928), a member 
of the National Academy of Sciences (1930) and of the American 
Philosophical Society (1924). He was vice president of the American 
Mathematical Society (1935) and Gibbs’ Lecturer of the Society 
(1943). The last years of his life were devoted mainly to work con- 
nected with the war; he was a member of the War Preparedness Com- 
mittee of the American Mathematical Society and chief consultant 
in aeronautics for the American Mathematical Society and the 
Mathematical Association of America. 

The writer of this memoir was first brought into contact with 
Harry Bateman under the following circumstances. In 1914 I was 
awarded a Traveling Studentship in Mathematical Physics by the 
National University of Ireland and was looking about for some place 
to study. My professor, A. W. Conway, told me that there was a 
young man, Bateman, at Hopkins and that he thought that I could 
not do better than study with him. I followed this advice and, looking 
back over a third of a century, I judge the advice to have been 
sound. Bateman, a frail slight man of 32, was lecturing on The 
Absolute Calculus and Electrodynamics (remember that this was 
1914 and that four years or more had to elapse before most of us in 
this country heard of Einstein’s General Theory of Relativity). As I 
recall the situation, six students started the course and by March I 
was, if my memory is correct, the only student. I do not think that 
this diminution of the size of his class bothered the lecturer very 
much, and I have sometimes thought that if the vicissitudes of stu- 
dent life had prevented my attendance, the lecture would have been 
none-the-less delivered. By common standards he was not (in those 
early days) a good lecturer. He was too detached, too objective and 
perhaps too scornful of histrionic effects, and we were too untrained 
to profit as much as we should have from the instruction he gave us. 
As time went on the scene changed and he must have changed with it 
for I have heard enthusiastic reports’ of his lectures from students 
who took courses under him in the late twenties and thirties at the 
California Institute of Technology. As I think back over my two 
years of association (1914-1916) with him I remember well a feeling 
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of amazement, mingled with discouragement, which came over me 
when I discovered the thoroughness of the man. He already possessed 
a large, carefully indexed card-catalogue on each card of which was 
written in his minute, but beautifully clear, handwriting an abstract 
of a paper which he had read. I am told that in later years this card- 
catalogue crowded him out of his office and almost out of his home. 
No wonder, then, that his books and papers bristle with references 
which are a veritable mine of useful source material. His memory was 
phenomenal. No matter what stubborn integral or intractable dif- 
ferential equation you showed him,a moment’s thought and a refer- 
ence to the card catalogue never failed to produce something useful. 
General theories did not seem to have for him the same attraction as 
the special instance; the only exception to this was his devotion, 
which marked him as a true disciple of Hamilton, to the variational 
principle. As a master of the special instance I have not met his ` 
equal, nor one who approached him, and I do not think that we shall 
see his like again. 

Bateman’s best work centered around the development of the 
properties of special functions and the solution of the equations of 
Mathematical Physics. His first book, Mathematical analysts of elec- 
trical and optical wave motion, is unique and characteristic of the 
man. Into less than 160 small pages is crowded a wealth of informa- 
tion which would take an expert years to digest. Some of the material 
in this book may be found in expanded form in his monumental 
work, Partial differential equations of mathematical phystcs, published 
by the Cambridge University Press in 1932 and republished with 
minor additions by the Dover Press in 1944. This book has already 
taken its place beside Lamb’s Hydrodynamics and Love’s Elasticity 
as one of the classics which are part of the equipment of every worker 
in applied mathematics. Amongst the many results involving the 
functions of special importance in mathematical physics which are 
due to Bateman we select for special mention the formula 
dt J (£) 


f EOAR eo 


(J( being the familiar Bessel function of the first kind). This result 
is treated fully in Watson’s book on Bessel functions and has been 
discussed by L. J. Mordell (J. London Math. Soc. vol. 5, pp. 203-208). 

In the early years of the present century, when Bateman was a stu- 
dent at Cambridge, the theory of integral equations dominated the 
mathematical scene. Fredholm’s epoch making paper (Acta Math., 
vol. 27) appeared in 1903 and Hilbert was actively developing the 
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subject at Göttingen when Bateman visited there in 1906. It was 
natural, then, that this new field of mathematical research should 
have occupied the attention of the young analyst. Papers 15, 19, 21, 
- 22, 25, 26, 27, 28 and 42 of the bibliography below contain sub- 
stantial contributions to the subject and the Report (1) to the 
British Association for the Advancement of Science is a valuable 
account of the theory as it stood in 1910. In the paper (39) Bateman 
applied (independently of Herglotz, who had the same idea) integral 
equation theory to the propagation of earthquake waves through the 
interior of the earth. He showed how to determine, from a knowledge 
of the time taken by an earthquake wave to reach various points on 
the surface of the earth, the velocity of propagation of the wave at 
various points in the interior of the earth. The full importance of this 
result has not yet, in our opinion, been sufficiently exploited. The 
velocity of propagation tells us the ratio of the appropriate elastic 
constant to the density, If we know this for both types of waves, 
longitudinal and transverse, we can determine how the density varies 
with the pressure. Knowing this we can set up differential equations 
whose solutions tell us the density and pressure throughout the 
interior of the earth as functions of the distance from the center. It 
should then be possible, from a knowledge of the variation of com- 
pressibility with temperature, to estimate the variation of tempera- 
ture throughout the earth’s interior. 

The field in which Bateman stood preeminent was that of electro- 
dynamics. In 1908 Hargreaves published in volume 21 of the Trans- 
. actions of the Cambridge Philosophical Society a paper in which he 
showed that Maxwell’s differential equations were merely the expres- 
sion in differential or local form of relations between integrals over 
two-dimensional and three-dimensional spreads in four-dimensional 
space-time. Every electrical engineer knows that the relation 
div B=0 (B=magnetic induction) is merely the differential, or local, 
form of statement of the fact that, in magnetostatics, the flux of 
magnetic induction through any closed surface is zero. This integral 
or global statement is much closer to the physics of the matter than 
the local statement div B =ù. For non-static phenomena Maxwell’s 
equations 


dB 
—- —~- = ç curl E; dv B= 0 
di 
are merely the local form of the global statement that the flux of the 


magnetic induction-electric intensity tensor across any closed two- 
dimensional spread in four-dimensional space is zero. In the paper 
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(50) Bateman exploited fully this idea and showed that the group of 
transformations under which Maxwell’s electrodynamic equations 
are invariant is the group of conformal transformations of four- 
dimensional space-time. The fundamental significance of this paper 
from the point of view of relativity theory was not generally recog- 
nized but Klein, in his Vorlesungen aber dis Entwicklung der Mathe- 
maitk 1m 19. Jahrhundert, vol. 2, 1927, directs attention to this sig- 
nificant and pioneer work of Bateman. 

This. brings us to the end of the first stage of Bateman’s career. In 
1912 he was thirty years old, had published some 64 papers and had 
been two years in America. He was preparing to accept Morley’s 
offer of a Johnston Scholarship at Hopkins (roughly equivalent to a 
National Research Council fellowship of today). As we look back on 
the situation we cannot escape the inevitable Why? Here was a man 
of international reputation, pleasant (if self-effacing) personality, 
and he had to spend the next five years in a position designed for a 
young unmarried Ph.D. of promise or for an established scholar on 
leave-of-absence or sabbatical leave. When we think of the “odd-jobs” 
he had to do to eke out a subsistence, the reading of papers for the 
Weather Bureau, the hot Washington summer at the Bureau of 
Standards, the teaching at Mount Saint Agnes and then recall that 
during this period he wrote his book on electrical and optical wave- 
motion, we can only subscribe to the old Latin tag: Per aspera ad 
astra. 

The influence of Morley upon Bateman is shown by the publica- 
tion of several papers on geometrical topics (66), (67), (68), (72). 
His main work, however, during the Hopkins period (1912-1917) 
dealt with electromagnetic theory. He was particularly interested in 
the lines of electric force due to a moving electron and (following 
J. J. Thomson) in the connection between these and the structure of 
the aether. During this period he wrote his book on differential 
equations. While this book has not generally been found well adapted 
to beginning courses in the subject, it well repays study, particularly 
by those who are more interested in the applications of differential 
equations to mathematical physics than in the applications to dif- 
ferential geometry and the theory of functions. 

Shortly after his appointment in 1917 to the chair of Mathematics, 
Theoretical Physics and Aeronautics at Throop College (now the 
California Institute of Technology) Bateman published his first paper 
(94) on hydrodynamics, a subject which was to engage a large share of 
his attention during the last years of his life. However, most of his 
papers published during the decade 1918-1928 deal with electro- 
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magnetic theory. During this period his monograph on electro- 
magnetism appeared as Bulletin No. 4 of the National Research 
Council (1922). In addition to his papers on electromagnetism he 
published a paper (97) containing an interesting application of 
integral equation theory to mathematical economics, two papers 
(106) and (119) on the numerical solution of integral equations, 
several papers (100), (104), (114), (116) on potential theory, papers 
(98), (133) and (134) on elasticity, and a paper (128) on geometry. 

In 1925 Bateman was appointed a member of a committee on 
hydrodynamics of the National Research Council and was assigned 
the problem of writing those sections of a report on hydrodynamics 
which dealt with viscous fluids and compressible flow. The report ap- 
peared in 1932 as Bulletin No. 84 of the National Research Council. 
It is a large report of sore 634 pages and of these Bateman’s part ran 
to over 500 pages and is a veritable mine of information and of refer- 
ences to all papers of significance priar to 1932. The section on com- 
pressible fluids has been widely used and the report has been for 
several years out of print. Paper (136) is an important contribution 
to the theory of two-dimensional compressible fluid flow. The work 
done by Bateman on this subject during the last five years of his life is 
not yet available to the public due to secrecy imposed by war 
conditions. 

Bateman was always interested in the problem of numerical com- 
putation. In collaboration with A. A. Bennett and W. E. Milne he 
wrote a report on the numerical integration of differential equations 
which was published in 1933 as Bulletin No. 92 of the National Re- 
search Council. In 1944 he published, in collaboration with R. C. 
Archibald, a Guide to tad-es of Bessel functtons which appeared in the 
firat volume of the journal: Mathematical Tables and other Aids to 
Computation. 

His Gibbs Lecture, Ths conirol of an elastic flutd, appeared in the 
Bulletin of the American Mathematical Society, vol. 51 (1945) and in 
the same year articles by him on dynamics and elasticity appeared in 
the Encyclopaedia Britannica. His last paper, appropriately entitled 
Some integral equations of potentsai theory, appeared after his death in 
the Journal of Applied Physics val. 17 (1946). We learn from a note 
by Professor E. T. Bell in the Quarterly of Applied Mathematics 
vol. 4 (1946) that he was engaged, in the time he could snatch from 
his war work, on “what he regarded as his most useful contributions 
to mathematical scholarship: an exhaustive work on definite integrals, 
and a critical census of all the special functions that have been con- 
sidered in mathematics.” It is pleasant to know that the California 
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Institute of Technology has invited Professor Erdélyi to prepare 
these works for publication. 

This notice fails to convey an adequate impression of the per- 
sonality of the great scientist and scholar who was lost to the world 
in the passing of Harry Bateman. Modest, reserved, cultured and self- 
effacing he was, ‘in its true sense, a gentle man. He was very English 
and he must have long looked back over his shoulder, before becom- 
ing, in 1927, a citizen of the new exuberant country in which he 
spent more than half his life, to the quiet England of Victoria and 
Edward VII. He was an expert chess player and participated, when 
eighteen years of age, in a chess tournament between England and 
America. We profit from his labors and are the better for his having 
lived amongst us. 
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85. Doppler's principles for a windy atmosphere, Monthly Weather Review vol. 45 
(1917) pp. 441-442, 

86. Some differential equations occurring in the electrical theory of radiation, Mes- 
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BOOK REVIEWS 


Advanced calculus. By D. V. Widder. New York, Prentice-Hall, 
1947, 16-+432 pp. $5.00. 


This text gives careful treatments of a restricted selection of topics 
culminating in the theory of real Laplace transforma. 

Content: Limits and derivatives of functions of one variable are 
sketched in four pages. The treatment of partial derivatives empha- 
sizes the theory of functional relations. The differential geometry of 
curves and surfaces is developed after a short chapter on vectors. A 
thorough treatment is given to maxima and minima. Single integrals 
are developed in the form of Stieltjes integrals, with Riemann inte- 
grals merely mentioned as a special case. But multiple integrals are 
given a relatively conventional treatment including some of the usual 
elementary applications. The theory of line and surface integrals is 
carried as far as the basic integral relations. Indeterminate forms are 
handled rather conventionally. The chapters on infinite series and 
improper integrals are closely parallel. They begin with a relatively 
detailed treatment of the elementary convergence tests; then follow 
the theory and applications of uniform convergence; the discussion 
closes with an introduction to the process of summation. Brief treat- 
ments are given to the gamma and beta functions, and to Stirling’s 
formula. Various topics are included in the theory of Fourier series 
and integrals. The last two chapters develop the theory of real 
Laplace transforms and their applications to the solution of dif- 
ferential and difference equations. Such subjects as complex vari- 
ables, matrices, variations, numerical methods, and statistics are 
omitted entirely; differential equations are only touched on in con- 
nection with line integrals and Laplace transforms. 

Style: The formulation of most of the definitions and theorems is 
illustrated by the first numbered definition in the book: 

DEFINITION 1. f(x) EC at x=a + UMs. f(x) f(a). 

Precision and rigor constitute an outstanding feature of this text. 
The extent to which these attributes are carried is illustrated by the 
following definition (page 30): 

DEFINITION 8. The directional derivative of f(x, y) in the direction 
Ea at (a, b) ts 


af wm lim EET A cos a b + As sin a) — fle, b) 
Oke A Ar As 
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Great care is taken to show the relation between hypothesis and 
conclusion. Effective use is made of “counter examples.” There are 
many exercises. 

The amount of space devoted to specific applications is indicated 
by the following numbers of pages: mercator maps, 1; least squares, 
1; masa, center of gravity, moment of inertia, and force of attraction, 
7; work, 1; vibrating strings, 8. | 

Criticisms: Only a few misprints were noted, such as: p. 13, Case IT, 
s=¢(r, $, t) should read x=o(r, s, #); p. 101, Theorem 1, C’ should 
be C}; p. 263, line 1, Sa should be fa. On page 5, and in the Index of 
Symbols, “not” is denoted by | , whereas in the text, “not” is denoted 
by /. 

The text contains only 40 figures, many of which are rudimentary. 

Italic letters are used for both scalar and vector variables. (While 
this is logically sound, it is a questionable psychological hazard.) 

The author’s English tends at times to be cryptically terse. For 
example, Exercise 8 on page 328 reads: Prove the rest of the orthogo- 
nality and normality relations. 

On page 50 the author states: By a vector we mean a directed line 
segment. Farther down this page the author writes: DEFINITION 1. 
A vector r is a irsple of numbers (ri, rr, 73). A similar diffculty occurs in 
connection with homogeneity (p. 14) and V (p. 65). 

Conciuston: Students who can adapt themselves to Professor 
Widder’s style will surely find this text to be elegant and cogent, and 
an admirable introduction to the finesse of mathematical methods. 

C. C. TORRANCE 


Antennae: an tntroductton to ther theory. By J. Aharoni. New York, 
Oxford University Press, 1947. 81265 pp. $8.50. 


Antenna theory is a promising field of activity for mathematicians 
of varying degrees of expertness and “purity.” Most of its boundary 
value problems and all of its integral equations are both difficult and 
intriguing. Antenna theory offers an opportunity for fundamental 
contributions both to the theory of partial differential equations and 
to the theory of integral equations of the firet kind. Unfortunately 
it is not easy for the mathematician to become acquainted with 
antenna problems, for most books on the subject he would find un- 
readable. The present volume by J. Aharoni may remedy this situa- 
tion. Although Antennae: an introduction to their theory is not written 
primarily for mathematicians as such or for the purpose of stimulat- 
ing their interest in antenna problems, it is a book which is likely to 
be intelligible to them. Neither special engineering background nor 
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interest in the nonmathematical features of antenna theory are re- 
quired of the reader. 

The book contains a clear and comprehensive account of up-to-date 
mathematical developments in this field and is divided into three 
chapters according to the methods of mathematical analysis. The 
first chapter, entitled Antennae and boundary-value problems, be- 
gins with Maxwell’s partial differential equations, boundary condi- 
tions, and a general statement of the problem. This chapter contains 
an account of those solutions which may be obtained by the method of 
separation of independent variables. Thus it includes plane, cylin- 
drical, and spherical waves in free space; spherical waves along 
coaxial cones; free and forced oscillations on spherical and spheroidal 
conductors. 

The second and longest chapter is devoted to integral equations 
for antennas. Certain solutions of Maxwell’s equations make it pos- 
sible to convert boundary-value problems into integral equations. 
The low frequency circuit theory follows very readily from these 
equations and is treated first. It is followed by an approximation 
method of solving a more general integral equation and a discussion 
of the numerical results obtained by this method. The remainder of 
the chapter is of greater interest to engineers than to mathematicians. 
The third and last chapter presents a brief but exceptionally clear 
.exposition of the “wave guide theory” of antennas. Mathematically 
this and the first chapter are closely related. 

The book should appeal both to the applied mathematician who is 
interested in practical results and to the “purer” mathematician who 
might be interested in more fundamental mathematical problems 
that arise in the field of antenna theory. 

S. A. SCHELEUNOFF 


NOTES 


The Editors of the Transactions wish to acknowledge the services 
of the following persons not members of the Editorial Board, who 
have been consulted regarding papers accepted for publication in 
volumes 61 and 62: R. P. Agnew, L. V. Ahlfors, Warren Ambrose, 
R. F. Arens, Reinhold Baer, Richard Bellman, A. C. Berry, R. P. 
Boas, Salomon Bochner, Garrett Birkhoff, R. H. Bruck, Herbert 
Busemann, R. H. Cameron, Claude Chevalley, M. M. Day, Arthur 
Erdélyi, Paul Erdtis, R. H. Fox, Philip Franklin, Abe Gelbart, 
Michael Golomb, L. C. Graves, Marshall Hall, Philip Hartman, P. 
R. Halmos, M. H. Heins, Witold Hurewicz, R. C. James, Bjarni 
Jónsson, Mark Kac, E. R. Kolchin, R. E. Langer, Norman Levinson, 
Harry Levy, G. W. Mackey, L. A. MacColl, W. T. Martin, C. B. 
Morrey, C. V. Newsom, J. C. Oxtoby, Gordon Pall, F. W. Perkins, 
Edmund Pinney, Harry Pollard, George Pólya, P. V. Reichelderfer, 
Eric Reissner, A. E. Ross, E. H. Rothe, Raphael Salem, Peter Scherk, 
I. M. Sheffer, D. C. Spencer, Walter Strodt, J. L. Synge, Otto Szász, 
Gabor Szegt, W. J. Trjitzinsky, Heiry Wallman, P. M. Whitman, 
G. S. Young. 

The editors of the Bulletin wish to make grateful public acknowl- 
edgment of the services rendered by the following persons who have 
refereed papers: C. R. Adams, R. P. Agnew, C. B. Allendoerfer, War- 
ren Ambrose, R. F. Arens, Reinhold Baer, M. A. Basoco, P. T. 
Bateman, 'E. F. Beckenbach, E. T. Bell, P. O. Bell, R. H. Bing, 
Garrett Birkhoff, R. P. Bóas, Salomon Bochner, A. T. Brauer, Rich- 
ard Brauer, Claude Chevalley, R. V. Churchill, J. A. Clarkson, A. H. 
Clifford, Harald Cramér, Harold Davenport, H. T. Davis, M. M. 
Day, M. W. Dehn, J. L. Doob, H. L. Dorwart, F. G. Dressel, Samuel 
Eilenberg, Paul Erdös, Herbert Federer, A. D. Fialkow, R. H. Fox, 
K. O. Friedrichs, A. S. Galbraith, A. M. Gleason, R. A. Good, J. W. 
Green, Marshall Hall, P. R. Halmos, Philip Hartman, R. N. Haskell, 
G. A. Hedlund, A. E. Heins, E. D. Hellinger, M. R. Hestenes, J. D. 
Hill, Einar Hille, G. P. Hochschild, D. L. Holl, A. S. Householder, 
L. K. Hua, H. K. Hughes, Ralph Hull, Nathan Jacobson, R. D. 
James, R. L. Jeffery, S. A. Jennings, R. A. Johnson, B. W. Jones, 
Bjarni Jónsson, Mark Kac, S. C. Kleene, M. S. Knebelman, E. R. 
Kolchin, O. E. Lancaster, E. P. Lane, D. H. Lehmer, R. A. Leibler, 
Walter Leighton, Howard Levi, L. H. Loomis, N. H. McCoy, C. C. 
MacDuffee, G. W. Mackey, Szolem Mandelbrojt, Morris Marden, 
W. E. Milne, C. B. Morrey, A. P. Morse, F. D. Murnaghan, C. J. 
Nesbitt, C. V. Newsom, Ivan Niven, Oystein Ore, Gordon Pall, 
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L. G. Peck, George Piranian, Harry Pollard, William Prager, H. A. 
Rademacher, G. Y. Rainich, E. D. Rainville, M. O. Reade, W. T. 
Reid, Eric Reissner, C. E. Rickart, J. F. Ritt, A. E. Ross, Raphael 
Salem, A. C. Schaeffer, R. D. Schafer, Peter Scherk, M. M. Schiffer, 
I. J. Schoenberg, Lowell Schoenfeld, W. T. Scott, I. E. Segal, I. M. 
Sheffer, I. L. Silverman, Ernst Snapper, E. H. Spanier, D. C. Spen- 
cer, N. E. Steenrod, J. J. Stoker, Walter Strodt, Gabor Szegd, A. H. 
Taub, J. M. Thomas, W. J. Thron, Abraham Wald, R. J. Walker, 
H. S. Wall, J. L. Walsh, Hermann Weyl, A. L. Whiteman, P. M. 
Whitman, D. V. Widder, N. A. Wiegmann, John Williamson, Ber- 
tram Yood, J. W. T. Youngs, Oscar Zariski, Daniel Zelinsky, H. S. 
Zuckerman, Antoni Zygmund. 

A new monthly scientific journal, Applied Mechanics Review, de- 
voted to criticism and review of current world literature in applied 
mechanics, will be published by the American Society of Mechanical 
Engineers. The first issue is scheduled to appear in January, 1948. 

Associate Professor J. J. Wheeler of the University of Kansas has 
retired with the title Emeritus. 

Adjunct Professor W. E. F. Appuhn of the Polytechnic Institute of 
Brooklyn has been appointed to a professorship at St. Francis College, 
Brooklyn, New York. | 

Professor May M. Beenken of State Teachers College, Oshkosh, 
Wisconsin, has been appointed to an associate professorship at Im- 
maculate Heart College, Los Angeles, California. 

Assistant Professor B. W. Brewer of Agricultural and Mechanical 
- College of Texas has been appointed to an assistant professorship at 
Oregon State College. 

Assistant Professor W. R. Callahan of Northeastern University has 
been appointed to an assistant professorship of applied mechanics at 
New York University. 

Dr. W. B. Caton of the University of Maine has been appointed to 
an assistant professorship et Washington State College. 

Dr. J. D. Elder of the University of Michigan has been appointed 
to an associate professorship at St. Louis University. 

Dr. G. E. Forsythe of Boeing Aircraft Company has been ap- 
pointed to an assistant professorship of meteorology at the Univer- 
aity of California at Los Angeles. 

Dr. W. C. G. Fraser of Dartmouth College has been appointed to 
an assistant profeasorship at Rensselaer Polytechnic Institute. 

Dr. H. E. Goheen of the Office of Research and Inventions, Navy 
Department, has been appointed to an assistant professorship at the 
University of Delaware. 
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Assistant Professor A. A. Grau of the University of Kentucky has 
been appointed to an associate professorship at the University of 
Alabama. 

Assistant Professor W. W. Gutzman of the United States Naval 
Postgraduate School has been appointed to a professorship at the 
University of South Dakota. 

Associate Professor P. E. Lewis of Oklahoma Agricultural and Me- 
chanical College has been appointed to an assistant professorship at 
North Carolina State College. 

Mr. H. C. McKenzie of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Western State College, Gun- 
nison, Colorado. 

Professor H. F. MacNeish of Brooklyn Galles has been appointed 
to a visiting professorship at the University of Miami. 

Mr. B. L. Miller of Swarthmore College has accepted a position as 
physicist with the Bartol Research Foundation, Franklin Institute. 

Mr. B. N. Moyls of Harvard University has been appointed lec- 
turer at the University of British Columbia. 

Dr. E. N. Nilson of Pratt and Whitney Aircraft has accepted a 
position as analytical engineer at United Aircraft Corporation, East 
Hartford, Connecticut. 

Professor F. S. Nowlan of the University of British Columbia will 
be visiting lecturer at the University of Illinois in Chicago for the cur- 
rent academic year. 

Professor Rufus Oldenburger of the Illinois Institute of Technology 
is on leave of absence. 

Dr. Irving Reiner of Cornell University is at the Institute for Ad- 
vanced Study for the current academic year. 

Mr. L. D. Rodabaugh of the Bureau of the Census has been ap- 
pointed to an associate professorship at Southern [inois University, 
Carbondale, Illinois. 

Mr. E. J. Specht of the University of Minnesota has been appointed 
to a professorship at Emmanuel Missionary College, Berrien Springs, 
Michigan. 

Assistant Professor E. C. Stopher of State Teachers College, Brock- 
port, New York, has been appointed to an assistant professorship at 
Miami University, Oxford, Ohio. 

Dr. A. H. Van Tuyl of Stanford University has accepted a position 
as mathematician with the Naval Ordnance Laboratory, White 
Oak, Silver Spring, Maryland. 

Associate Professor Alexander Weinstein of Carnegie Institute of 
Technology has accepted appointments as senior associate at the 
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Naval Ordnance Laboratory and professor at the University of Mary- 
land. 

The following promotions are announced: 

Claire F. Adler, New York University, to an associate professor- 
ship. 

E. D. Eaves, University of Tennessee, to a professorship. 

Cornelius Gouwens, Iowa State College of Agriculture and Me- 
chanic Arts, to a professorship. 

Coleman Herpel, Pennsylvania State College, Altoona, Pennsyl- 
vania, to an associate professorship. 

I. M. Hostetter, Oregon State College, to an associate profeseor- 
ship. 

W. J. Kirkham, Oregon State College, to an associate professorship. 

A. G. Montgomery, College of St. Thomas, to an assistant pro- 
fessorship. 

J. M. H. Olmsted, University of Minnesota, to an associate pro- 
fessorship. . 

R. R. Reynolds, Oklahoma Agricultural and Mechanical College, 
to an assistant professorship. 

Peter Scherk, University of Saskatchewan, to an associate pro- 
fessorship. 

W. S. Snyder, University of Tennessee, to an associate professor- 
ship. 

The following appointments to instructorships are announced: 
University of Alabama: Miss Irma Berkowitz; University of Buffalo: 
' Miss Jean L. Blaney, Mr. B. J. Clark, Mr. F. P. Kowalewski, Miss 
Jane L. Noller, Mr. D. D. Strebe; Bethany College: Miss Catherine 
E. Moser; University of Chicago: Mr. J. R. Hershner; Hunter Col- 
lege: Mr. M. E. White; Johns Hopkins University: Mr. George 
Shapiro, Mr. D. R. Waterman; University of Nebraska: Dr. Edwin 
Halfar, Dr. W. G. Leavitt; Oregon State College: Mr. J. F. Price, 
Mrs. Hazal Schroeder, Mrs. Evelyn Thurman, Mr. R. J. Wise; 
University of Tennessee: Mr. Ralph Donnell, Mr. Clyde Miller, Mr. 
Jack Moshman, Miss Ella M. Sowder, Miss Frances Street; Univer- 
sity of Texas: Mr. W. L. Shepherd. . 

Profesgeor Emeritus William Gillespie of Princeton University 
died on September 13, 1947, at the age of seventy-six years. He had 
been a member of the Society for forty-three years. 

Professor J. C. Fitterer of Colorado School of Mines died on March 
12, 1947. He had been a member of the Society for thirty-six years. 

Dr. H. A. Ruger died in July 1947. He had been a member of the 
Society for twenty-five years. 


APSIDAL ANGLES FOR SYMMETRICAL DYNAMICAL 
SYSTEMS WITH TWO DEGREES OF FREEDOM 


J. L. SYNGE 


The bob of a spherical pendulum (or particle on a smooth sphere 
, under gravity) oscillates between two levels, and the change of 
azimuth in passing from the lower to the higher level, or vice versa, 
is the same for all such passages during a single motion. Using the 
language of orbit theory, we shall refer to this change of azimuth as 
the apsida} angle. It is a function of the two constants of the motion, 
total energy and angular momentum, but the remarkable fact is 
that the apsidal angle a always satisfies the inequalities! 


(1) r/2 <a<r. 


The purpose of the present note is not to add to the theory of the 
spherical pendulum, but rather to place the problem in a more 
general setting. Conaider a particle of unit mass which moves on a 
surface of revolution 2 under the action of a conservative field of 
force for which the potential energy is independent of azimuth. 

Let A be the axis of E. Then £ is determined completely by the 
section C of 2 by a half-plane terminated by A. Since the particle 
cannot pass from a portion of È to a disconnected portion of £, we 
may suppose C to be a single connected curve. 

Several cases present themselves: 

(i) Cis an open curve with both ends on A (£ homeomorphic to a 
sphere). 

(ii) C ia an open curve with one end on A and the other end at 
infinity (2 homeomorphic to a paraboloid of revolution). 

(iii) Cis an open curve with both ends at infinity (2 homeomorphic 
to a cylinder). 

(iv) C is a closed curve which does not meet A (Z homeomorphic 
to a torus). 

In any one of these cases, we assign coordinates R, ¢, where R is 
arc length measured along C and ¢ is the azimuthal.angle. The range 
of @ is taken to be (— œ, œ), an increase of 2x in ¢ leading us back 
to the same point. The range of R depends on the type of C. Incase 
(i), the range of R is finite; in case (ii), the range may be taken as 

Presented to the Society, April 26, 1947; received by the editors April 12, 1947. 

1 For references to earlier work, see P. Appell, Trasté de mécanique rationnelle, 


vol, 1 (1926) p. 518; see also A. Weinstein, Amer. Math. Monthly vol. 49 (1942) pp. 
521-523, W. Kohn, Trans. Amer. Math. Soc. vol. 59 (1946) pp. 107-131. 
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(0, œ); in case (iii), the range is (— ©, œ); in case (iv), the range 
is taken to be (— æ, œ), an increas in R equal to the length of C 
leading us back to the same point. 

The line element of Z may be written 


(2) do’ = dR? + B(R)dq?, 


and the potential energy is V(X). At any point common to È and thes, 
axis Á we have B(R)=0. In case (iv) B and V are periodic functions 
of R, the period being the length of C. We shall assume B and V to be 
of class Cain all domains where the motion of the particle is considered. 
Although the dynamical system described above consists of a 
particle on a surface of revolution, it is clear that any results obtained 
will be available also for a conservative dynamical system with two 
degrees of freedom and one ignorable coordinate, the Lagrangian 
function being 
(3) L = 2[A(R)R* + B(R)g*] — V(R). 


We shall, however, continue to refer to the system as if it consisted 
of a particle on a surface of revolution. 

According to Jacobi's principle of stationary action, the path of the 
particle, if moving with total energy ŒE, is a geodesic in a two-space 
with metric ds where 
(4) ds? = (E — V)do*, 


Let us introduce instead of R a new coordinate r, defined by 
E 
(5) r= f [E Vidu, 


the lower limit of integration being arbitrary. Then (4) becomes, by 
use of (2) and (5), 


(6) ds? = dr? + G(r) dg}, 
where te, 
(7) , G(r) = [E — V(R)|B(R). 


The form (6) may itself be regarded as the line element of a surface 
of revolution S. Accordingly the study of particle paths on a surface 
of revolusion & reduces to the study of geodesics on another surface of 
revoluiton S.? 

3 In general, S cannot be imbedded in a Euclidean 3-space. Since we shall be con- 


cerned solely with the intrinsic properties of S, that fact is not important for the pur- 
poses of the present paper. 
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The geodesics for (6) satisfy the Lagrangian equations 


d ðw ðw d ðw dw 


(8) ~> en ——-—-=0, 
ds ag’ a 


where the prime means d/ds and 

(9) w = tfr + G(r) g’?]. 
Since ¢ is ignorable, we have the first integral 
(10) G(r)o' = k, 


a constant analogous to the constant of angular momentum. Equa- 
tion (10) replaces the second of (8); instead of the first of (8), we may 
use the first integral 


(11) r3 Gg = 1. 
Elimination of s between (10) and (11) gives 
(12) (dr/dp)* = GG — h*)/h. 


The two constants, E and kh, are involved in the theory, but they 
play very different roles. The constant Æ is implicit in the line element 
(6), through G, but the line element does not involve $. Since 


(13) E=xwT+Y, 


where T is the kinetic energy, and T cannot be negative, we see 
that E is greater than or equal to V at any point in the path of the 
particle. This places on E the’condition 


(14) E & minimum of F on Z. 


The constant 4 must satisfy a more exacting inequality. Since r30 
and G(r) 20 by (7) and the positive definite character of (2), 


(15) k S G(r) 


follows from (10) and (11), for all values of r on the particle path; 
this may also be seen directly from (12). 

The opstdes of a particle path correspond to maximum and mini- 
mum values of R, and the apstdal angle a is the increment in the 
azimuthal angle ¢ in passing from minimum to maximum or from 
maximum to minimum.? Since the transformation (5) is monotone, 


3 The surface of revolution is a particular case of the radial manifold, and radial 


apeldes colncide with potential apaides; cf. J. L. Synge, Trans. Amer. Math. Soc. vol. 
34 (1932) pp. 481-522. 
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and @ is not transformed in the passage from È to S, it follows that 
the apsidal distances (Ri, Ra) for the particle path on È correspond by 
(5) to the apsidal distances (rı, rı) for the corresponding geodesic on S, 
and the apsidal angles are equal. 

To find the apsidal distances, we put dr/dġ =0 in (12). We have 
then to consider the two equations G=0 and G—k?=0. By (10), 
G=«0 implies k=0, and so G=0 implies G—A'’=0. en we 
have to consider only the equation 


(16) G= K. 


However, the case k=0 is singular, and we shall exclude it from 
further consideration. By (10), it implies ġ'=0 for values of r not 
making G=0, and:so the motion is along a meridian curve (simple 
pendulum motion for a spherical pendulum). 

If (16) has no roots, there are no apsides. To study the existence of 
apsides, let us regard E as assigned, so that the function G(r) is de- 
termined. Oscillation between apsidal distances 7, rs (rı <r) will occur 
if, and only if, there exists a pair of roots of (16): 


(17) G(r) mx h?, G(ra) = jy (rı < 1s); 
with the inequality (15) satiafied for all intermediate values of r: 
(18) G(r) & k (1S7 Qos). 


The acheme for fmding apsidal distances is then clear. The constant 
E being assigned, we consider the graph of G(r) versus r. Unlesa the 
_ graph shows at least one relative maximum, a pair of apsidal dis- 
tances cannot occur. Let us suppose that r =r, gives a relative maxi- 
mum, s0 that the derivative vanishes: 


(19) , (dG/dr)}—n = 0. 


We then draw a parallel to the r-axia below this maximum, cutting 
the curve of G(r) at rı and at ra, with ri<re<rz, and assign to Athe 
value given by (17). Then there exists a geodesic with apsidal dis- 
tances ri, ra and, by (12), the apsidal angle is given by 


(20) a= f << “i f D [GG — ajar. 


It is interesting to note that if we had’ chosen 4*=G(r.) we would 
have obtained a circular geodesic (corresponding to the conical 
pendulum). This is easily seen from equations (8)—-(12). In fact, 
any geodesic om S possessing two absidal distances weaves in and out 
across a circular geodesic. 
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Let ua now consider bounds for the apsidal angle a, assuming that 
in the range (ri, ra) there is only one value ro satisfying (19). Then in 
each of the ranges (rn, ro), (ro, r3) G is a monotone function of r. 
We may write (20) in the form 


`“ 


we wf "6G — #4" | dr/dG | dG 
mrp 
(21) +a f [eG — wJ] draa | aG 


-= h Í eG — K) J= [ | dr/dG |. + | dr/4dG |2]dG 


where Go=G(ro), and the subscripts 1 and 2 refer respectively to the 
“Tanges (ri, To) and (ro, ra). 
Consider now the ratio 


| dG/de | 
G@—@" 
in the range (r1, 7a). As r approaches ro, this ratio has the limit 
(— 28G/dr*)1/?, 


evaluated at r=r,. Accordingly the ratio (22) is bounded above and 
below, and we may write 


(23) mS (Gi — O1 | dG/dr| $ M (1, Sr Grn), 
where m and M are in general functions of E and k. Equivalently, 
(24) MG) — G13 g | dr/dG| S$ mG. -OP (nn Sr Sn). 


We might have m =0, in which case the upper bound is infinite. With 
the inequalities (24), equation (21) gives 


(22) 


(25) M-I Sa S ml, 
where 
G& 
(26) I = 2h f IGG — GG — #44. 
i! 


Changing the variable of integration by the transformation 
(27) G = k? cos? 6 + G sin? 0, 
we get : 
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r/3 
(28) ped f [1 + Go/h? — 1) sin? o]-1/249, 
0 
and hence, since G> ht, 


(29) Why <I < Qn. 


Substitution in (25) gives the following result: For motton on a surface 
of revolution È (or, equsvatenily, for a geodesic on a surface of revolution 
S with line element (6)), the apsidal angle a satisfies the inequalities 


(30) IM G <a< 2am, 


where h is the constant of the first integral (10), Go ts G(ro) where ro 
saitsfies (19), and M, m are respecttoely upper and lower bounds of the 
ratto (22) + the range of oscillaiton (ri, r1), determined by G=h'. 

It is interesting to see what happens when the geodesic under 
consideration lies close to the circular geodesic r=rp. Then A? ap- 
proaches Geo and the two bounds M and m approach the common 
value (—2d*G/dr*)-“3 evaluated at ro; we get in the limit 


(31) a = 2x(— 2d°G/dr3)-12, 


evaluated at ro. This value is easily checked by differentiating (12), 
dividing by dr/dd, and linearizing the resulting equation. 

Having transformed the problem of the apsidal angle for motion 
on a surface of revolution to that for geodesics on a surface of revolu- 
tion, we can bring to bear on it well known results in differential 
geometry. Consider, on the surface of revolution S, the triangle AOB 
the sides of which are geodesics. Let O be the pole of S, that is, the 
point where it is met by the axis. Then OA and OB are meridians, 
Further, suppose that A and B are adjacent apsides on the geodesic 
AB, so that the angles ABO and BAO are right angles and AOB is 
the apsidal angle a. Then æ is the excess of the angle sum over r, 
and so by the well known formula 


(32) a= Í Kds, 


where K is the Gaussian curvature of S for the metric (6) and the 
integration extends over the triangle AOB, dS being the element of 
area, 

The formula (32) brings an interesting fact to light. Consider 
the small oscillations of a ‘spherical pendulum about the position of 
equilibrium. It is known vhat the particle path is approximately a 
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central ellipse (a=2/2). Consider the triangle AOB as described 
above. To that triangle on S there corresponds on the sphere £ a 
triangle which we may also call AOB; the sides AO and OB are great 
circles joining O, the lowest point of the sphere 2, to adjacent apsides 
A and B; AB is the particle path between apsides. 

Now, for small oscillations, the area of the triangle AOB on È is 
small. The area of AOB on S is still smaller, since the factor E — V 
involved in passing from de? to ds? ig small for small kinetic energy. 
How then can the integral in (32) have a finite value, approximately 
x/2? The answer is to be found in K. For the metric (6), the circle 
V= E is singular, and the Gaussian curvature of S tends to infinity 
as we approach this circle. If we take the zero of potential energy 
at the lowest point of the sphere, that is, at the point O, then small 
oscillations correspond to small values of E, and the radius of the 
circle V=£ is small. But inside this circle, considered in S, the 
Gauasian curvature is great, in such a way that its greatness balances 
the smallness of the area of the circle. 

These considerations point to the desirability of the further in- 
vestigation of the geometry of dynamical systems when the Jacobi 
metric (6) is used; this remark applies not merely to the simple 
symmetric case discussed, above, but to a general dynamical system. 
The locus V=£ has an interesting geometry. It is a null-domain, in 
the sense that the length of any curve drawn in it is zero. It forms a 
barrier across which a geodesic cannot pass; in fact, geodesics ap- 
proaching it are bent back sharply. Furthermore, on it the curvature 
becomes infinite. 

It might seem that the reduction of the question of dynamical 
apsidal angles to the question of geodesic apsidal angles might yield 
some simple general bounds. So we ask: For the whole class of sur- 
faces of revolution, do there exist upper and lower bounds for apsida! 
angles? We shall show that the answer is in the negative, by con- 
structing models in which the apsidal angles pass any given bound. 
It is simplest to use limiting models with sharp edges; passage to the 
limit from smooth surfaces will not destroy the inequalities. 

Consider a long circular cylinder with flat ends, the pole O being 
the center of one end E. Consider a geodesic which consists in part 
of a chord of #, not a diameter. The midpoint of this chord is an 
apse; in fact, it is a point of minimum distance from O. Pursuing the 
geodesic in one direction, it passes over the edge of E, and winds 
round and round the curved sides of the cylinder. The azimuthal 
angle increases by 29 in each such revolution, and the next apse can- 
not occur until the geodesic reaches the other end of the cylinder. 
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Obviously, by making the cylinder sufficiently long, we can make the 
apsidal angle as great as we please. 

To get a small apsidal angle, we take as our surface the two faces 
of a flat circular disk. The pole O is the center of one face E. Consider 
a geodesic consisting in part o: a chord of E which subtends at O a 
small angle 8. The midpoint of the chord is an apse. Follow this 
geodesic in one direction over the edge of the disk and on to the other 
face E’. The chord on £’ and the chord on E will make equal angles 
with the radius drawn from O to the point where the geodesic passes 
over the edge. The midpoint of the chord on E’ will also be an apse. 
The apsidal angle is a=8, and can be made as small as we please 
by making 8 sufficiently small. 

Consequently, for the whole class of surfaces of revolution, there 
is neither an upper ncr a lower bound for the geodesic apsidal angle. 
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NONLINEAR NETWORKS. Ob 
R. J. DUFFIN 


This note is concerned with the quasi-linear properties of an n-di- 
mensional transformation 


G ne ee oe 
Ya = Salt, ++, La). 


More precisely it is shown by imposing certain conditions A on the 
functions S, that the transformation has the property of possessing 
a unique inverse. In this property, then, the transformation is anal- 
ogous to a nonsingular linear transformation. The actual condi- 
tions A imposed on the functions S; are ‘so chosen that the trans- 
formation (1) shall be a generalization of the equations which define 
the steady flow of current in electrical networks made up of quasi- 
linear conductors. It is reasonable to believe, however, that the meth- 
ods developed here can, with suitable modification, be used to study 
the quasi-linear properties of types of transformations which have 
nothing to do with electrical networks. 

At least three different methods of attack are available: The first 
method is to set up a form (analogous to a positive definite quadratic 
form) such that the equations (1) are the conditions that this form 
take on its minimum value. This insures the existence of a solution. 
A second positive definite form involving the differences of two trans- 
formations proves the uniqueness. It is well known that for linear 
transformations this method has the disadvantage of being applicable 
only for self-adjoint transformations. A similar disadvantage appears 
in the nonlinear case. This method was exploited in two previous 
notes: Nonlinear networks. I, and Nonlinear networks. Ila. (No ap- 
peal is made in this note to results obtained in the previous notes.) 

The second method, which is the one employed in this note, is to 
impose conditions A; such that the Brouwer fixed point theorem is 
available. This insures the existence of the inverse transformation. 
Corresponding to the differences of two transformations, we associate 
a linear transformation somewhat analogous to a differential trans- 
formation. Conditions 4, are then imposed, which insure that the 
associated linear transformation satiafies Ai. Hence, the linear trans- 
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formation has an inverse. But a linear transformation with an inverse 
has a unique inverse, so transformation (1) has a unique inverse. 

The third method is that of induction on the dimension. For ex- 
ample, suppose that all transformations of dimension n—1 have a 
unique inverse. With 4, fixed, solve the last equation for x, in terms 
of x1,°:+*,2#,—1 and substitute in the previous equations. If condi- 
tions A are so chosen chat they are dominant under this inbreeding, 
it follows that the resulting (n—1)-dimensional transformation is of 
the same form and, tence, has a unique inverse by the inductive 
hypothesis. It is to be noted that if the conditions A are to be 
dominant, they must be neither too strong nor too weak. For ex- 
ample, the so-called Maxwell junction equations discussed in the 
previous note would not be invariant in form under this inbreeding. 
The physical significance of this fact is that a network with one or 
more concealed junctions may not in general be described in terms of 
Maxwell’s equations applied to the unconcealed junctions. How- 
ever, for networks af linear conductors it is possible to show by 
virtue of the distributive law that Maxwell’s equations are applicable 
to the unconcealed juactions; engineers speak of this as a star-mesh 
transformation. Hence, in engineering terminology the inductive 
method may be spoken of as the star-mesh method. Theorem 6 below 
states that the star-mesh transformation preserves conditions A. 
An independent proof may be constructed for Theorem 6 so the in- 
ductive method could be appled. While the inductive method is di- 
rect, It is too synthetic to be illuminating, so it has not been used. 

As a concrete examzle of the type of transformations to be treated 
here, consider the system 


of ae (21 ~ za)? + (a1 r= Ta)’, yS (a — z)? + (2x1 — zı)’, 
ya m (3x3 — 20, — 2) + (3x — 223 — xi)’. 
Inspection of this system shows that the conditions of Theorem 1 
are satisfied. Hence, choosing any real numbers for Y1, ys, Yas, there is a 


unique real solution x1, xs, xs. It is assumed hereafter that all functions 
and constants are rea _-valued. 


1. Connected transformations. Clearly, it is always possible to ex- 
press transformation (1) in the form 
yı = Py(a, t1 — 2, +++, Zi — Ta), 
ya = P(t — 21, Zs, ° , Xa — Za), 


(2) 


s» 8 ww o 4: ù> ò% % č » e a 8 @& ò #@ «© 


Ya ™ a(n — Zi La — Tn *** , Ta). 
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The set of functions P,(i, 4, -- +, és),#=1,2,-° +, =, will be called 
an n-dimensional connected foundation if for 4,j7—=1,2,---, 2 and all 
values of the variables: 

(a) Pits a continuous function of the n variables. 

(b) Py ts ether an increasing function unbounded at +, or ts 
constant. 

(c) There is a sequence of integers a, b, ---, g, h (dependent on 4) 
such that in the chain Pia, Pa, Pw, +++, Par, Pra, cach function ts 
unbounded at +o. 

Here P indicates P, considered as a function of #;, other variables 
being held fixed at arbitrary values. If the set of functions P; forms a 
connected foundation, then transformation (2) will be called a con- 
nected transformation. These are the conditions A referred to above. 


THEOREM 1. For any assigned values of Yi, `** , Va, G connected 
transformation has a unique solution x1, ---, Xn. 


Proor. The theorem will be an obvious consequence of the follow- 
ing two lemmas. It is clear, moreover, that the lemmas are actually 
more general than Theorem 1. However, under the conditions of the 
lemmas, Theorem 4 is not generally true, and in this respect trans- 
formation (2) would behave less like a linear tranaformation. 


LEMMA 1. Transformatson (2) has at least one solution if: (a) Pitsa 
continuous function. (bi) Py is nondecreasing. (c1) For each i there is a 
chain in which the functions are unbounded at + œ and for each 1 there 
is a chatin in which the functions are unbounded ai — œ. 


Proor. Let y be a constant vector and let e be a positive number. 
The relations m = ex)-+-P1(x1, %1—“a, + e, 41 — Xa) — Y, and so on, de- 
fine a continuous vector field v when the vector x ranges in and ona 
cube with corners at (+k, +k, ---, +), k>0. From condition (bı) 
it follows for x= that nZzek+Pi(0, 0,---,0)—y. Likewise for 
x= —k it follows that 1S —ek+ Pi(0, 0, ---,0)—. Clearly, then, 
for k>max | P.(0, 0,--:,0) =y; e! it follows that on the surface 
of the cube the vector v is pointing outside the cube. Brouwer’s fixed 
point theorem states that if a continuous vector points outside a cube 
on the surface, then there is at least one point inside the cube where 
the vector vanishes.! At this point 


yi Pity — t+, tem Ta) F ez. 
It will now be shown that the quantities x; are bounded inde- 
1S. Eilenberg suggested to the writer the use of Brouwer’s theorem instead of a 
more special procedure. 
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pendent of e. For some integer f, x, 2x, j=1,2,---, 7#. Consider a 
chain sequence $, G,---,g, k, for which the functions Pis, 
Pa +++, Pan are unbounded at + œ, and first suppose £., Xa, ' °, Xh 
are all positive. Then since x; is positive 
Vi Pe. By Bem Bay + Fi Be) 
e P(O 04 BS Wa oD). 


Thus there is a positive constant c; independent of e such that 
Xi—%_Sc;. Hence, xj—za Sci for any j and x,—x,2,—c,. Therefore 
Vee Pa Sar hy he Re ee = Ge) 

ee Gy Py eg Be Sy ee). 
Thus there is a positive constant ba such that xa— 2 Sb. and x,—% 
Sc. +b,=¢. This process is continued until finally we have 
Ya S Pilta— T1°°+, Ia ttt, Xk — Im) 
a Pal— Cg, °°) Iaea — Cah 


and there is a positive constant ca such that xa Sca. 


La = (4, — te) + (te — ty) H- +(e, — Ta) + 2r 
GS a b a Hoet oa Hoa 


The same inequality hclds if some member of the sequence x% > <, Xa 
is not positive. Suppose x, is the first member of this sequence which is 
not positive, then 


xe (x, — Ta) + (2a — ts) +--+ + (ee — t) t 2a 
“3 ci F Cu ie we Ca. 


The constants c deperd only on the vector y and the growth of the 
functions P,. There ar2 such constants for each integer + so the com- 
ponents of the vector x have a finite upper bound. 

A symmetrical argument, using chains unbounded at — œ, shows 
that the components zf x have a finite lower bound. 

As € approaches zero, it follows that the vector x has at least one 
limit point, and since P, ia continuous this proves Lemma 1. 


LEMMA 2. Transformation (2) may not have more than one solutton tf: 
(bi) Pa is nondecreasing. (cx) For each i there is a chain in which each 
of the functions is an tncreasing functton. 


Proor. If the functions P, are homogeneous linear functions, then 
transformation (2) becomes 
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y= 9 prt, + altı — wm) +--+ + Pilti — ta), 


Ya = Paila: RT Za) 4 par( Ze = %4) + ts + Panta- 


Conditions (b) and (bı) are equivalent and state that the constants 
Py are non-negative. Conditions (c), (c1), and (c) are equivalent 
and state that for each + there is a sequence of integers a, 6,---,h 
such that no member of the chain pis, Pab, © + +, Pes; Pax vanishes. 

Let x and x’ be two vectors with transforms y and y’. Let dx =x’ —x 
and édy=y’—y. Let h=x1, haziz +++, be =x1—x,. and let 
i exci, t =x — x4, a ory bn =X1—Xy. Then b= P(t, aes | fa ) 
— Pih, A ba) = [P(t , ty, oe ty ta )— Pil, ty, tta te I+ [Pilt 
i, Ct b fa ) — Pili, heet; i! )|+ eens + [Pi (a, a ba—ty te) 
— Pri(h, fs, my t,) |. Let Py = [Pilar tta ba Baw Seog ba ) 
—Plh, >> +h, By, A)| (Y —t) if tf —t,0 and P,,=1 if 
i! —t,=0. 

Thus by. = pudri + pra(bx1 — da) + M + Pin (6x1 — bx). By similar 
definitions there are corresponding expressions for ys, <->, dys. The 
constants p; define a linear connected transformation; hence, by 
Lemma 1 this transformation has an inverse. But a linear transforma- 
tion with an inverse has a unique inverse, so if dy=0, then 6x=0. This 
completes the proof of Lemma 1. 

Let us designate the inverse of transformation (2) by 


Tı = Ri(y1, Bye Nees a) 


; th = Rayo ++, Ya). 


THEOREM 2. The inverse of a connected transformaiton is a continu- 
ous transformaiton. 


Proor. The proof of Lemma 1 with e=0 shows that R is a bounded 
transformation. Thus, if y’—y, then for some sub-sequence x’= Ry’ 
approaches a limit, say x. Now y'= Px’, so y= Px, since P is con- 
tinuous. This uniquely defines x, so all sub-sequences have the same 
limit. 

THEOREM 3. In an n-dimensional connected transformation (> 1) 
delete the nth equaiton and let x,.=consiant in the rest. Then there re- 
mains an (n—1)-dimensional connected transformation. 


Proor. The foundation for the new system is, if x,=c, 
P; (by y baa) = Phire, h-1& — ©), += 1,:°:,#a-— Í, 


f 
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so clearly conditions (£) and (b) are satisfied. The chain sequences 
which do not contain the integer n are left unchanged. A chain se- 
quence of the form 4, a, ---,d, #,--+,4A is replaced by the se- 
quence $, a, ---, d. It follows that Py ia unbounded because Py. 
is unbounded. Thus (c) is satisfied. 


THEOREM 4. If transformation (2) satisfies (a) and (b) but not (c), 
then tt does not have a unique soluticn. For some integer k, x, may be 
given an arbsirary value. 


Proor. The integers 1, - - - , n are divided into sets C and D. We 
put the integer $ in C if and only if there exists a sequence of integers 
a, b, +- - , such that each of the functions Pia, Pe, © <, Ps, Par 
is unbounded. It is to be noted thar if this situation obtains each of 
a,b, +++, kis also in C. Moreover, if ¢ is in C and if P, actually con- 
tains 4, then 7 is in C because Pp is not constant and the chain 
Pii, Pis, > + «, Pas 18 made up of ucbounded functions. An integer k 


is in D if and only if it is not in C; and in view of the preceding re- 
marks, Py, is a constant. 

The variables x; and the equations y,;=P,are also divided into two 
sets depending on whether ¢ belongs to C or D. Considering the D 
variables as constants, the C equation forms a connected transforma- 
tion in the C variables. To prove this, write down the foundation P’ 
as in the proof of Theorem 3, and it is clear that conditions (a) and 
(b) are satisfied. The chain condition (c) is satisfied by construction. 
Hence, no matter what values are assigned to the variables D, the C 
equations can be satisfied. The C variables do not occur in the D 
equations. Moreover, the D variabl2s occur only as paired differences 
in the D equations because Py, is a constant if k is in D. Hence, adding 
the same constant to each of the D variables gives a family of solu- 
tions if there is one solution. 


THEOREM 5. If transformation (2) satisfies (a) and (b) but not (c), 
then & does not have c solutton x for all y. 


Proor. The theorem is clearly true for a one-dimensional trans- 
formation, so we proceed by induction. According to Theorem 4, we 
may set x,=0. Delete the Ath equation. What is left is an (n —1)- 
dimensional transformation of the form (2) and (a) and (b) are satis- 
fied. If (c) is also satisfied, x; is uniquely determined; hence y» is 
uniquely determined by the other ~,. If (c) is not satisfied, these equa- 
tions are singular by the inductive hypothesis. 


THEOREM 6. In the inverse of an n-dimensional connected transforma- 
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lion (n>1), delete the nth equaison and let Y, = constant tn the resi; then 
there remasns the anverse of an (n—1)-dimenstonal connected trans- 
formatton. 


Proor. Thus c=Py(%a—%,°°+,2%.). Let x.—x1=m, then 
c= Palsi, H (41-4), « + + seta). By conditions (a), (b), and (c) it 
follows that P, is a continuous increasing and unbounded function of 
$1, 80 we may write —s,=Ay(x, 11-41, +++, £i1— Xa). From con- 
` ditions (a) and (b), it follows that Hi(t, t, -- +, #1) is a continuous 
function and that Hy is either a constant or is an increasing function 
unbounded at +. Substituting sı in the first equation gives 


y= Pils, tiz + e, Ae, 41-44, + + + | X1—-Xa_1)). The first func- 
tion of the new foundation thus is 
P? (tye » Éa) = Pilti » ht Hilu +++, h 
Clearly Pf satisfies (a) and (b). The same result follows, by sym- 
metry, for Py, ---, Py_;. But the transformation P’ has a unique 
inverse; hence, by Theorem 4 or 5 it follows that (c) is satisfied. 
THEOREM 7. If m= Ri, ey Yn): +=1, sft, hh, ts the in- 


verse of a connected transformaiton and R,; tndscates R, as a function 
of y, then R and Ru— Ry are esther constant or increasing functions, 
unbounded at + œ; moreover, Ry is not constant. 


Proor. By repeated application of Theorem 6, we note that 
Rift, Cn +°>, Ca) is the inverse of a one-dimensional connected 
foundation for any choice of constants cs <- , Ca. Hence Ry is an 
increasing function, unbounded at +. By symmetry the same is 
true of R 

Likewise, xı = Ri(¥1, Js, Cyc ty Cn) and x= Rs(y1, Ya, Ca, "oy Cy) is 
the inverse of a connected transformation of the form y = Pi(*1, %1 — x3) 
and += Ps(x3— xi, x1). Suppose that y, takes and increase 8: >0 and 
that &4=0. By the result just proved ém:>0 and éx:>+0 if 
dy,->-++ ©. Consider the second equation. If Pn is constant and Px 
is not constant, 52,=0 so 8(x_—x1) = — ôx, <0. Lf Pn is constant and 
Py is not constant ĝ(x:— x1) =0, so dx, =dx,>0. If neither Pu nor Pn 
is constant either 6x30 and ô(xı—x:) 20 or dx,>0 and 8(%,—-x;) <0. 
The first possibility is incompatible with éx,>0. In the latter case 
if *3-+ © then x, can not remain bounded or yy would not be con- 
stant. By the same reasoning (x31) is not bounded. A similar 
argument applies for é%,<0, so this proves the theorem for Rn and 
Ru— Rn. By symmetry the theorem must hold for arbitrary indices. 


2. Linear connected transformations. To put the connected trans- 
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formation (3) into conventional matrix form, define a connected 
matrix {| saal| as 
Sig = — Pin | 1% j, 
and 
Sa ™ pn t+ pits: + pin 


Then equations (3) become yı =% 7.1 SAn i=l, t, me 

Sylvester [3 |? was the first to investigate linear transformations of 
this type, and he called the determinant | sa| a unisignant deter- 
minant because of the nature of the following theorem. 





THE SYLVESTER-BORCHARDT THEOREM. The determinant |s | of 
an n-dimensional linear connected transformation is the sum of the 
products of the coefficients pu taken n at a time in such wise thai the 
cocficients appearing in each product separately satisfy the chain con- 
dtiton. 


Later Maxwell [2] found that equations of the form (3) with 
piu = pa define the steady flow of current in an electrical network of 
n+1 junctions, one cf whose junction is held at zero potential. The 
other junctions have potentials x, ---,%,, and the currents enter- 
ing these junctions from outside are J, ° *, Ya. The conductivity 
of the wire connecting the sth and jth junction is py, tj, while pu 
is the conductivity of the wire connecting the kth junction to the 
junction held at zero potential. 

J. J. Thompson in an appendix to Chapter IV of the third edition 
of Maxwell's treatise stated a neat formula for the solution of the 
network equations. Equations of the form (3) with p,;=p;; also ap- 
pear in Maxwell’s treatise in connection with the coefficients of 
capacity of neighboring conductors. Stieltjes [4] proved several 
theorems concerning these coefficients of capacity. Unfortunately 
these and later writers on electrical theory séem unaware of Syl- 
vester’s more profound treatment. 

Let ||r,{| be the inverse of the connected matrix ||s,/. We shall 
now state some properties of these matrices which follow directly 
from the preceding theorems. 


THEOREM 8. The matrix | sf corresponding to py=pytpy ts 
postive definie. 
Proor. If we let p,=py+ py, then | sf ia clearly a connected 


2 Numbers in brackets refer to the references cited at the end of the paper. 
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\ 


matrix and so is nonsingular. The theorem is then obvious from the 
identity 


22d 
I 


-Me 


signet, D D pila — a) +20 Past 
i 1l 1 


THEOREM 9. If n>1 then [| SanSag—— Sinsal), #,j=1,---,n-I1,48 0" 
(n—1)-dimenstonal connected matrix. 
Proor. According to Theorem 6, y=) ts „X, #=1,°°:,"—1, 


where x, is defined by 0 =} 3s. x; isan (m—1)-dimensional connected 
transformation. Then x,=— >07's,,x,/san' and y= D3) (seaSiy 
— Sin5n7)Xj/San- But since s4,>0, the matrix may be multiplied by 
this constant without destroying properties (a), (b), and (c). 


THEOREM 10. If m>1 then ||resray—Tenfagll j=l, - ++, naL, is the 
inverse of an (n—1)-dimenstonal connected matrix. 


Proor. The proof parallels that of Theorem 9 but using Theorem 
3 instead of Theorem 6. That r,,>0 is clear from Theorem 7. 


THEOREM 11. Fors, j=1, +--+, m: (a) ny20. (b) 7a >00. (c) rary. 
(d) raga rules. (C) Tarai m, O68. 


Proor. Theorem 7 gives (a), (b), and (c). Then (d) and (e) follow 
from Theorem 10. 

In the case n=2, the inequalities of Theorem 11 are sufficient to 
define all inverse connected matrices. This suggests the problem of 
giving a direct definition of the inverse of a connected transforma- 
tion; however, the writer has been unable to accomplish this. 
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STEINER’S FORMULAE ON A GENERAL S=" 
CARL B. ALLENDOERFER 


1. Introduction, Steiner's famous formulae on parallel curves and 
surfaces have attracted considerable interest recently, several mathe- 
maticians having developed various extensions of these theorems 
[3, 4, 6]. As stated by Steiner [5] these formulae have the following 
form: 


THEOREM 1. Let C be a convex curve in the plane of length L and area 
F, and lei C, be the curve parallel to C at a distance p from tt (measured 
outward) with length L, and area F,; then 


L, = L + 2zxp, F, = F + pL + ro. 


THEOREM 2. Let 2 be a convex surface in ordinary space of surface 
area S, enclosed volume V, and tntepraied mean curvature M; and let 
È, be the surface parallel io Z at a distance p from ti (measured outward) 
with surface S, and vokume V,; then: 


S, = S+2Mp + 4p") Vy, = V+ Sp + Mp? + 4rp?/3. 
We shall prove the following generalization of these results: 


THEOREM 3. Let S**! be a Riemann space of constant curvature, K, 
asfferenisable of dass C' and complete in the sense of Hopf and Rinow. 
Lei V” be a hypersurface of S**! which ts closed and bounding in S*** 
and of cass C, and whose principal curvatures with respect to an oui- 
ward normal are al xegaisce. The area of V* wil be called A and ats 
volume Vol. Its vartous mean curvatures (to be defined in §3) will be 
called Mi (i=0, - +--+, n). Let VŽ be a surface parallel to V* ai a distance 
measured along outward drawn geodesics where: 


for K>0:0 Sp S4r/2K"; andfor K <O:p2 0. 
Further let the area and volume of V? be respectively A, and Vol, 
Then for K>0: 

A, = > MAKA sin [pK] =cos [p81], 
bevel) 
hed a 
Vol, = Vol + >) x f (K-43 sin [2°K1/2])*-*(cos [29K1/2]) tdrt; 
peed) 0 
Received by the editors April 18, 1947. 


1 Numbers in brackets refer to the references cited at the end of the paper. 
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And for K <0: 
4, = È M((-K PM sinh [RD Heo (4D 

Vol Vel 

+ Me f° (EJ sinh [2%(— 14) cosh [2%(— K) eet 


Further simplifications of these formulae for special cases can be 
made by the use of the Gauss-Bonnet formula as developed by the 
author and A. Weil [1]. These results appear in §§3 and 5. 

The methods used in deriving these results are similar to those of 
Vidal Abascal [6] who developed the special case of #=1 in a recent 
paper. Herglotz [4] has studied the same problem on spheres and 
on hyperbolic subspaces of pseudo-Euclidean space and has derived 
the above formulae for these restricted cases. Related formulae were 
developed by H. Weyl [7] in his study of the volume of tubes 
lying on spheres. Reference should alao be made to the general study 
of parallel curves on a general two-dimensional surface of positive 
(non-constant) curvature by Fiala [2]. No such study is available 
for n-dimensional manifolda. 


2. Calculations. In S**! we consider the geodesic parallel co- 
ordinate system in which the first fundamental form has the expres- 
gion: 


(1) ds? = (dx)? + gagdxtds (a, B = 1,---,%). 


This is so chosen that: 

(a) x°=0 is the hypersurface V*; 

(b) the curves x*=const. (a=1, ---,) are geodesics normal to 
V*, on which arc length is measured by x° positively outward from 
ve 

(c) the positive orientation of S*+!} is given by the ordering 
[x*, x1,---+,2"| and that of V* by [x1,---, x]. 

Further let the values of ges for x*=0 be denoted by Yas, 80 that 
Yes are the components of the metric tensor V*. When more machinery 
is available, we shall discuss the domain of S*+! within which this is 
a proper coordinate system; but for the moment we assume that we 
are operating within such a domain. 

If we assume that the normals to V* in S*t! are directed outward, 
we may recall the etandard formula: 


130 C. B. ALLENDOERFER [February 


(2) (= A = — 0.5/2, 


where Qa, are the coefficients of the second fundamental form of V” 
relative to S™), From (2) it follows that: 


(TE. 








n oto a i 

We now wish to calculare gl’? (where g=det | ganl ) in terms of 
Qas, Yas, and x°; for the integration of this quantity gives the desired 
formulae. To do this, we first consider a fixed point P on V* and the 
geodesic G(P) through P normal to V> (its arc length is x°). By a 
linear transformation (constant coefficients) of x*(a=1,--++,) we 
can find a new coordinate system on V*, #=L* (x), in which the 
components of the first and second fundamental forms of V* at P 
reduce to sums of squares, namely ĝas and Qas (where Qes =0, a8). 

Now in S*+! apply the coordinate transformation: 


2° = x, 

Rt = L(x), a,B=mi,--+,m. 
The new line element is: 
(4) ds? = (dx)? + Bagdada? 


where fep ™= bas Et P, and Ofs/dx°=0, aß at P. We now wish to 
prove the lemma: 

LEMMA. In the £ coordinates system, Pap =0 (œp) for ah potnis on 
G(P). 

From (4) it fcllows that anywhere in S*+! 

















1 / Bep , r= Bes 

) Rew > (Sass) aN ) 
(5 oe amaa) a (E oa xt 
But since 5**! fs of constant curvature: 
(6) Boog = — Kla; 
80 

1 PF as 1 (= =) 

= ep KBap = 0. 
7) 2 (=) ae Nan ap) Mee 


For aß, equations (7) may be considered to be differential equa- 
tions in Pas (a:p) whose coefficients involve constants and Zus and 
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Ofux/Gx°. Taking these last functions as known, we consider the 
unique solution of (7) along G(P) with initial values at P as given 
above, namely: 
=) 

8 = 0; >F) a) for a sé B. 
8) (Bus)? (ay ap 
Now a = 0 (aB) is a solution of (7) satisfying the initial conditions; 
hence it is the only solution, and the lemma is proved. 

Returning now to (7) with «=$, we find that as a result of the 
lemma the following equations hold along G(P): 


Ipan)! 


9 
(3) axa x° 


+ K (aa)? = 0. 


Integrating (9) and taking (3) into account we find that: 
(10) (Pea) t/* = — Qaal K1? sin [xK] + cog [zek]. 
Hence along G(P): 


(11) gv? = [I {— Qaa( K"? sin [2°K/2]) + cos [2°K1/2]}. 
Gren 1 
Returning to the original coordinate system we find that (11) trans- 
forms into: 


(12) gu? = y det | — Qag(K-¥/? sin [x° KY?]) + Ya cos [10K] | 


where y =det | Yes! . Now equation (12) is valid on every geodesic 
G(P) and hence holds throughout the entire region under considera- 
tion. 

It ia now possible to discuss the domain of validity of formula (12). 
First we must require that g'/?>0; this limits x° to be less than the 
minimum distance to the first conjugate point on any geodesic G(P). 
An effective way to do this (but not the most general) is to make the 
assumptions stated in Theorem 3. Even with this restriction it is still 
possible that two distinct geodesics G(P1) and G(Ps3) will intersect on 
S*t1, and hence cause a singularity in the coordinate system. This 
awkward complication may be avoided by supposing that we are 
dealing not with S**! but with a covering surface of it which puts 
these geodesics on separate sheets. We make this assumption, and 
thus in dealing with the volumes discussed in this paper we agree 
to count overlapping volumes with the necessary (finite) multiplicity. 
This means that our “parallel surfaces” are not necessarily true 
parallels in the sense of being the locus of points at a constant 


132 C. B. ALLENDOERFER [February 


minimum distance from V*, but they are more properly called “geo- 
desic parallel surfaces.” 


3. Resultas. We are now in a position to prove Theorem 3. For 


(3) Ay f Eads dar 
l y» 
and 
: $ 
(14) Vol, = Vol +f \f enaz} dz! - da” 
y» (s 0 


where g¥/? is given by (12). 
To simplify these results consider the expression: 


(15) | — Des + Arap| me Oe AHOA + Oa? + +++ + OA" 
where the @, are thus defined. Further let 


(16) M, «= f By" da} -> - da”, 
ys 


We call M, the sth mean curvature of V* in S*+), Since 0,=7, M, =A. 
For K>0 the expansion of (13) and (14) using the notation of (16) 
gives the formulae of Theorem 3. These formulae are indeed valid for 
K <0, but in this case they appear to involve complex numbers. By 
introducing the hyperbolic functions we find that in fact the entire 
expression is real, and so explicit formulae for this case are given in 
Theorem 3. 

Further simplification can be obtained in certain cases by the use of 
the Gauss-Bonnet formula. To prepare for this we introduce the fol- 
lowing notation: 


$ip) = J "(K-19 gin [ztu “(cos [29K] da, K > 0, 


1 P t 
aE f’ -EJ sin [2*(— a4) (c08 [2%(— E] dat; 


K <0, 








#41 
(18) C, = Ksg ( a )- S gin 


2 R13 a ty *t 


where w is the surface area of a j-dimensional unit sphere (its sur- 
face is of j dimensions) and w°=2. In this notation the Gause-Bon- 
net formula can be written: 
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(19) For» even: MoCo + MLitt -4 MLC, 
= — gtthy!/2 = attiy/4; 
(20) For n odd: MoCo + MCs +--+ + MaaC + KHD Vol 
m wttiy'/2; 
where x’ is the inner characteristic of the volume bounded by V” and 
x is the characteristic of V* itself. These relations may be used to 
eliminate Ma, from the formulae of Theorem 3. We give two examples. 
Example 1. When #=1, (20) gives: My)=2xr— FK, where we have 
written F instead of Vol to represent the area inclosed by the given 
curve. This leads to the results of Vidal Abascal which generalize the 
formulae of Theorem 1. Using the notations of Theorem 1, the calcu- 
lations are as follows: 
F, =F + doMe + G11 
(21) = F+ K-[1 — cos (pK) ] [2r — FK] + K-/* sin [pK'/2|7 
= F cos [pK1/*] + K-13 sin | pK9|L + 2nK-1(1 — cos [pK]. 
The derivative of this expression with respect to p gives the cor- 
responding formula for L,. 
Example 2. When #=2, (19) gives: 
(22) MotAK = — dex’ = Iry. 
This leads to the formulae: 
A, = A+ MiK. gin (pK1/2) cos (pK) 
+ 2axK— sin? (K3), 
Vol, = Vol + 4A, + M1(2K)—! sin? (KY 
+ rxK {p — K~"? gin (pK1/*) cos (pK). 
These are generalizations of those given in Theorem 2. 


4. Formulae for K=0. In the preceding discussion it has been 
explicitly assumed that K>0. To derive similar formulae for K =0 
we can repeat the above discussion under this assumption; and we 
also get the same result by taking the limit of the formulae of Theorem 
3 aa K—0. The results are: 


(23) 


(24) 


(25) Apa > Mp, 
tual} 


(26) Vol, = Vol + >> (a —¢+ DM p, 
[5 
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In this case the Gause-Bonnet theorem says that: 


‘= 2, ’ 
(a7) TAR { wx’ = wy n even 
+ o, # odd. 
Combining this with (25) and (26) and rearranging we have: 
#—i w”x/2, n even, 
28 4,274 Mp" * 
( ) f a u 2 mp + p ee 5 odd, 
and 
z My i:ip' stl Z. "nev 
(29) Vol = Vol+ Ap + X =P 4} E is 
13 i nti lwtx’, n odd. 


In comparing these results with Theorem 2, we note that the M of‘ 
Theorem 2 equals M,/2 as here defined. 


5. Polar surfaces. When K>0, the formulae (18), (19) and (20) 
suggest that we conaider the “polar” surface to V*; that is, the surface 
at a distance r/(2K?) from Y*. Since this surface may lie outside 
the domain of validiry of our coordinate system, the application of 
Theorem 3 will not in general give correct results. Formal applica- 
tion of the formulae of Theorem 3, however, does give answers which 
may be interpreted as the algebraic area and volume of the polar 
surface respectively. This means that in carrying.out the integra- 
tions we have algebraically combined the positive and negative 
portions of the result and thus obtained their algebraic sum. Using a 
subscript, P, to indicate the polar surface, we find that: 


(30) Ap = MK”. 

Thus forn=1: 

(31) Lp = (2r — FK)/ K~”, 

And for »=2: 

(32) Ap = (2rxy — AK)/K or A+ Ap = 2rx/K. 


This is a generalization of a result due to Blascke [4] in which he 
assumes that V* is a topologic sphere. 

The Gauss-Bonnet formula suggests that we consider the “volume” 
(here we mean algebraic volume) bounded by the two polar surfaces 
at distances +r/(2K"3) and —x/(2K*/*) respectively. Designating 
this volume by the symbol Vol| P > we find that for » even: 


(33) Vol [ip = 2(MoCo + MC +--+ + M,C) / ED, 
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Or from the Gauss-Bonnet theorem it follows that: 


P 1 wrt 
(34) Vol |P = z KDA X- 
If V* is a topologic sphere (# even) we see that the volume Vol|">p 
equals the surface area of an (n+ 1)-dimensional sphere of radius A-"?. 
The analogous result for n odd is obtained by considering the 
“doubly polar surface” to V*, namely the one at a distance of r/K¥? 
from V*. Designating the volume between V* and this surface by 
Vol|3” we find that for # odd: 


(35) Vol lo. = 2( MoCo + MaCa t+ + MaaC) / EMD, 


Or from the Gauss-Bonnet theorem it follows that: 


aP wti 
(36) Vol| g = Kot x! — 2 Vol 
or 
aP atl 
(37) 2 Vol + Vol lo eee 
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HAVERFORD COLLEGE 


A CHARACTERISTIC PROPERTY OF AFFINE COLLINEATIONS 
IN A SPACE OF K-SPREADS 


BUCHIN SU 


1. Introduction. In a recent paper! M. S. Knebelman has proved 
among other things that a necessary and sufficient condition which a 
mapping of an affmely connected space V, upon itself shall satisfy 
in order that the covariant differentiation and the variation (the 
Lie derivative) of a tensor be interchangeable is that the mapping 
be an affine collineation. The present note deals with a similar prob- 
lem in a space of X-spreads* by showing that the same condition is 
also characteristic of the isomorphic transformations.’ 


2. Affine collineations. Let 


Graf i ih ( 1 z) 
Yr j a = 0 e" — 
PETE + Talr, 2) pabs p ao 
be the partial differential equations of the K-spreads in an N-dimen- 
sional space, where $, j, &,---=1, 2,°-:, N; a B>’ 
=1, 2,--+,A. Tke integrability conditions are assumed to be 
satisfied, namely, 





(1) 


i gh 
R. arPafshy = O, 
where we have placed 





— 


(2) Jg! ðq? 7 
pt Tae Pas 


eu [Tet =F Ti lalaa: 


ALNE = A/a pe 
The conditions satisfied by the functions &(x) such that the in- 
finitesimal transformation 
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(3) Bt om xt te E(x) be 
shall determine an affine collineation are known to be 


(4) Php Rat Laake |e 


with {r | « c= fs | aD. 

For simplicity, let us consider a tensor X! which depends on the 
ti as well as the x'. The covariant derivative of X$, is defined by 
the equation 


{i 
a na m 


OX. i kh i i k 
(5) Xah = ay — Xiylapalas + X. Tin — Kal ye 





Salvi ani Xli 
we can readily show that 


4 r i t_h k i í ja ho mie 
X.slah nese Zalh ai (aX .j ia bX m T X ilapa) Tak li 
í { t _A h t í ja k m 
X jla Canan Xli om (Sa. — OX m — X. |aba) Ras 
with an evident generalization for any tensor. 
3. An extension of Knebelman’s theorem. We are in a position 


to generalize the result of Knebelman to the case of affine collinea- 
tions in a space of K-spreads. 


(6) 


THEOREM. A necessary and sufficient condition that a mapping of 
a space of K-spreads upon itself shall satisfy in order that the covariant 
dtfferentiaiton of a tensor be interchangeable with the Lie derivative is 
that the mapping be an affine collineatson of the space. 

To prove this, we have to recall the definition of the Lie deriva- 
tive of the tensor X4, 


X.(8, $) -Xa p) 


i 
7 AX.; = lim 
7) ; b+ ôt 


when the variables x‘ are subjected to by (3). 
It is readily shown that 


(2) AX y= Xe Fie |, —- Xie | + Xe h 


whence follows the relation 
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(9) (ax: [i — A(x", |) = 0. 
That is, the partial differentiation 0/p* of a tensor is always inter- 
changeable with the Lie derivative. 
In virtue of (6), (8) and (9) we obtain 
(AX) j — AXi) = (KX, [Zp + Xm — aX) 
(£ ” lao + R E -A Tia |a at By 


which is equal to zero when, and only when, & are ii of (4). 
Thus we have completed the proof. 


(10) 


NATIONAL UNIVERSITY OF CHEKLANG 


AN INEQUALITY CONCERNING POLYHEDRA! 
LASZLO FEJES TÓTH 


In 1897, at the mathematical competition of the Loránd Eötvös 
Mathematical and Physical Society, Professor L. Fejér, at the time 
atill a student, noted the following interesting corollary of a well 
known elementary geometrical theorem of Euler:? 

If R denote the radius of the circumscribed circle and r the radius 
of the inscribed circle of a given triangle, then 


(1) R 2 2r. 


This is easily established, since according to the theorem of Euler 
mentioned above, if d denotes the distance between the centers of the 
circumscribed and inscribed circles, then 

d? = R? — 2rR. 


It follows that R?—2rR20, and therefore R2@2r. Equality holds 
only if the two circles are concentric, that is, if the triangle is equi- 
lateral. 

The problem of generalizing the above result to space was pro- 
posed by Professor L. Fejér. A young mathematician, I. Ádám, de- 
ported to Germany during the war—where all traces of him have 
been lost—found and communicated to Professor Fejér in 1943 a 
very simple proof of the above extremum property of the equi- 
lateral triangle. His proof, which may be immediately generalized to 
space, runs as follows: 

If p is the radius of the circle passing through the midpoints of 
the sides of the triangle, then p= R/2, and all that need be shown 
is that p is at least equal to the radius of the inscribed circle. This 
follows from the fact that the inscribed circle is the smallest among 
all circles which have common points with all three sides of the tri- 
angle. Such a circle is, namely, the circle inscribed in a homothetic 
triangle containing the original one. 
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Equality in (1) can occur only if the inscribed circle passes through 
all three midpomts of the sides, that is, if the triangle is equilateral. 

In this paper we generalize (1) and the analogous inequality for 
tetrahedra Re23r to arbitrary convex polygons and polyhedra, re- 
spectively. Our main results are the following two theorems: 


If Ra and f. Jenots the rade of If Ra and r, denote the radii of 
the least sphere containing, and the the least sphere containing, and the 
greatest sphere coniained in, an greatest sphere contained in, an 
n-verticed convex poivhedron, then n-faced polyhedron, then 
We er 
—2 6 
Equality holds only for a regular ices holds only for a regular 
istrahedron,; octahedron and icosa- tetrahedron, hexihedron and do- 
hedron. decahedron. 


Hence (2) is exact for n =4, 6, and 12. Furthermore, the inequality 
(2) gives an exact asymptotic estimate for large values of n, that is, 
(2) gives the exact value of lim inf n(Ra—?fa)/Ra. 

It is worth mentioning that the regular hexahedron and dodeca- 
hedron are not the “best” polyhedra among the 8 or 20 verticed 
polyhedra and similarly the regular octahedron and icosahedron are 
not the best ones among the 8 or 20 faced polyhedra. This shows that 
in certain extremum problems for polyhedra they are the wtgonal 
faced, in others the irthedral verisced regular polyhedra which play a 
distinguished roll. The natural question to transfer other well known 
extremum properties of the regular polygons to the trihedral verticed 
or trigonal faced regular polyhedra has—as far as I know—not been 
treated in literature, except for the few cases quoted in this paper. 

When Professor Fejér mentioned the above problem to me, I 
noticed that the extremum property in question can be related to the 
following two well known extremum properties: 

(1) Among all triangles inacribable in a given circle the equi- 
lateral triangle has the greatest area. 

(2) Among all triangles circumecribable about a given circle, the 
equilateral triangle has the smallest area. 

In other words: 

(ia) Among all circles circumscribed about triangles having the 
same area, the circle circumscribed about the equilateral triangle is 
the smallest. 

(2a) Among all circles inscribed in triangles having the same area, 
the circle inscribed in the equilateral triangle is the largest. 





(2) R,/r, & 31 tan ~ 
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The circle circumscribed about a non-equilateral triangle is there- 
fore greater, and the inscribed circle smaller, than the circles cir- 
cumscribed about, and inscribed in, an equilateral triangle of the 
same area. 

The following obvious generalization of the above results suggests 
itself: If 4, and 7, denote the areas of two ellipses the first of which 
is contained in an #-sided polygon of area }, and the second of which 
contains the same polygon, then 


n T ” 2r 
i, —tan— Sis Ta — sin — > 
T n ax n” 
It follows that for any two ellipses satisfying the above condition, 


Lai 





T 
=, cogi — - 
n 


Equality can occur only for an affine regular #-sided polygon. 
Corresponding to this result, (2) shall be proved under the follow- 
ing more general conditions: 


THEOREM. Let V, and v, denote tha volumes of two ellipsoids, the 
first containing, the second contained in, a convex polyhedron having 
either n vertices or n faces. In both cases we have 


nr 


3 Fa/ 9n & 3 tan? ——— 
(3) n/m 2 a 
Ths inequality is exac? for n=4, 6, 12 and gives an exact asymptotic 
estimate for large values of n.* . 


This theorem is a direct generalization of the following known re- 
sult? If a convex polyhedron with » faces (or # vertices) lies between 


! Equality holds if the number of vertices is given for affine regular triangular- 
faced polyhedra, or if the number of faces is given for affine regular polyhedra with 
tribedral vertices. 

1 (3) gives the exact value of lim inf #(V,—s,)/ Va. 

t L. Fejes, Hey gömbfelület befedise egybevágó gimbsivegekhel, Matematikai és 
Fizikai Lapok vol. 50 (1943) pp. 40-46. Other generalizations of (4) are the two 
following equivalent theorems [L. Fejes, Uber einige Extremaleigenschafien der 
reguldren Polyeder und des gleichsettigen Dreiechspitiers, Annali della R. Scuola 
Normale Superiore di Pisa (nnder publication). L. Fejes, Extremdlis ponirendsserek a 
sthbom, a gombfeldleten és a thrbem. Acta Sci. Math. et Nat. 23. Koloxsvér 1944]: 
If a polyhedron with # faces having only trihedral vertices contains a sphere with 
unit radius then the arithmetic mean of the distances Ri, Ra -- - , Rana between the 
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two concentric spheres with radii r, and R,, then 


t 


n 
4 r, È 3? tan ———. 
(4) R,/ TEENY: 

The theorem for polyhedra with # vertices follows from the theorem 
for polyhedra with # faces, and conversely. This is a consequence 
of the following lemma. 


Lemma. Let Vi, Va, Vi denote three ehipsoids, Vi and Vi betng polar- 
reciprocals of each other with respect to Vy. Between the volumes’ of the 
ellipsoids the folowing inequality holds: 


(5) V3/Va & V2/Vi. 
Equality holds only tf Vi, Va, Va are concentrtc. 


Proor. It can be supposed that F, is the unit sphere, with center 
at the origin, and that the x, y, s, axes are parallel to the principal 
axes, 2a, 2b, 2c, of Vi, respectively. Because, by the polar-reciprocity 
with réspect to Va V; is carried into an ellipsoid, it follows that V; 
contains the center ot V, and zhus if the coordinates of the center of 
V3 are &, n, [, we have 


|l <a, ni<b, [tl] <e 


The reciprocity, applied to the tangent planes of V; at the end 
points of the axis af length 2a, yields two points of V3, the distance 
between which is given by 
1 1 2a 2 

= 


eee a — ft ¢ 

Similar considerations applied to the other axes of V; yield three 
mutually perpendicular chords of V whose lengths are not leas than 
2/a, 2/b, 2/c, respectively. A fortiori V, has three mutually per- 
pendicular diameters of length 2a’, 26’, 2c’ such that 











centre O of the ephere and the vertices satisfies the following inequality: (a) 
(RitRet +++ +Ra)/(28—4) 23 tan (n/(n—2))(x/6). 

If a polyhedron with n vertices bounded only by triangles is contained in a 
sphere with unit radius with center an inner point O of the polyhedron then the 
harmonic mean of the dis ances Tu re +--+, fap between O and the faces satisfies the 
following inequality: (b) (28—4)/(1/ntI/rat ++ © +1/rey)SG4/3) cot 
(n/(m —2)) (4/6). 

t In what follows we denote the area or volume of a spherical or solid domain 
by the mme letter. 
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8a’'b'c S : 
abc 


Let us replace one of the diameters of the octahedron with diam- 
eters 2a’, 2b’, 2c’, for example, 2b’, by the diameter 2b” conjugate 
with respect to V, to the diameter 2a’ lying in the plane a/b’. Simi- 
larly let us replace 2c’ by the diameter 2c’’ conjugate to the diametral 
plane a'b”. The volume of the original octahedron 40’b’c’/3 has been 
increased by both steps. The diameters of the octahedron thus ob- 
tained are pair by pair conjugate with respect to V, and thus if 
a, 6, € denote the principal axes of V3, we have 

4 4 4 1 

— am t — eer 

3 abe me 3 eo 3 abc 
Hence 


Ag år 4nr\? 3 
Vib: z% = abc & (=) Va, 
which proves the lemma. 

Let us suppose now that the statement of the theorem concerning 
the number of vertices has been proved. Let P, denote a convex 
n-faced polyhedron, v, an ellipsoid contained in P,, Va an ellipsoid 
containing P,. Taking polar reciprocals with respect to 9,, there cor- 
responds to P, a polyhedron with » vertices contained in », and con- 
taining the ellipsoid V} reciprocal to V,. According to the lemma 
and our hypothesis 


/ 3/2 ; ToT 
V./t. È 2a/V: & 3 E ar ; 
which is the statement of the theorem for polyhedra with n faces. 
In a similar manner we may obtain the theorem for n-vertices from 
the theorem for n faces." 
We shall prove the statement of the theorem for polyhedra with n 
vertices. 
Analogously to our considerations concerning the plane, our 
theorem is the consequence of two inequalities, Let 5, denote the 


volume of any n-verticed convex polyhedron contained in the unit 
sphere. Then® 


% T 





T Another interesting consequence of our lemma is that for the #-hedron (or for 
the polyhedron with # vertices) which has a minimal value of V./s, the respective 
ellipsoids are concentric. This can be seen by making use twice of polar reciprocation. 

t Ses the second and the third paper referred to in footnote 5. 
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6 ns (s 2 n =) : a r 
a S — co — 1} co —— > 
) 6 n—2 ó n—2 6 


Let V, be the volume of any n-verticed convex polyhedron con- 
taining the unit sphere. Then’ 


e OO n ar 
V.a z ————_ {| 3 tan? — — ~ 1}. 
7) = 2 ae. ) 


In the proof of (6) it can be supposed that the vertices C; of Pa lie 
on the unit sphere S with centre O, and that all faces of #, are tri- 
angular. If C,C;Cy, is one of the faces, the tetrahedron OC,C;C;, shall 
be denoted by »,;, and the spherical triangle C,C,Cy by fiza. It will 
be shown that if the area of f.a is given, 0,;,5 has maximal volume if 
C,C,Cha i8 equilateral. 

The existence of the extremum being assured by Weierstrass’ 
theorem, it is sufficient to show that, for instance, in the case 
C,CuxCaC;, the volume v,» can be increased. For that purpose let 
us move C, on the Lexell circle passing through the points C/, C? 
diametrically opposed to C., C, respectively, and through the original 
position of Ca. The area of f.j remains unaltered and the volume of 
v} takes its maximal value if C,Cy=C,C;, since the height of the 
tetrahedron drawn fram the point C, is in every other case less. 

This extremum property 1s expressed—making an elementary 
calculation—by the inequality 


1 fint r 
una S =( co P ) 








fiih +r 
cot -r + 
6 


But the function of faa which shall be denoted for the sake of brevity 
by o(f.;s) ig concave from below in the interval (0, 2r) since 


vf) = cos (f + x)/3 
24 sin‘ (f + 1)/6 


is a monotonically decreasing function of f in the interval (0, 27). 
Therefore—takıng into account the fact that a convex polyhedron 
with triangular faces having n vertices has 2n —4 faces—by adding 
the last inequalities for each face of 8,, and by using Jensen’s in- 
equality! we obtain 


* The analogous estimate concerning polyhedra with # faces was found by M. 
Goldberg, The isoperimairic problem for polyhedra, Tohôku Math. J. vol. 40 (1935) pp. 
226-236. 

1¢ Jensen, Sur ies foncitons comvexes ef les inégalités entre les valeurs moyennes, Acta 
Math. vol. 30 (1906) pp. 175-193. 
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ba = Donn SD, fia) S (2m — 4)0 (= -) 


which was to be proved. 

(7) can be proved in a similar manner. For this purpose we use 
the following elementary extremum property. The central projection 
from O of the spherical triangle f,» with given surface on a plane p 
which does not intersect S has minimal area if f,,, is equilateral and 
p is tangential to S at the center of f,;,. Accordingly, if the area of a 
‘face of V, is denoted by ta, and its projection on S is denoted by fim 


we have 
33/8 2r — fom 
tin È = (o cot? n — 1). 


The function (fija) being convex from below in (0, 2r), we have 


1 3 í >) an — 4 4y 
= 3 hoe Š 3 Gin) & 3 TENE 








Now it follows from (6) and (7) that if the ellipsoid with volume 
0, is contained in a polyhedron with ø vertices with volume V, and 
the ellipsoid with volume VY, contains the same polyhedron, we have 


3 31/°(4 — 2) n x 
omn — m {3 tant — — ~ 1 
4r ' 2 


x 


3 n2 # T n 
< F S Vv. 3 — cot? — į cot m © 
4x 6 #—2 6 na—2 6 











Thus (3) has been proved. The cases of equality can be immedi- 
ately established. The meaning of the estimate for large values of n 
shall be illustrated by an application. 

As a corollary to our theorem we can prove that if n >2 spherical 
segments (of one base) with equal surfaces f, cover the whole sur- 
face of the sphere of unit radius, we have 





gis # r 
8 a È 2r {| 1 — —— cot — }. 
(8) he -( ott =) 


The “denaity” d of this system of spherical segments is accordingly 


given by 
Afa N 31/3 t © 
rem T pee a =). 
4g 2 3 n—2 6 
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Since the right side is greater than 2-34¥%r/9." for every value of 
n> 2, we have, for the density, d, of any system of congruent spherical 
segments smaller than the hemisphere covering the whole surface of 
the sphere, 


2-3!r 





(9) G> (m= 1,209---), 


This remarkable inequality implies that of R. Kerehner™ which 
expresses the fact that the density of any system of congruent circles 
covering the plane is not less than 2-34%7/9. 

For »=3, (8) expresses the simple fact that the surface of the 
sphere cannot be covered by three spherical segments which are 
smaller than the hemisphere. Therefore it is sufficient to restrict 
ourselves to #24. Since the spherical segments cover the sphere of 
unit radius, the s-hedron P, determined by the planes of the bases 
of the spherical segments is contained in S. Further the heights of the 
spherical segments being fa/2r, P. contains the sphere with radius 
1—f,/2¥. Thus according to our theorem 

# T 
1/(1 — fa/2r) Z 32/7 tan — — 
n—2 ó 
which is equivalent to (8). 

An analogous result holds for the density d of an arbitrary system 
consisting of #>2 congruent segments of the unit sphere having no 
common inner points.” In this case we have 

BU 2y 


se (1 a E =) > (= 0.907 ---) 
covet — ~ FIN oe ——— f rene | ; ee { 
2 2 6 





n See the third paper in footnote 5. 

n R. Kershner, The number of circles covering a set, Amer. J, Math. vol. 61 (1939) : 
pp. 665-671. 

4 See L. Fejes, Uber cine Abschdteung des hatrsesten Abstandes sweicr Punkts sines 
asf eimsr Kugeifliche liegendsn Punksysioms, Jber. Deutschen Math. Verein vol. 
53 (1943) pp. 65-58, and the third paper referred to in footnote 5. 


A NOTE ON LOCAL CONNECTIVITY 
EDWARD G. BEGLE 


Two neighborhoods of a point are involved in the definition! of 
local connectivity: a space T is p-LC at a point x if every neighbor- 
hood U of x contains a neighborhood V of x such that any continuous 
p-sphere in V bounds a continuous (p+1)-cell in U. T is ~-LC if 
it is p-LC at every point, and it is LC* if it is p-LC for OSpan. 

For the case p=O0, it is well known that there is an equivalent 
definition: a space T is 0-LC if every point has arbitrarily small 
neighborhoods V such that any continuous 0-sphere in V bounds a 
continuous 1-cell in V. But for p>0, Borsuk and Mazurkiewicz have 
shown by an example’ that these two definitions are not equivalent. 

Hence the question arises as to the relative size of V with respect 
to U in the first definition. At first glance, the Borsuk-Mazurkiewicz 
example would seem to indicate that V must be considerably smaller 
than U. This, however, is not the case. 


THEOREM. If a space T ts LC*, then each poini of T has arittrardy 
small netghbrhoods V such thai any continuous p-sphere, OSPSn, tn 
V bounds a continuous (p+1)-cell in Y. 


Proor. Let U be a neighborhood of a point x of T such that any 
continuous 0-sphere in U bounds a continuous 1-cell in U. Let A be 
the class of all neighborhoods V of x such that any continuous 
p-sphere, 0<pn, in V bounds a continuous (p-+1)-cell in U. Since 
T is LC*, A is not vacuous. Order the elements of A by inclusion. 
Since the continuous image of a sphere is a compact set, the union 
of the elements of any simply ordered subset of A is again an ele- 
ment of A. Hence, by Zorn’s lemma, A contains a maximal element, 
Vo. 

We assert that Vo DU. If not, let y be a point of the open set 
U-— Y, and let W be a neighborhood of y, WC U—Vo, such that any 
continuous p-sphere, 0<p Sn, in W bounds a continuous (p-+1)-cell 
in U. Since p>0, any continuous p~-sphere in V,\/W is either in 
Vo or in W, so Vie W is an element of A, which contradicts the 
maximality of Vo. 


Received by the editors May 2, 1947. 
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Now, by the enemies oe of U, Vo has the property required by 
the theorem. 

We remark that ths same proof holds, with trivial modifications, 
for homology local connectivity. 

It is an open question whether the neighborhood V can be required 
to be connected. 
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UNCONDITIONAL CONVERGENCE IN BANACH SPACES 
8. KARLIN 


Introduction. This note investigates an apparent generalization of 
unconditionally convergent series > x; in weakly complete Banach 
spaces. A series of elements with x; in E is said to be unconditionally 
convergent if for every variation of sign a= +1, > "em; is con- 
vergent. This formulation of the definition of unconditional con- 
vergence is equivalent to that given by Orlicz[4].1 We call $ x; un- 
conditionally summable if there exists a finite row Toeplitz matrix 
(b,a) such that for every variation of sign o;= > ibe > pert: 
converges. The fact that unconditional summability implies uncon- 
ditional convergence is established in this note. Finally, applications 
to orthogonal functions are presented. 


Preliminary lemmas. In what follows, bu will denote an arbitrary 
finite row Toeplitz matrix. 


LEMMA 1. If S,(0) = > -*ari(0) converges to an essentially bounded 
functton f(t), a > Taarn(0)| Sc almost everywhere. (r,(8) denote the 
Rademacher functsons.) 


Proor. This is an immediate consequence of the result that 


(J, (gaz | au} Yoo)” 


í e( f Is-0 pa), 155 &, 





(1) 


Received by the editors April 30, 1947. 
1 Numbers in brackers refer to the references cited at the end of the paper. 
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for all m [3]. For, applying (1) for p= œ, we get 


w 


3 om) < cf(0) S Y. 
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kad 


2 oni) SC 


1 








ġeni = me 


Lemma 2. If a.m 2 Zi ibin DP etx converges for every ex +1, 
then SP | aa <o, 

Proor. We first establish that if 4, = 1 Asé, converges for 
every variation of sign e= +1, then Ñ$, Arl SC for every t. If 
we -observe that f(A) "TAF is a sequence of elements in ()) 
(space of absolutely convergent series), then the hypothesis implies 
that x; converges weakly for all functionals f of the form f= {e4}. A 
result of Banach [1] implies x; are strongly convergent and hence 
æd] = 50%, | Awa] SC. We now complete the proof. Since 

ai h at ait ai 
o= >) bind, er = >. jad ba | = $ aAa 
Len Eaves] b=! 


k=l bel 


converges, we have, in view of the preceding, that 

at b ay ai 

>, bi >, er} S Do land) bo 
bmw] hal 


kal Lawn J, 
If we replace the e; by 7,(@), then the hypothesis states that o,(@) 
converges for every §. In virtue of a known result [6], this implies 
that S,(@)= > *airi(8) converges almost everywhere. This fact com- 
bined with (2) yields easily by Lemma 1 that almost everywhere 


(2) 
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Using the independence of the Rademacher functions, we obtain for 
[Aa] S1 that 


> Onn = f Foral) il (1 + Asra(0))do 


scf Ù atuna sc 


Choosing \, =8ign a,, we get X |a| < œ, which completes the proof. 
The hypothesis requiring every set { hr the lemma is necessary. 

For there exist numbers a; with <o, Plaļ=%, and 

> ari(0) convergent almost everywhere, for example ar= 1/1. 
Another result needed in the same direction is the following: 
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Lexma 3. If for almost al vartaiton of sign 


My a 
>. bin 2 atj & C, 
Lew Iml 








then Dial <w. 

Proor. In view of the hypothesis and the proof of the preceding 
lemma, it will be sufficient to show that o;= YOH bin > tery 
converges almost everywhere. We proceed to show this. The hy- 
pothesis implies that for o,(6)= >t. ib 2 fu171(6)a1, we have for 
any p> Il 


f | a (0) |”d8 S y. 


From a result of Banach and Saks [5], we infer 


1 


(3) lim 


amare Vy 





1 a 1 z $ 
— Eon) —— E oa(0)| d8 = 0. 
ME hol % Iml 

This can be represented as a new Toeplitz matrix E operating on 
> Tari(0) with E(S,(0)) = fox } = { (1/9) Zaira}. Consequently, 
(3) states that 


(4) J | (0) — on(6) | »d9 — 0. 


But this yields the existence of a subsequence o4,(8) which con- 
verges almost everywhere. As above, this can be represented as 
{o,(0)} —E’{o/ (0)} =E’E{S,(0)} where E'E is a new Toeplitz 
matrix. Hence, we have exhibited a Toeplitz matrix which sums 
Salb). As in Lemma 1 this implies that S, (6) converges almost every- 
where. Q.E.D. 


The theorsms. We now establish several results on unconditional 
convergent series in a Banach space E. 
We assume that E is weakly complete. 


THEOREM 1. If for xı€E, > ox, is summable weakly by a Toeplitz 
matrix for every vartaiton of sign, that ts, 


at h 
op = >) ba? az 
I=] 


kan 


converges weakly as elements, then > x, is unconditionally convergent. 
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Proor. In view of the fact that E is weakly complete, it is sufficient 
to demonstrate that 2| f(xi)| <œ for every functional f [see [4]). 
If f denotes an arbitrary functional and a,=f/(x;), the hypothesis 
implies that, for every variation of sign «e= +1, J t41d., > pei € 
converges. If we apply Lemma 2, we obtain that 


Dlal< © or Dl f(x)| < œ. 


The following similar result can be established with the use of 
Lemma 3. 


TEKOREM 2. If E ts weakly complete and | > ba > er 1| SC 
for almost all variation of signs, then > xis unconditionally convergent. 


A final result in this connection is the following. We assume that 
E is weakly complete. 


THEOREM 3. If for every rearrangement there exists a postitoe Toeplsis 
matrix with > Mibu > xn convergent for x, in E, then J xı con- 
verges uncondtionaly. 


Proor. If f(*:) =a:, we assert that Z lal <o, Otherwise there 
exists a rearrangement with > ap = œ and > faa) >0 for every 
m. This implies that, for any positive Toeplitz matrix, > 3b. 
> aga) which contradicts the hypothesis. The remainder of 
the proof is straightforward. 


Applications. We shall now apply these results to complete orthog- 
onal systems of functions. It is customary in treating bounded 
orthogonal systems to assume that the Lebesque kernel is summable 
by a finite row Toeplitz matrix, that is 


f 1 
9 
[2] almost everywhere in 6. We make this assumption and establish 
the following theorem. 





Ri h 
2 bis 2 bilt)or(0) | dt SC 
Ùi imi 


THEOREM 4. If for every variation of sign em 1, {ea} are the 
Fourier coefficients with respect to {d,(t)} of a function in L*(p21), 
then {dai} are the Fourier coefficients of a function in L” for every 
sequence of numbers d, with |da| S1. 


We first demonstrate a lemma. 


LEMMA. If Dox: converges unconditionally, then || Erdal SC for 
all dı with |d,| S1. 
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ProoF. The hypothesis implies that 














(5) 
for all m and e= 1. For each m and J=—1,---,m with | d,| s1 
there exists a functional fa with |f.| = 1 such that 
(ó) »> ditı = fal >? asa) 
[m1 1 














We obtain now using (5) and (6) 
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Proor or THEOREM 4. Let o,() = Buby > eagt), then in 
virtue of the criterion that a sequence of real numbers be the Fourier 
coefficients of a function in L? [2], we conclude that > ` aġ:(t) is un- 
conditionally summable in L?. Applying Theorem 1, we obtain that 
$ aÙ is unconditionally convergent. The above lemma implies 
that >0%d,a1,(é) is uniformly bounded in L? for any fixed set of dı. 
Applying the criterion for determining Fourier coefficient in L? gives 
us the result. 
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PROCETON UNIVERSITY 


ON A CERTAIN CLASSIFICATION OF RINGS 
AND SEMIGROUPS 


DOV. TAMARI 


In his paper Linear equations in non-commuiative fields (Ann. of 
Math. vol. 32 (1931) pp. 463-477) Professor Oystein Ore defines 
regularity and irregularity of rings and an “order of irregularity” in 
such a way that regularity becomes irregularity of order 1. Here- 
with the following problem is proposed: Do irregular rings of order 
n> really exist? If so of what type are they? In this note these ques- 
tions will be answered. A classification on this line yields nine dif- 
ferent types, for which explicit examples are given. This classifica- 
tion turns out to be essentially one of semigroups. For the so-called 
“ringlike domains,” that is, domains having one distributive law 
only, the position is otherwise and will be treated in detail elsewhere. 

The first section of this paper contains the general considerations, 
the second one the examples. 


1. General considerations. According to Ore we call a ring without 
divisors of zero K left-regular if any two elements a, bER have a non- 
trivial’ common left multiple (C.L.M.), that is, there exists at least 
one pair of elements x, yCR, not both 0, such that xa= yb 
=C.L.M.(a, b). Otherwise we call R left-irregular. In the same way 
right-regularsty and right-rregularsty are defined. Another approach 
to this problem is suggested by the concepts of linear dependence 
and independence. For the sake of generality we do not exclude rings 
with nontrivial? divisors of zero and define: 

If aibit - ++ +éab,=> 0,0;=0, Gn b:ER, where at least one 
b.*0, we say that the n elements a; are linearly right dependent 
(lin. r. dep.), and if at least one a,>40, that the n elements b; are 
linearly left dependent (lin. 1. dep.). But if for a given set ai,-°°-, 
ER it follows from the equation ayit+ ->° +Ge%, = 2 0,4, 
=0 (x, ER) that all x,=0, we say that the set ai,---,G, i8 
linearly right independent (lin. r. ind.). Similarly linear left inde- 
pendence (lin. l. ind.) is defined. 

Obviously a set containing a left (right) divisor of zero is lin. r. (1.) 
dep.; a set containing a subset, lin. dep. on one side, is itself lin. dep. 
on the same side. Any subset of a lin. ind. set is therefore also lin. 

Received by the editors February 27, 1947. 

1 There exist always the trivial common “one-sided” multiples 0-a=0-5 and 
a:O5:0 and the “mixed” multiple xg by with r=b, yma. 

40 shall be called a trivial divisor of zero. 
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indep. on the same side as the set. A set containing equal elements is 
lin. dep. on both sides. Therefore a lin. r. (1.) ind. set contains only 
unequal elements, which are not 1. (r.) divisors of zero.* 

If we can find at least one set of n elements Gi °, 0a ER, 
which is lin. r. indep., and if amy eet of (n+1) elements of ® is 
lin. r. dep., we say, according tc Ore, that R is of righi order (of 
“srregularety”) n. Similarly we define the deft order of R. But if for 
any positive integer n there exis» in Ñ a set of n lin. 1. (r.) ind. 
elements, we say, R is of infinis left (right) order and write 
%; resp. #,= 0. We may therefore classify the rings into types 
(fti, n), where # denotes the left, », the right order of the ring. Thus 
for example a ring of type (1, 1) without divisors of zero is regular on 
both sides in the sense of Ore. Irregularity means that »; and/or 
n,>1. The order zero, that is, ; resp. n, =0, means of course that all 
elements of R are right resp. left divisors of zero. 


THEOREM. There exist no rings of finite (left or right) order n>1. 


Proor.* Assume % to be of right order n,>1. Then there exist at 
least two lin. r. ind. elements a, bE, that is, ax+by=0 implies 
x=y=0, Then the 4 elements aa, ad, ba, bb will also be lin. r. ind., be- 
cause by using the associativity of multiplication and the right dis- 
tributive law? aa-x+ab-y+6a-3-+5b-t=a(ax+dy)+6(as+) =0 im- 
plies ax+by=as+bi=0 and hence x=y=g={=0. Similarly the 8 
elements aaa, aab,---,66b and generally all the 2* elements, ob- 
tained by forming all possible “words” of length nm using the 2 
“letters” a and b, can be proved to be lin. r. ind. Indeed, if 
c; (#=1,-+--,r=2*") are the above defined products of length 
(x —1), the 2* products of length # are given by ac,, be; (4=1, -+> ,7). 
Therefore > acy-x;+> be: vic > caærtb Doc, =0 implies docx, 
= > ¢y.=0. If we assume the lin. r. independence of the c; x,=y;=0 
is implied and therefore the lin. r. ind. of the 2* elements ac;, be, is 
proved by induction. As the same holds for left indep., our theorem 
is proved. 


COROLLARY. There exist af most the folowing 9 types of rings: 


3 In view of later developments, it is worth while to note that all these remarks 
follow either directly from the distributive laws or from their consequences 0:r=—0, 
r:0=0, for any rER. a(b-+c) ~ab+ac 2s the right distributive law, (a +b)c m ac-+be 
the left one. 

‘ This theorem can also be obtained as a corollary of a more general theory con- 
cerning modules with rings as operator domains. Such modules seem to have been 
considered independently by Pau! Dubreil (see Mathematical Reviews vol. 7 (1946) 
pp- 2, 3). 
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(0, 0), (0, 1), (0, œ), (1, 0), Cœ, 0), (1, 1), (1, ©), (œ, 1), (œ, @).* 


That rings of each of these types really exist will be shown by 
examples in §2. 

This result permits us to formulate our classification of rings in 
the following form: is of r. (1.) order 0 only when all ita elements are 
1. (r.) divisors of zero. Otherwise ¥ is of r. (1.) order 1 or œ. It is of r. (1.) 
order 1 when every pair of elements has a nontrivial C.R.(L.)M. 
It is of order œ when not every pair of elements has a nontrivial 
C.R.M. In this form we see that our second approach is not much 
more general than our first. It is also seen that our classification of 
rings is one of semigroups only, because “divisor of zero” and com- 
mon multiple” are notions based on multiplication only. A semigroup, 
namely, is a system with one composition (multiplication), which is 
(1) general, (2) unique and (3) associative. It remains only to define 
“divisors of zero” for a semigroup © as follows: a€© is a right 
(left) divisor of sero in ©, if there exists a pair x, yC6, xy, such that 
xa=ya (ax=ay).§ Therefore a is not a r. (1.) divisor of zero, if 
xa=ya (ax=ay) implies x=y. Thus © is a semigroup without di- 
visors of zero, right and/or left, if the right and/or left cancellation 
law (that is, ba =ca and/or ab=ac implies b=c) holds in ©. Now if 
we consider a ring as a semigroup with respect to multiplication the 
above defined concept of divisor of zero becomes identical with that 
usually defined for rings.” 

In this connection it is of interest to point out some differences 
between semigroups and rings: (1) In a ring with divisors of zero 
there must exist right as well as left divisors of zero; but in semi- 
groups it may occur that all elements are right divisors of zero (that 
is, #,==0) with not a single one being a left divisor of zero. (2) Ina 
ring of order 0, say #;=0, there exists for every pair of elements at 
least one nontrivial C.L.M.=0; but in semigroups it may occur 
that n,;=0 with no C.L.M. whichever existing. (3) As a semigroup 

5 As to rings without divisors of rero, only such of the last type (©, œ) are prop- 
erly irregular in the sense that they can not be immersed in a quotient field accord- 
ing to the construction given in the previously mentioned paper of Ore, while the 
others permit this construction, which requires regularity on one side only. This does 
not exclude the Immeraibility into other kinds of embracing fields. The analogous 
remark holds for semigroups too. 

' In the case 6 contains a zero element the latter is called a trivial divisor of rero. 

7 Every divisor of zero in the multiplicative semigroup is also a divisor of zero in 
the ring and conversely. For trivial ones this is clear. For nontrivial ones this follows by 
the distributive laws: ac=bc, asáb, c40 implies (a —b)c=0, a—b tO, cm0., dom, 
dy»é0, c40 implies, for each x, d((c-+x)—x) 0 and hence d(c+-x) =dx, c-+-xySx and, 
for each y, ((¢+y) —y)c=0 and hence (d+ )c= yc, d-+-y 967. 
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may be finite, but not of order 0 or 1 (for rings this is impossible), it 
sems more appropriate to use the letter ¢ (to suggest “irregular”) 
instead of the symbol œ in the notation for types of semigroups. 
This is especially necessary in view of a more general theory of 
“ringlike domains,” as will be shown elsewhere. 


2. Examples. We start by constructing a semigroup without 
divisors of zero f§ of type (4,4). Any “word” composed by the 2 letters 
x, y shall be an element of §, and nonidentical “words” represent dif- 
ferent elements. The composition, defined by connecting one word 
to the other, is obviously (1) general, (2) unique, (3) associative, and 
(4) complies with the cancellation laws. No C.R.(L.)M.’s exist ex- 
cept in the case of one word being a right (left) “end” (that is, 
“divisor” or “part”) of its pair. Therefore ff is of the required type. 

Consider all elements of as the basis of a module Qt over a ring 
R, which may be chosn as the field {0, 1} of residue classes (mod 2). 
Thus each nonzero element of M has the form Y f, where the frs 
form an arbitrary finite set of different elements of §. Defining multi- 
plication in M by the distributive laws, M becomes a ring which 
can be called the “semigroup ring” of Y over R, written R(8). We call 
the sums > f, “polynomials,” those consisting of one term “mono- 
mials.” The “degrees” of a monomial fEF, fER(F) is the number of its 
letters and is denoted by 8(f) A polynomial p containing only mono- 
mials of equal degree ô is called a “homogeneous” polynomial of 
degree 6=6(p). Any polynomial P is a sum of monomials. P is also a 
sum of homogeneous polynomials p, of different degrees, that is, 
P= > Lips with 8(p:) <3(ps) < + + - <8(p.) =8(P), the degres of P. By 
multiplying terms of highest degree 8(P), 8(Q) of P0, Q0 we 
obtain every product of degree 8(P)+8(Q) only once. This yields 
exactly all terms of highest degree 6(PQ) in PQ, which therefore 
cannot vanish, giving the rule (PQ) =68(P)+8(Q). From this it fol- 
lows as for ordinary polynomials that our ring §t(f) does not con- 
tain divisors of zero. R(f) is of the type (~, œ): to show this it is 
enough to find 2 monomials which have neither C.R.M. nor C.L.M. 
Indeed, by choosing the generators x, y themselves whatever the 
polynomials P, OECR(F), it is obvious that Pxx¥Qy («PxyQ), be- 
cause Px (xP) is composed of monomials ending (beginning) with x 
only, while all monomials of Qy (yQ) end (begin) with y. 

Next we construct a semigroup without divisors of zero © of 
type (1; 4) consisting of all symbols x (a, 8=0, 1, 2,---). We 
define equality and composition by: x*4*1 = only when a =a, 
Bi=8, and conversely. xt y8t-2o1yft agit: yma, +2las. The 
composition is (1) general, (2) unique, (3) associative, and (4) 
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complies with the cancellation laws, as may bé easily verified.* To 
any 2 elements p =r ECG (s=1, 2), we can find 2 elements 
a,=xtty" (¢=1, 2), such that sig:—s923; for example, if we take 
ni=Bs, n=, 1 = Zias, f= 2ra, the C.L.M. (¢1, gs) becomes myra 
with A= 2a, +2. But generally the g, have no C.R.M., because 
Ede xit, and because for 8, Baxf0 and asta, (mod 2) no 
£,, 7, can be found such that gig: =g; for example xy and xy cer- 
tainly have no C.R.M. © is therefore of the type (1, 4). 

Similarly, as before, we construct a semigroup ring R(®) and write 
the general element PER(G) as a polynomial in y using the left 
distributive law: P= >/%., ,(x)y', where the 9; are polynomials in x, 
p(x) <0 and p=4,(P), the “degree of P tn y.” Note the multiplica- 
tion rule: p(x) = p(x)". As may be easily verified §t(@) does not 
contain divisors of zero. The monomials xy and x*y have no C.R.M. 
in R(@). Indeed from «yP=x*yQ it would follow that the different 
monomials of xyP are equal in some order to those of x*yQ, which is 
impossible. Therefore m= œ. 

To prove n;=1 we take advantage of some results contained in O. 
Ore’s paper Theory of non-commutatios polynomials (Ann. of Math. 
vol. 34 (1933) pp. 480-508) and consider the ring R* of the noncom- 
mutative polynomials P*= > ¢r,y' where r;=1i(x) =p,(x)/p/ (x) are 
elements of the field of all rational functions of x over R. The multi- 
plication in R* shall be defined by yr =?y+r’ =r(x*)y; that is, 


r(x) = r(x), r (z) = 0." 


Thus we specialize Ore’s operations in such a way that #%(@) may be 
identified with a subring of R*. We know that for every 2 elements 
P, OQER(G)CR* we can find S*, T*ER*, not both 0, such that 
S*P=T*Q=C.L.M. (P, Q)ER*. By left-hand multiplication with 
a suitable polynomial p(x) we get pS*=S, pT*=T, S, TER(G) and 
therefore SP=TQ=C.L.M.(P, Q)ER(G). By the way, the ring 
R* itself is also of the type (1, œ). We need only to show that m = œ. 
It is sufficient to prove that, for example, xy-P*xix*)-Q* for every 
pair P*, O*CR*, not both 0. Indeed, from xyP* =x*yQ* it would 
follow that xy(Dor(x)y) =x*y( Diss(x)y), that is, Jorie) 
=x )S,()y*t!, that is, r(x) ==xs,(x") and hence, for at least one 
index $, x=1,(x*) /s;(2*) =t(«?), that is, x is a rational function of x$, 
which is impossible. 

Now we construct a semigroup § of type (0, s) by taking all the 

3 The semigroup could also have been defined by the 2 generators x and y and the 
defining relation yr = sty, 

* Compare loc. cit. p. 481, equation (3). 
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symbols (words) fC (see first example) and adding the symbols 
e and fe (that is, a word of with an e “hung on”). We define equality 
by identity and composition by connecting words, with the addi- 
tional provision that an e not standing at the end (that is, belonging 
to the first (left) factor) shall be suppressed. In this way we obtain 
again one and only one symbol of §, that is, the composition is gen- 
eral and unique; its associativity is obvious too. All elements of § 
are right divisors of zero, becau# for JERC O we have fexf, but 
fe-h=fh for every kE Q. But Ó bas no left divisors of zero because 
hız hs implies, for every ACO, khi kha. The two special elements 
x, yE have no C.R.M. because xh» yk for every ACD. $ is there- 
fore indeed of type (0, 4). 

As in the previous examples we construct the semigroup ring #($). 
Its elements have the forms R=P(x, y)+Q(x, y)-e=P+Qe, where 
P, QER(F). The multiplication rule is R ,Ra=(P1 +09 (P1406) 
= (Py+Q1) Pat (Pit Q) Q= (PitQvRs. RiRi=0, Ri, Rex40 implies 
(PitQ.)Ps=(P1+Q)Q:=0, thatis, Pi+Q1=0, that is, P= Qı, that 
is, PımỌ, (mod 2). Therefore every element ReER(H) is a right 
divisor of zero, that is, 7;=0. But m = œ, because the 2 elements 
x, YER(P) have no C.R.M.: xRixtyRy for any Ri, RiCR(H). 
R( H) is therefore of type (0, œ). 

We consider the semigroup 3 consisting of the symbols e, x” and 
xe (n=1, 2,---) with identity and composition defined as for §. 
Every element of 3 is a right divisor for zero, but none a left one; 
any 2 elements have a C.R.M. Therefore $ is of the required type 
(0, 1). Considering again the semigroup ring #t($) we see that its 
elements have the form R=p(x_+gq(x)e with the same multiplica- 
tion rule as in #(Q) and therefore s;=0. But »,=1, because for any 
R,= pyt+qe @=1, 2) we can find U;=s;-+he with R:Ui— RU 3; for 
example, choose 4=A=0, s:=f2+4q, Sm f1-+41. 

For the type (0, 0) we may conetruct an example, different from the 
trivial {0} containing the zero e&ment only, by taking any finite or 
infinite set of different symbols =;, one of them being “0.” This set 
becomes a semigroup F by defining multiplication by x,x,=0, that 
is, every product is 0. 7 is of type (0, 0), and so is the semigroup ring 
(7), as is easily seen. 

Conclusion: As the type (1, 1) is that of the most common rings and 
as by simple symmetry our examples prove also the existence of rings 
(semigroups) of the types (œ, 1), (œ, 0) (reap. (¢, 1), (£, 0)) and (1, 0), 
we have proved that rings and semigroups of every one of the 9 pos- 
sible types really exist. 
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ON THE REPRESENTATION, IN THE RING OF 
p-ADIC INTEGERS, OF A QUADRATIC FORM 
IN » VARIABLES BY ONE IN m VARIABLES! 


IRMA MOSES 


Introduction. In this paper, we relate the existence of p-adically 
integral, linear transformations taking a quadratic form f in m vari- 
ables into a quadratic form g in » variables with the representation 
of g by f rationally without essential denominator. Before stating our 
result, we introduce some terminology and recall some known 
theorems on the subject. 

We denote by R, Re, and R, respectively the rational field, the 
real field, and the p-adic field for p an arbitrary, fixed prime. We 
also designate the ring of rational integers by J and the ring of p-adic 
integers by Jp. We recall the definition that a form f, with matrix in 
J, represents a form g, with matrix in J, rattonaly without essentsal 
denomsnator, if, for every positive, rational integer q, f may be taken 
into g by a linear transformation whose elements are rational num- 
bers with denominators relatively prime to q. 

We assume throughout this paper that any considered transforma- 
tion is linear and that the matrix of any considered quadratic form is 
nonsingular and has elements in J, unless otherwise specified. We 
shall feel free to phrase theorems and proofs either in terms of the 
matrix of a form or in terms of the form itself. 

It was proved by Helmut Hasse [1, pp. 205-224]? that if f and g 
are quadratic forms with the same number of variables, the existence 
of transformations in all R, and in R,, each taking f into g, implies 
the existence of such a transformation in R. He later [2, pp. 12-24] 
extended the theorem to the case where f and g do not necessarily 
contain the same number of variables.4 Then C. L. Siegel [5, pp. 678- © 
680] proved that if f and g contain the same number of variables, the 
existence of transformations in all J, and in Re, each taking f into g, 
implies that f represents g rationally without essential denominator. 
We now wish to extend this theorem of Siegel to the case where f 
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1 The material of this paper comes from a thesis, written under the direction of 
Professor Burton W. Jones, and presented to the Graduate School of Cornell Uni- 
versity for the degree of Doctor of Philosophy. 

* Numbers in brackets refer to the references cited at the end of the paper. 

1 The reader is also referred to a proof by C. L. Siegel [6, p. 549]. 


159 


160 IRMA MOSES [February 


and g do not necessarily contan the same number of variables. 
Siegel’s proof must be modified to give the extension, as it uses, to a 
large degree, square matrices and their inverses, which do not exist 
in case f and g contain different numbers of variables. We now state 
the extension theorem formally. Its proof and a corollary will then 
occupy the remainder of the paper. 


THEOREM. Let S and T be svmnetrec, nonsingular mairsces in J, of 
orders m and n, respectively. If there extsts a transformation tn each J, 
and a transformation in Re, eack taking S into T, then S represents T 
rattonally without essential denominator. 

1. Canonical forms for quadratic forms with matrices in J}. In the 
proof of the theorem, we use canonical forms for quadratic forms with 
matrices in Ja. B. W. Jones [3, pp. 726-727 | and Gordon Pall [4, pp. 
35-38 | have established canonical forms, modulo an arbitrary, fixed 
power of 2, for quadratic forms w-th matrices in J. By slight modifica- 
tions of their respective theorems and proofs, we obtain the following 
results, designated as Lemmas 1, 2, and 3. 


LEMMA 1. Any quadraise form in s variables, with matrix in Ji, ts 
equivalent in Ja to a form, 


b= 249, fs + 26, 


where 01, -°-, Oa are quadratic ferms, each with matrix in J, having a 
2-adtc unii determinant, and caci in variables differenti from those of 
the remaining forms; and where tHe e, are in J (OS6i<e,< +--+ <6). 


LEMMA 2. Let 0 be a quadratic form in t variables, wuh matrix in Js 
having a 2-adtc unt determinant. Then esther 0 is equivalent in Js to a 
form of the type 

aay +--+ + apy, 


where the a, are units in Ja; or & is equivalent in J, to a form of the 
type 


(bazi + crate + diza) +--+ + 2l + etit + dpa), 
where the b; and c, are untts in Jr, and the d, are in Js. 
Lemma 3. Every form 2bxi-+-2cxyx4-+2dxd, in which c is a uni in 
Jı, and b and d are in Js, +s equtvaleni in J, esther to 
(1.1) 2a or 2e -+ Laity + Qa, 


according as bd 4s noi a unt or is 3 unt. 
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We now combine Lemmas 1, 2, and 3 to see that for any quadratic 
form with matrix in J, there exists an equivalent form in J, of one 
of the following kinds: (1) a diagonal matrix; (2) a matrix with powers 
of 2 times the matrices of binary quadratic forms of type (1.1) on 
the principal diagonal and 0’s elsewhere; and (3) a matrix which is 
a mixture of (1) and (2), containing matrices of both unary and 
binary quadratic forms on its principal diagonal and 0’s elsewhere. 


2. The main lemma for the proof of the theorem. In this section, 
we state and prove the main Iemma used in the proof of the theorem. 
We shall use of the results of §1, as well as the following two theorems 
from a paper of Siegel [6, pp. 536, 538], designated as Lemmas 4 and 
5: : 


Lemma 4. Let Sand T be symmetric mairices in J, of orders m and n, 
respectively. Let P destgnate any one of the fields R, Ro, and Rp. Then if 
Co SCo=T ts a representation of T by Sin P, then each other representa- 
tion C'SC=T tn P, for which (Ci SC—T)— exists, can be writien sn the 
form, — 


(2: 1) Cm Co + 2M(N — M'S MM)“ MSC), 


where N is an n by n skew-symmetric mairix in P and Mts an m by n 
mairix in P. If, conversely, N is a skew-symmetric matrix sn P and M 
ts an arbitrary matrix in P, for which (N—M’SM)— exists, then (2.1) 
furnishes a solution of C’SC aT. 


Lexma 5. For every symmeiric mairix in Jp, there exists an auto- 
morph in J, of determinan —1. 


We wish now to prove the following lemma: 


Lemma 6. Let a prime p be given. Let Sin J and T in J, be non- 
singular, symmetric matrices, of orders m and n, respectively. If B in 
R, and Bp in J, are transformations taking S inio T, then there ts an 
automorph of T in J», say Ap, such that B,=B,A, takes S into T and 
| B'SB,— T| #0. 


We prove Lemma 6 by induction on n, finding it necessary to prove 
it first for n=1 and n=2. 

Case I. n=1. When n=1, T and B’SB, are scalars. If B’/SB,x+T, 
we choose B,=B,; if B’SB,=T, we choose B, = —B,. Since T is 
nonsingular, we then surely have | B’SB,—T| ~0. 

Case II. n=2. If | B’SB,—T| 0, we set B,=B,. If | B’SB,—T| 
=0, we may take B,=—B,, providing that | —B’SB,—T| x0. If 
both | B’SB,—T|=0 and | —B’SB,—T| =0, we may add the ex- 
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pansions of the determinants to get | B’SB,| =—|T|. In this case, 
we use Lemma 5 to find an automorph of T in Jp say Lp with 
|Z,|=—1. Then, since |T| 0, 


| B'SB,L,| = — | B'SB,| * — | T|. 


Thus, at least one of | B’SB,L,—T| and | —B’SB,L,—T| is dif- 
ferent from zero, and we can define B, accordingly. 

Case III. n2 3. If p is odd, we assume the lemma true for »—1 and 
proceed to show it holds for n. By a well known theorem,‘ since p is 
odd, there exists a unimodular transformation, say Cp, in Jp taking T 


into a form, 
Qao 0 
Qa = ( ), 
0 Je 


where Qe«o is an n—1 by »—1 matrix in J, and q, is a scalar in J,. 

If p is even, we use the results of §1 to obtain a canonical form in 
J; for T in J}. The first possibility mentioned there, (1), gives us the 
same kind of form Q, that we have just indicated for an odd #, and 
we handle (1) exactly as the case for p odd. To treat (2), we proceed 
with an induction proof, assuming the theorem for » —2 and proving 
it for n. We rely here upon the fact that the lemma has been proved 
for both »=1 and »=2. For the third possibility, we may surely 
make an induction ptoof, for which, at each stage of the induction, 
either the treatment for (1) or that for (2) will be suitable. 

We consider now the proof for (2), wherein the theorem is assumed 
true for n—2 and is to be proved for #. From the previous discussion 
we know there exists a unimodular transformation, Cy, in Js, taking T 
into a form Qs which is schematically either 


Ow/2* 0 Ow/2* 0 


À ji , a gi 
(i) , 2i r (ii) a 


.0 
1 2 5 12 
where Q» is an #—2 by »—2 matrix in J; and k is a non-negative, 
rational integer. Form (ii) follows directly from (1.1), since the uni- 


1 1 


4 For a proof of this theorem, see, for example, C. L. Siegel [6, p. 535]. In the 
statement of Slegel’s lemma, R, should be replaced by Gp : 
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( 3) , ( 3 
into ‘ 
5 12 1 0 


We proceed now, regardless of the parity of p. Let Q designate 
appropriately Q. or Qs, Qo either Oxo or Q, and q the appropriate one of 


24 2 5 
ro (22), ana (2) 
1 2 5 12 


We now define V=BC, and YV,=B,C,, noting that V’SV 
=V,SV,=Q. If we partition V and V, into V=(U, u) and 
V,=(W, w), where « and w each designate a unicolumnar matrix in 
case q is a scalar and each a duocolumnar matrix in case q is a 2 by 2 
matrix, we see readily that U’SU = W'SW=(Qp, that U’Su= W'Sw=0 
and that #’Su=w'Sw=q, 

Then by the hypothesis of our induction, with B replaced by JU, 
B, by W, and T by Qo, we see that there exists an automorph, say 
H, in J, of Qo, such that for W= WH, it is true that 


(2.2) | | U'SW — Q| ¥ 0. 


We take ®=wlL, where L is an automorph of q in J to be chosen 
later, and V,=(W, 8). Then W’Sw=Oimplies H’ W’SwL =0; that is, 
W'S#=0. Thus, since surely W’SW=H’Q,H=Q) and #’St#=q, 
we have VJ SV,=0. Now, schematically, 


t U” 
Ivist, = ol = (5 J509 -0l 
U'SWŴ — Q, U'S® | 
wSW  wSo-—ql) 


If q is of form qe, we take L successively equal to +1 and —1. Thus 
we first assume ®= w, whence expansion of the above determinant, 
(2.3), by the last column will give us 


(Sw — q) | U'SW — Q| + K, 


takes 


(2.3) 





where K is a linear combination of the elements of w. If,-on the 
other hand, we assume that #=—w, we see that the above de- 
terminant becomes 


(— #/Sw — q) | U'SW — Qo| — K. 
The sum of these two determinants is —2g| U’SW—Qo|, which is 
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nonzero, since the ncnsingularity of T implies q0 and (2.2) tells us 
that | U'SW—Q,| x9. Thus, at least one of the two determinants is 
different from zero. 

If gis of form (i), namely, 


we take L successive.y equal to 


» Go o» CY 
o C= o C) 


If q is of form (ii), namely, 
(: ) 
25 ; 
5 12 


we take L successively equal to 


© 6) C3 


o (Ceo G) 


That the L’s are indeed automorphs of the respective q’s may be veri- 
fied directly. 

If we add the determinants, obtained from (2.3), for the values of L 
given by (a), (b), (c), and (d), we find their sum is 3-2¥*| U'SW — Qo]. 
If we add the determinants, obtained from (2.3), for the values 
of L given by (a’), (b’), (c’), and (d’), we find their sum is 
— 20| U'SW —Qo|. From (2.2), | U’SW—Qo| 0, so that at least 
one of the determinarts in the first sum and one of the determinants 
in the second sum are different from zero. 

We have thus shown that in case q is of the form 


21 2° 95 
TORES 
12 5 12 


we may choose ® appropriately so that 
(2.4) | Y'S, — Q| 0. 
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Now 


or denoting 


by D, we have F, = V,D, where D is an obvious automorph of Q in 


r 
We then have I 
(2.5) V’SV, — Q = V'SV,D — Ọ = Cj B‘SB,C,D — 0. 


Multiplying (2.5) on the left by (C,)— and on the right by C;', and 
using (2.4), we have 


| B’SB,(C,DC, ) — T| ¥ 0. 


Noting that C,DC,* is an automorph of T in J, we define 
B,=B,(C,DC,"), and this completes the basis for our induction. 


3. Proof of the theorem. To prove the theorem, we shall use 
Lemmas 4 and 6, as well as the theorem of Hasse, referred to in the 
introduction. We proceed with the proof. 

Since the hypotheses of the theorem satisfy the conditions of 
Hasse’s theorem, there exists a rational transformation, say B, tak- 
ing S into T. Since T in J isin each Jp, Lemma 6 is applicable, so that 
there is a B, in each J,, such that 5; SB,=T and 


(3.1) | BSB, — T| ¥ 0. 


Now let g be any given, positive, rational integer and p a prime 
factor of g. Then using Lemma 4, by virtue of (3.1), we see that for 
each p, there exists a skew-symmetric matrix N, in R, and a matrix 
M, in R, such that 


(3.2) B, = B+2M,(N, — MSM M {SB. 


. If 8 is an arbitrarily large rational integer, by the Chinese Re- 
mainder Theorem, we can find a matrix M in R, satisfying the con- 
gruence Mu M, (mod H°), for all prime factors p of q, and a skew- 
symmetric matrix N in R, satisfying the congruence N= N, (mod p8). 
Now Lemma 4 implies the existence of (V¥,— M; SM,)— for each p; 
hence, | N,— M; SM,| 0. We then have, for $ sufficiently large, 
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| N — M’SM | m|N, — M{SM,| yá 0 (mod p9) 


for any p. Thus, |N—M’SM| +0. 
Now we define a matrix B in R, 


(3.3) Bum B+ 2M(N — M’SM) M'SB., 


Since B, has p-adic integers as elements, then, by virtue of (3.2) 
and (3.3), for 8 sufficiently large, B is p-adically integral for all 
prime factors p of a. This means that the denominators of the ele- 
ments of Š are relatively prime to q. Finally, if we use (3.3) in Lemma 
4, we see that B takes S into T. 


4, An application of the theorem. We now prove an immediate 
corollary of the theorem. 


COROLLARY. If S and T are symmeirsc, nonsingular matrices in J, 
of orders m and n, respecttoely, and if there extst transformations in al 
J, and in Ra, taking S into T, then there extsts a ratstonal integer q, 
prime to any given rational integer r, such thai there is a transformaiton 
an J taking S into qT. 


Let r be given. Then, according to the theorem, S may be taken 
into T by a transformation, B, in R, the denominators of the ele- 
ments of which are relatively prime to r. If we denote the least com- 
mon multiple of the denominators of the elements of B by q, then 
(q, 7) =1, and 


B'SB =T, qB'SqB = q°T. 


Surely qB is in J. 
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THE ROLE OF THE CENTER IN THE THEORY 
OF DIRECT DECOMPOSITIONS 


REINHOLD BAER 


It has been noticed for a long time that the center plays a funda- 
mental part in the theory of direct decompositions of operator groups 
and loops. In particular it has been found that the existence of iso- 
morphic refinements of direct decompositions can be assured by im- 
posing conditions which refer solely to the center. It is the object of 
the present note to give an explanation for these phenomena by prov- 
ing quite generally that the validity of the refinement theory in an 
operator loop is a consequence of the validity of this theory in the 
center.? 

In our discussion of operator loops and their direct decompositions 
we shall use the notations and fundamental definitions which we in- 
troduced in a previous paper (Baer [1]) and which are, of course, 
quite analogous to those customarily used in the theory of operator 
groups. The refinement theory, however, which we developed re- 
cently differs materially from previous statements of the theory, and 
thus we restate it here in the farm best suited to our present purposes. 

DEFINITION. If 


(i) L=A@BuDOE 

are dtrect decompossitons of the M-loop L into direct sums of two M-sub- 
loops, tf the refinements 

G) A= A’'@A”, B= BOB’, DaD @D", E= E' @ E" 
satisfy the conditons 

A OB =B 9D =D QE =E QA (mI), 

A” © D” = D" @ E” = E” ® B” = B” @ AN (= L”), 

then the decompositions (i) consttiute canonical refinements of the parr 
(i) of direct decompositions of L. 


Using this definition our refinement theory may be expressed 
briefly in the form of the following proposition. 


(iii) 


Presented to the Society, October 25, 1947; received by the editors November 18, 
1946. 
1 See Baer [1] for bibliographical references and a survey of the pertinent facts, 
in particular the theorems of Konek and Kurosh. Numbers in brackets refer to the 
bibliography at the end of the paper. 

* A more precise formulation of this statement will be given immediately below. 
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POSTULATE E. If the M-subloop S of the M-loop L ts a direct sum- 
mand of the M-loop L, then any pair of direct decompositions of S into 
two componenis possesses canonical refinements. 


We have to justify our contention that the Postulate E is an 
adequate expression of a refinement theory. 

1. In Baer [1] we have shown that the Postulate E is satisfied 
under rather general hypotheses; it is valid in particular whenever 
the hypotheses are valid that have previously been needed for prov- 
ing refinement theorems. 

2. In Baer [1| we have shown that Postulate E implies the 
existence of exchange isomorphic refinements to any two given direct 
decompositions of L into a finite number of direct summands. Here 
we say that the direct decompositions 


L=A(1)@---@A(n) and L= Bil) @--+ @ Bim) 


are exchange isomorphic, if m=n and if there exists a permutation 
44’ of the integers from 1 to n such that 


L= A(t) @--- Al -— 1) BGN 
@As+1)O--- Aln) for every i. 


It is easy to verify, and has been shown in Baer [1], that this implies 
the center isomorphy of A(s) and B(s’) for every 4. 

3. The Postulate E constitutes nothing but the requirement that 
decompositions of the special form L=A@BOF=DOEGF with 
A@®B=—D@®E possess refinements that are exchange isomorphic in 
a very strict sense. 

The principal result that we are going to obtain may now be stated 
in a more precise form than in the introductory paragraph: 

Postulaie E is satisfied by the M-loop L whenever tt is satisfied by the 
M-center of L. ` 

(The center of L consists, as usual, of all the elements in L which 
commute with every element in L and which asociate with every 
pair of elements in L; and the M-center M of L is the uniquely de- 
termined greatest M-subgroup of the center of L, that is, the M-center 
is the sum of all the admissible subgroups of the center of L.)* 

NOTATION. If Sis an M-subloop of the M-loop L, then Z(S) is the 
M-center of S. 


Lemma. If 


7 It will become apparent in the course of our discussion that we could have sub- 
stituted for Z(L) a certain, generally proper, M-subgroup of Z(Z). 
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(1) LE=A@QB=DOE 

i 
are direct decompostitons of the M-loop L, and +f the decompossitons 
(2) AmA’@A”", Ba BOB’, D= DOD", Es EGE 


are canonical refinements of the pair (1) of direct decompositions of L, 
then 


A’ =A [D@2Z(E)], "= AN [E e zD], 
~ B'a BA [E ZD], ' = BAN [D 9 Z(E], 
D = DA [4 @2(B)], A [B® Z(4"], 


E = EA [B eZ(4)]), EE” = EN [A 8 Z(B")]. 
Proor. It follows from the definition of canonical refinements that 

A @B =B OD aD OF =F CA (=I, 

A“. @ D! = D" ẹ@ E" = E @ B” = B® Al (= LÑ. 
From E’ OD’ = E’@A’ one deduces that there exists to every element 
ain A’ one and only one element d in D’ such that aed modulo E’. 
There exists one and only one element e in L such that a =d+6; and 
it follows from a =d modulo E’ that e belongs to E’. But the mapping 
of a in A’ upon d in D’ is known to be a center isomorphism; and 
thus ¢ actually belongs to Z(E’). Thus we have shown that A’SD’ 
Z(E’); and from D” QE” =D” DA” one deduces likewise that 
A” SE” @Z(D""). From these inequalities one infers immediately 
that 
A SAN[D OZEN SAN ([DOZE)|SAN(DO E'], 
A" SAQN[E’ @2ZD)|SANTE@OZD)|SAN[ESO D]. 
It follows from (4), (2), (1) that 

L=L/'@eol’=DV@L OD’ GA" BADGE OA", 
implying that A’(\(D@E)=0. Consequently it follows from 
A'SA(\(D@E') SA =A'@GA" that 

AN(D@E)=A’@[AXMNANDWGE)| 
= ÁA @ [AOAO (DB EN] = A’ 

and AC\(E@D")=A"' is shown likewise. Hence the inequalities (5) 
are actually equalities, proving the first two equations (3) of the 


(4) 


(5) 


4 This fact as well as many related assertions are very well known in the theory of 
groups; a verification for loops may be found in various places, for example Baer [1]. 
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lemma; the rest is verified likewise. We note that we have proved 
slightly more than we intended to prove, namely the validity of the 
following equations: 


Aim ANID O2ZEF)|=AN(DOZE)]=AN (DOG E |, 
AX = AN [E" @2(D)| = 4NA [E 8 ZDN] = 4A [E @ D"]. 


The following fact is easily verified * If L=A(i)® --- PAs) isa 
direct decomposition of the M-loop L, then Z(Z)=Z(A(1))®--- 
@Z(A (#)) is a direct decomposition of the M-center of L. The latter 
decomposition will be referred to as the center decompostiton induced 
by the former decomposition. 


THEOREM 1. Two canontcal refinements of the paar L=A@PB=aDOE 
of direct decompossiions of the M-loop L are equal sf, and only if, they 
induce the same cenier decompostitons. 


(6) 


This is an almost immediate consequence of the equations (3) of 
the preceding lemma. 


THEOREM 2. Suppose that (1) are direct decompositions of the M-loop 
L, that 


(Z.1) Z(L) = Z(A) ®© Z(B) = Z(D) ®Z(E) 

are the center decompositions induced by (1), and that 
Z(A)=A*@A™, Z(B) = B* ® B™, 
Z(D) =D*@D*™, Z(E) = E*@ E“ 


are refinements of the decompostitons (Z.1). Then the refinements (Z.2) 
are canonical refinements of (Z.1) if, and only sf, they are induced in 
the M-center Z(L) of L by canontcal refinements of (1). 


Proor. It is almost obvious that canonical refinements of (1) in- 
duce in the center canonical refinements of (Z.1). Thus the refine- 
ments (Z.2) are certainly canonical refinements of (Z.1) if they are 
induced in the center by canonical refinements of (1). 

Assume now that the refinements (Z,2) are canonical refinements of 
(Z.1). Then we mfer from the definition that 


o Z* = A* Œ& BY = B* O Dt = D*O E*m KÆ G A*, 
3 
Ze m A* D D| m DH O EM ~ E O B = B p A™. 


Clearly Z(L)=Z*&zZ**. Following the suggestions inherent to the 
lemma we define: 


(Z.2) 
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A’mAM(DOE), A” mAN(EOD*™), 

Bi = B(I\(E@D*), B” = BMA(D@ E™, 

D = DA(4 BY, D'’=DlO\(BO@A™), 

Ei =m EC\ (B® A*), E" = EN (4 ® B*). 
It is clear that they are all normal M-subloops of L. In order to’ prove 
that they constitute the desired canonical refinements of (1) we need 
the M-endomorphisms a, 8, and 8, e which are uniquely determined 
by the requirements 

sa = x for xin A, Ba = 0, 28 = x for xin B, Ap = Q; 


xå » x for x in D, Es = 0, ze = y for sz in E, De = Q. 


(4) 


These endomorphisms induce‘ in the M-center Z(L) of L endo- 
morphisms with completely analogous properties which we designate 
by the same symbols. 

From B*@A*=B*@D* it follows that there exists to every ele- 
ment x in D* one and only one element y in A® such that rey 
modulo B*; and it is easily seen that y=xa. One verifies now that œ 
induces an isomorphism of D* upon A*; and in this way one proves 
the following contentions ʻś 
an isomorphism of D* upon A* and of E™ upon A** is induced by a, 
an isomorphism of E* upon B* and of D™ upon B** is induced by £, 
an isomorphism of A* upon D* and of B** upon D** is induced by 8, 
an isomorphism of B* upon E* and of A™ upon E™ is induced by e. 
We prove first: 

(6) A'O A" = B'O BY = PAOD = EOE" =Q. 

If the element x belongs to the cross cut of A’ and A’’, then x is 
in A and so x8 =0. Since x is in A’, there exist uniquely determined 
elements r, s in D and E* respectively such that x=r-+s, and since 
x is in A’, there exist elements u, v in D** and E respectively such 
that x=u-+y. Since r and # are in D, s and v are in E, and since 
L=D®E, it follows that r=u is in D** and s =v is in £*. Thus x be- 
longs to D**®E*. But B induces an isomorphism of D**@E* upon 
B, by (5); and x8=0. Hence x=0, proving A’(\A’’=0; and the 
remainder of (6) is verified likewise. 

(7) AmĮ|A OA”, Ba BOB’, Dm DGD", E= HOE". 


It follows from (6) that the compositum of A’ and A” is their 


(5) 
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direct sum; and hence it follows from (4) that 
A'@A"” SA. 

It has been shown elsewhere (Baer [1]) that a@38 maps L into part of 
its M-center. Consider an element x in A. Then x = xa and x68 = xadB 
is therefore an element in Z(L). But x88 certainly belongs to L8 = B. 
Hence «88 is an element in Z2(B)=B*@B**; and thus there exist 
uniquely determined elements 6* and b** in B* and B** respectively 
such that «68 =b"+-0**. We infer from (5) the existence of uniquely 
determined elements e* and d™ in E* and D™ respectively such that 
e*B=b* and ad**B=b**. Since xå belongs to D and xe belong to E, 
there exist uniquely determined elements d and ein D and E respec- 
tively such that <8=d+d** and e=xe+e*. There exist finally 
uniquely determined elements x’ and x” such that x’-++-e*=d and 
x!’ =e+d**. It is clear that x’ is in D@E* and that x’’ is in H@D*". 
Furthermore 

b* + b = wif = (d + d**)B = dB + d™*B = (x + 6*)B + b™ 
= (2/8 + bY) + 5 
so that x’8 =(0. Hence x’ is in A and therefore in A’. Likewise we infer 
from x8 =0 and the fact that b* and b** belong to the center that 
xB = (e + d™")B = B+ d**B = (xa + 6*)B + dB 

= (28 + BY) D eB + ("+ D) 

= rf + x58 = qf = 0, 
proving that x’’ belongs to A and therefore to A’’. Considering 
finally that e* and d™ belong to the center we find that 


x ef = (28 + ae) + et = 23 + (xe + *) = (d+ d™) +e 
= (2 + 6*) +d) +e (x + t) + (6+ d) 
a(t epee (ete) +o | 
or x =x' +x" so that x belongs to A’@A”’, proving 4 =A’@A"’; the 
other contentions (7) are verified likewise. 
A* SA SD OE, ASA" SD" © EL" 
B* < B's E OM, B* < B” < E"* OD", 
D* S D' < A’ OB, D*SD' <S A4A*@B', 
EX S E SB’ @ A*, E" < E” < B* OA 


Clearly A* S AN (D + 4*) S 4 O (D+2*) = ANO (D + D*+E*) 
aA(\(D@E*) =4'; A**SA"’, and so on, are verified likewise. Every 


(8) 
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element in A’ has, by (4), the form a=d-+e* for a in A, din D and 
e* tn E*. Thus 0=aS=df+e*. It follows from (5) that e*8 belongs 
to £*8 = B*, proving that df is in B*. Hence d=da+dB belongs to 
the cross cut D’ of D and A@B"*, proving that a is in D’@®E* or 
A’'SD'@E*; and the remaining inequalities (8) are verified in a like 
manner. 

A’ @B =B @D =D QE =F QA, 

A” OD’ = D” @ E” = E” @ B” = B” @ A”. 

Since A’SA and B’ SB, we may infer 4’1\B’=0 from AAB =0; 

D'OE’ =0 is seen likewise. Furthermore we have 


BPVD=BIVASBB)O(EOD)OD= BOD =0 
by (3); E’(\A’=0 is verified likewise. 
Now we deduce from (3) and (8) that 
ASB sD 4 EÆ++B 8s )+D*4+ E*+ B’ 
SD+D+ B°+32')s DOB 
SsD+RF4I1DhPsD@6E 
SA 4+ BHE SAJ AH BLE 
SA'+A*+ E+ EF SA’ OE 
sSA’+B'+A*SA' OB’, 
and the first set of equalities (9) is an immediate consequence of this 
series of inequalities. The second set of equations (9) is proved 
likewise. 

The normal M-subloops, defined by (4), constitute by (7) and (9) 
canonical refinements of the decompositions (1). These refinements 
induce in the M-center Z(L) of L just the refinements (Z.2) of 
(Z.1), since, by (8), we have for instance A*SZ(A’), A**SZ(A"), 


and A*@A**=Z(A)=Z(A'@A"’) =—Z(A’) OZ(A"’). This completes 
the proof of Theorem 2. 


(9) 


COROLLARY 1. The dsrect decompostitons (1) of the M-loop L possess 
canonical refinements if, and only tf, the induced center decomposttions 
(Z.1) possess canonical refinements. Mapping direct decompositions of L 
upon the tnduced center decompostitons effects a one-to-one correspondence 
beiween the canonical refinements of (1) and the canonical refinements of 
ZA), 


These important propositions are immediate consequences of 
Theorems 1 and 2. 
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THEOREM 3. Postucate E ts satisfied by the M-loop L if, and only if, 
the following condition is satisfied by Z(L): 

(Z.E) Jf AGB=DOE ts a dired summand of the M-loop L, then 
the induced direct decompositions Z(A) @Z(B)=Z(D) @Z(E) possess 
canonical refinements. 


This is an almost immediate consequence of the first assertion of 
Corollary 1. 


COROLLARY 2. Postulate E ts satisfied by the M-loop L whenever ti is 
sattsfied by the abelhar M-group Z(L). 


This is an immediate consequence of Theorem 3, since Z(A) @Z(B) 
is a direct summand of Z(L), whenever A @B is a direct summand of 
Lo 

It should be noted that we cannot claim the converse of Corollary 
2 to be true. For instance, it may very well happen that Z is inde- 
composable, though Postulate E is not satisfied by Z(Z). 

Finally the question may be asked whether it might be possible 
to prove a like theorem for weaker forms of the refinement theory 
than the one concentrated in Postulate E. An example, due-to 
Kurosh [1], shows the impossibility of substituting center isomorphy 
for exchange isomorphy. He has constructed a group G, an ordinary 
group generated by four elements, with the property that G=A@B 
=D@E where A, B, D, E are indecomposable, E is infinite cyclic 
and neither A nor B is commutative. Thus G possesses direct decom- 
positions into indecomposable components which are not even iso- 
morphic. But the center of G is a free abelian group of rank 2, and 
any two direct decompositions of such a free abelian group of rank 2 
into indecomposable direct summands are center isomorphic, though 
not exchange isomorphic (in particular the induced center decom- 
positions are not exchange isomorphic). 
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UnNtvERarry or ILLINOIS 


NONASSOCIATIVE VALUATIONS 
DANIEL ZELINSKY 


In a paper entitled Noncommutative valuations, Schilling [8]! proved 
that if an algebra of finite order over its center is relatively complete 
in a valuation (where the value group of the nonarchimedean, ex- 
ponential valuation is not assumed to be commutative) then the 
value group is commutative. A similar type of theorem, proved by 
Albert [1], states that if an algebra of finite order over a field is an 
ordered algebra, then the algebra is itself commutative. 

In the present paper, the notions of valuation and ordered ring are 
carried over in the obvious fashion to the case of nonassociative 
algebras (the set of values of a valuation are no longer required to lie 
in an ordered group, but only in an ordered loop). In this situation, 
an analogue of Schilling’s result remains true with an added hy- 
pothesis: If an algebra of finite order has a unity quantity and has a 
valuation inducing a rank one valuation of the base field, then the 
value loop of the algebra is commutative, associative, and archi- 
medean-ordered. No completeness is needed. In particular, every 
valuation of an algebra (with a unity quantity) of finite order over 
an algebraic number field has a group of real numbers for its value 
loop. 

However, in general the obvious extensions of both Schilling’s and 
Albert’s results are false, since there are noncommutative, nonasso- 
ciative algebras of arbitrary finite order over a field which have 
valuations with nonassociative value loops and which are ordered 
algebras.’ Examples of such algebras are obtained by proving that a 
necessary and sufficient condition for an ordered loop L to be the 
value loop of some algebra of finite order is that some subgroup of 
the center of L have finite index in L. We construct some such loops 
in §3. All such loops will be determined in another paper. 


1. Ordered loops. An ordered loop L is a set of elements 
x, Y, 8, + - on which are defined a binary function, +, and a binary 
relation, >, with the following properties: 

(1) + is a single-valued function on LL to L. 

(2) If x and y are in L, then there exist unique elements # and v 
in L such that n+x =y and x+0=y. 


Presented to the Soclety, December 28, 1946; recetved by the editors November 26, 
1946, and, in revised form, May 10, 1947. 
1 Numbers in brackets refer to the bibliography at the end of this paper. 
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(3) There is an element 0 in L such that 0+*—=x+0= x for every 
xin L. 

(4) If x>y and y>s then x>s. 

(5) For each x and y in L, one and only one of the three possi- 
bilities x>y, y>ax, xy holds. 

(6) If x>y then for any z in L, x+s>y+s, s+x>s+y. 

We shall use the notations y—x and —x+- for the quantities # and 
v, respectively, defined in (2). 

Ordered loops have most of the elementary properties of ordered 
groups (in fact, lattice-ordered quasigroups, if suitably defined, 
have a theory closely paralleling that of groups). In particular, we 
list without proof the following lemmas, true in any ordered loop. 

(7) Ifx>y then r—s>y—s and —34+x> —s+y. 

(8) If x>y and =’2)’ or if r&y and x >y then x+2’>y+y’, 
x—y >y—x’ and —y+e>—x'+4. 

If n is a positive integer and x is an element of a loop we define the 
symbol #x inductively by writing lx=*, nx =(n—1)x+<2; we call ax 
the nth right multiple of x. 

(9) If nx>ny then x>¥. 

(10) If x+0 then every element of L obtained by adding a finite 
number of summands, each equal to x (with any association), is dif- 
ferent from zero. 

Let us also list a few definitions usually made in the study of loops. 
The center of a loop L is the set of all cin L that commute and asso- 
ciate with all elements of L. More precisely (cf. Albert [2, p: 516]) 
the elements c are characterized by the property that for all x and y 
of L, 


c+(ety=e(Cta)tyeret+(yto). 


An equivalent statement is that the center of L consists of all ele- 
ments of L invariant under the group of inner mappings of L (cf. 
Bruck [4, p. 257]). The definition of the center of a loop leads readily 
to the theorem that if c is in the center of L, then the loop generated 
by c is an abelian group and is contained in the center of L. 

A normal subloop N of a loop L is a subloop invariant under the 
inner mapping group of L. Equivalently, 


N+ (a+y)=(W+a)+y9—e+ (94+ ¥) 


for every x and y in L. The characteristic property of a normal sub- 
loop NV is the existence of a quotient loop L/N, formed in the usual 
way, to which L is homomorphic. Clearly any loop contained in the 
center of Z is a normal subloop of L. 
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An element x is positive if x>0. An ordered loop is discrete if it 
has a smallest positive element (note that this terminology differs 
from that of Krull [7, p. 171]). 

Two ordered loops are order-isomorphic if there is a one-to-one 
correspondence between them which preserves the operation + and 
the relation >. 

A subset Æ of an ordered loop L is an isolated subloop or Lideal in 
case H is a normal subloop and if H contains, with x and y, every s 
such that x>z>y (an equivalent definition is obtained by taking 
y=0). Just as in the case of abelian groups, the characteristic prop- 
erty of an isolated subJoop is the existence of a natural ordering of 
the quotient loop L/H, so that if x>y in L, then x+H2y+H in 
L/H (cf. Birkhoff [3, p. 310]). 

An ordered group is archimedean-ordered in case it has no isolated 
subgroups besides zero and the whole group. The principal property 
of archimedean-ordered groups is that every such group is order- 
isomorphic with an additive group of real numbers (Cartan [5]). 

Our study of nonassociative valuations will be based on the fol- 
lowing two theorems on ordered loops. 


‘THEOREM 1. Let L be a discrete ordered loop having a least posstive 
element, e. Then e is in the center of L and so generales an associative, 
commutaitve, normal subloop G of L, Furthermore, G ts an tsolaied sub- 
loop of L. 


Proor. We must show that for all x, y in L, 
(11) et(zty=C+aty=art(yte). 


First, there is no element of L between x+y and e+ (x+y). For if 
xty<s<e+(x+y) then 0<s~—(x++y)<e, contradicting the hy- 
pothesis that e is the least positive element of L. Similarly there is 
no element between x+y and (¢+x)+y, nor between x+y and 
x-+(y+e) so that of the three elements in (11), all are greater than 
x-+y but none is greater than any other. Hence they are equal. This 
proves that e is in the center of L so that the loop G generated by e is 
an abelian group and is also in the center of L. If this group is not 
isolated, there is an x in Z but not in G and there is a positive integer 
n with 0 <x <ne. Let n be chosen as the smallest such positive integer. 
Then (n~—1e<x<ne, 0<x—(n—1)e<e, contrary to our hypothesis 
on e. 


THEOREM 2. Let L be an ordered loop containing an archimedean- 
ordered group G in tts center. Suppose there is a postive integer n such 
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"that G contains the nth right multiple of every element of L. Then L is 
commutative, associative and archimedean-ordered. 


Proor. First, suppose G is discrete. Then G is order-isomorphic 
with the additive group of rational integers and we may prove that L 
also has a least positive element. For consider the set of all næ with 
x>0 in L. This is a set of positive elements in G and so there is a 
smallest one, say #4. By (9) this determines a unique ¢>0 in L which, 
again by (9), is a least positive element of L. By Theorem 1, e gen- 
erates an isolated abelian group H in the center of L. The intersection 
GAH is then an isolated subgroup of G and is not zero since it con- 
tains ne. Since G is archimedean-ordered, GAH =G and HDG. But 
consider the mapping of L onto the ardered quotient loop L/H. The 
group G maps onto zero so that for every y in L/H, we have ny=0. 
Then by (10), it follows that y~0, L/R =0, L=H, which proves 
Theorem 2 in this case. 

Second, suppose G has no least positive element. In this case, 
using the fact that G is order-isomorphic with an additive group G’ 
of real numbers, we shall set up an order-isomorphism between L and 
a group L’ of real numbers. We already have an isomorphism be- 
tween G and G’. Let the correspondent in G’ of an element u of G be 
denoted by u’. Then if x belongs to L, define 


A(z) = [all s in G’ such that # 2 =], 
B(z) = [all # in G’ such that # g z]. 


Since we are assuming that G’ is not discrete it follows in the usual 
fashion that for each x, g.l.b. A(x)=l.u.b. B(x). We define a cor- 
respondence on L to the real numbers as follows: 


(12) z= y m glb. A(z) = Lub. B(x). 


If x is in G we then have two definitions for x’ which obviously coin- 
cide. By the standard methods it can now be proved that (12) is a 
homomorphism so that the set L’ of all x’ is a group of real numbers. 
Then if x =y we have (ax) enx =ny | (ny); but nx and ny are in 
G so that by hypothesis »x =#y and by (9), x= y. Thus (12) is an iso- 
. morphism. Finally, if x>y then A(x) CA (y), x’ By’ and x’ sy’ by the 
one-to-one character of (12). It follows that (12) is an order-iso- 
morphism, which completes our proof. 


2. Valuations. Let R be a ring (not necessarily associative). A 
valuation of R is a function V which associates to each nonzero ele- 
ment of R an element of an ordered loop Z with the properties 
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(13) V(a + b) & min [V(a), V(0)], 
(14) V(ab) = V(a) + VQ), 


whenever a, b and a+b are nonzero elements of R. We define V(0) = œ 
where the symbol œ is to have the properties »+x=x} œ = œ, 
œ >x for all xin L. Then (13) and (14) hold for all a, b in R. We de- 
note by V(R) the set of all V(a) for ax0in R. 

Such a valuation, even though L is nonassociative, has most of the 
elementary properties of an ordinary valuation. In particular, 
V(a1,+-+,a@)=min [V(a:),---, V(a:)] unless for some pair of 
distinct subscripts $ and J, V(a,) = V(a,). 

Note that a ring R with a valuation V has no divisors of zero, for 
if ab=0 then œ = V(ab)= V(a)+ V(b) and at least one of V(a), 
V(b) must be œ. If R is a division ring (that is, for every a>40 and 
b of R there exist unique elements c and d in R such that ac =da =b), 
and if in addition R has a unity quantity e such that ea =ae=<a for 
all a in R, then V(R) is an ordered loop called the value loop. This is 
the case in the following theorem. : 


THEOREM 3. Let A be an algebra (not necessaraly assoctative) of order 
n over a field F and let A contain a untty quanisty. If A has a valuation V 
then V induces a valuation on F such that V(F) is an ordered abelian 
group G. If G ts archimedean-ordered, then the value loop L= V(A) 4s 
in fact assocsaiive, commutative and archimedean-ordered. 


PROOF. Since A is an algebra of finite order over F without divisors 
of zero, it follows that A is a division ring and that L is an ordered 
loop. Since the elements of F commute and associate with the ele- 
ments of A, G will be in the center of L. Our proof will then merely 
consist in showing that for every x of L, (n!)x belongs to G, so that 
Theorem 2 will immediately give the desired result. 


Lexma 1. L/G ts a fintte loop whose order is not greater than n. 


Proor. Suppose there are n+1 distinct elements of L/G and hence 
n+1 elements x1, >>, a4: of L that are incongruent modulo G. 
Then x, = V(a,) for some a; of A. But there exist a, in F, not all zero, 
with >Ja,a,=0. Then œ= V( > a,a,) and since œ smin [V(a,a,)], 
we must have V(a,a;) = V(a,a,) for some ¢ and 7 with tj. That is, 
Vla) +2;= Vla) +r, x= — V(a,) + Vla +x,, rmx, (mod G). This 
ig a contradiction. 


Lemma 2. If K ts a finie loop whose order is not greater than n, then 
for every x of K, nix mQ. 
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Proor. First, for every x there is a positive integer n,n such 
that nx =0. For there certainly is a pair of distinct positive integers 
Pa and gs, both not greater than n, such that psx = qx. And by sub- 
ma Pe x's from the right, one at z time, we arrive at #,+=0, where 
Ne Psa—Qs . 

Second, if , divides a positive integer p, then px=0. This is 
proved by writing p =Ħ^ñ.7 and making an induction on q. Hence p=, . 
being divisible by ^s for every x, has the property that px =0 for all x. 

Lemmas 1 and 2 together imply that for every x of L, nlx maps 
into zero in L/G and so isin G. Then Theorem 2 immediately asserts 
the truth of Theorem 3, as predicted. 


3. Examples of ordered loops. According to Lemma 1, L is an 
ordered loop containing the ordered group G in its center in such a 
way that the index of G in L is finite. In this section we shall demon- 
strate that for some nonarchimedean groups G there actually exist 
nonassociative ordered loops L in the relation to G described above. 

In particular, let G be an orderec loop with an isolated subloop H 
and fet G/H be discrete. Denote by e an element of G whose image in 
G/H is the least positive element of G/H. Next, let K be a cyclic 
group of order n generated by an element b. We shall construct an 
ordered, nonassociative loop L as a loop extension of G by K. L con- 
sists of all ordered pairs (k, g) with k in K and g in G. Addition in L 
is defined by the rule 


(kı, £1) F (ks, ga) = (Ry + hs, §1 + fst fl hu, kil) 


where f(kı, ka) is a function on KK to G with f(0, k) =f(k, 0)=0 
for all k of K. This makes Z a loop with the identity element (0, 0). 
The loop G is embedded in L in the sense that the set of all (0, g) is 
isomorphic with G. We make the following restrictions on the 
“factor set” f(k:, ka) that will allow us to order L. If mı and m, are 
nonnegative integers, both less than ms, then we demand that 
f(b, mb) be in H or in e+ A according as m -Hm <n or m +m g&n. 
Clearly if H><0 we may still choose the function f so that L is non- 
associative and noncommutative. Regardless of this fact, we can 
order L by defining (mb, g1) > (mab, ga) in case 


mtHi>e«act aq, 
or 
ptHegst*aH and a> mm > mm & O, 


or 
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fit H mgt H, mm m, and £1 > ga 


This is clearly a linear, transitive ordering of L which preserves the 
ordering of G. A straightforward application of the definition shows 
that L is actually an ordered loop under this ordering. 

It is a trivial exercise to prove that the commutative and associa- 
tive laws hold in L whenever one of the summands is in the center of 
G. Thus if G is an abelian group, it is in the center of L and L is an 
example of an ordered loop such as we were searching for. 


4. Examples of nonassociative valuations. Let L be any ordered 
loop and D any ring (not necessarily associative) without divisors of 
zero. Then we shall exhibit a ring R with a valuation V with V(R)=L 
and with a residue class ring? isomorphic with D. The ring R is con- 
structed in the usual fashion as the ring of “power-series” with ex- 
ponents in L and coefficients in D. More precisely, R consists of all 
functions f on L to D with the property that the set L(f), consisting 
of all x in L for which f(x) #0, is well-ordered by the ordering of L. 
If f and g are in R we define f+g to be the function whose value at 
each x of L is f(x)-+g(x) and the product fg to be the function whose 
value at x is? > °f(y)g(s), the summation extending over all pairs 
(y, 3) with y+s=x. The summation is meaningful because for a 
given x there is only a finite number of pairs (y, s) for-which y is in 
Lf), 2 is in L(g) and y+s=-x. The proof of this fact as well as the 
proofs that L(f+g) and L(fg) are well-ordered and that R is actually 
a ring are essentially identical with the proofs given by Hahn [6, pp. 
647f.|. A similar comment applies to the theorem that if D is a divi- 
sion ring, then so also is R. In particular if D has a unity quantity 1, 
then R has a unity quantity e with the characteristic property that 
e(0) =1, e(x) =0 if x0. If we define V(f) for any f of R to be the 
smallest element of L(f), we have a function on R to L with V(R) = L. 
In fact this is a valuation, the proof of (13) and (14) proceeding 
exactly as in the associative case. To prove that the residue class ring 
is isomorphic to D, remark that the ring Q consists of all f in R for 
which f(x) =0 when «<0 and that the prime ideal P consists of all 
f in R for which f(x)=0 when xS0. The correspondence f—f(0) is 
then an isomorphism of Q/P and D. 


2 If Q is the set of all x in R with V(x) 20 and P is the set of all x with V(x) >0, 
then Q is a ring in which P is a prime ideal. The residue class ring Q/P is called the resi- 
due class ring of R. 

3 This is a very special type of power series ring, but more generality here would be 
unwarranted. 
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THEOREM 4. If we choose D to be a field and L to be an ordered loop 
suck as was consiructed in §3 (L contains a group G in tts center wiih 
L/G finite), the resuliant power-series ring Ris an algebra of finite order 
over a field F and has a untty quantity. It also has a valuation V with 
a value loop L. The order of R over F ts the index of Gin L so that by 
suitable choice of L we can find algebras of arbstrary order over F with 
non-assoctatiwe valuaitons. 

Proor. Let F be the set of all fin R such that L(f) CG. By the class- 
ical result, F is a field (Hahn [6[). Let x, ©- +, xa be a maximal set 
of elements of L incongruent modulo G and let fi, - - - , fa be the ele- 
ments of R defined by the equations f,(x,) 1, f(x) =0 if xx. If 
g(x) is any element of R, gf,{x) = > g(y)f(s), the sum ranging over all 
y of L(g) and z of L(f,) with y+s = x. Since L(f,) consists of the single 
point x;, we have the identity 


efi(az) = g(x — t). 


If f is any element of R, let L,(f) be the set of all x in LO) with 
xmx,; (mod G). Then each L,(f) is well-ordered and L(f) is the union 
of the disjoint sets L,(f) (¢=1,---+,). Define f*(x) to be the func- 
tion which is equal to f(x) on L,(f) but zero elsewhere and g,(x) to be 
f'(x+x,). Then ft and g; are elements of R, fim gf, and 


(15) js Df = 2 tfi 


Since g,(x)=0 implies that x +x; is in L:(f) and hence congruent with 
x; modulo G, we know that g;(x) is zero unless x0 (mod G), so that 
L(g,)CG and g; is in F. Hence (15) expresses the fact that R is a 
linear space of order not greater than # over F. In fact the f, are 
linearly independent over F, else > gif;=0 witb the g; in F, V(g,f,) 
= V(g,f,) for some pair of distinct indices 1, 7, which implies that 
x,esx, (mod G), a contradiction. This completes the proof of Theorem 
4, 

, If, in particular, D is the field of real numbers, the ring R is an 
ordered division ring‘ if we define f>0 to mean f(V[f])>0 in D. 
The proof is trivial. 


THEOREM 5. There extsi noncommutatios and (necessary) nonasso- 
ctative ordered algebras of arbtirary finite order over a field. 


t An ordered division ring is a ring, linearly ordered by a relation >, such that 
a>0 and b>0 imply a+6>0 and ab>0. 
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ON THE ROOTS OF A POLYNOMIAL 
AND ITS DERIVATIVE 


PAUL ERDOS AND IVAN NIVEN 


Let ri, fa, > °°, fa De the rocts of a polynomial f(s) with complex 
coeficients, and let Ri, Rs, -- -, Ra be the roots of its derivative. 
N. G. de Bruijn! has proved that 


1 s 1 al 
(1) — 4162) | z — E| R), 
% pl n — Í pl 


when f(s) has real coefficients; he raises the question whether this 
holds in general. We prove that this inequality holds when f(z) has 
complex coefficients; also that (1) is an equality only when the roots 
of f(s) are not both above and below the real axis. An immediate 
consequence of this is that if D:(z) represents the (positive) distance 
from z to any straight line / in the complex plane, then 


1 a 1 m l 
(2) — )) Dir) > — }ĵ DAR), 
% fæl n— 1 pa]. 


with the equality holding only when the r, are not located on both 
sides of /, Further, if for any point A in the complex plane, Da(sz) 
represents the distance from s to A, then 


1 2 1 m-l 
(3) TN Š Di) = 2, Dai (R), 
% j=l #n— í fmt 


with the equality bolding only when all the r; lie on a half line 
emanating from A. 
If A is taken as the origin, we have 


1 a 1 ml 
=n" >. |B; |* 
m pl ford 


n— í 
with m=1. This inequality, with m=1, 2, 3,- »- , has been estab- 
lished by H. E. Bray? for tke special case in which f(s) is a real 


Presented to the Society, April 26, 1947; received by the editors May 27, 1947. 

1 On the mros of a polynomial and of 143 derivative, K. Akademie van Wetenschappen, 
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polynomial with non-negative real roots. 

If (3) is applied with A located successively at the roots of f(z), and 
if these inequalities are summed, and if this process is repeated with 
A located successively at the roots of f’(s), it is seen that the two 
resulting inequalities imply that 


SU Din-nlaz TEER R,|, 
P gel pew — 1) fom] fone 
with equality only if all roots of f(s) are equal. It seems likely that 
this inequality holds with the factors 1/nm* and 1/(n—1)* replaced 
by 1/Ca,s and 1/C,_1,2, but we have not been able to prove this. 
We now begin the proof of (1). 


LEMMA 1. In case all the roots of f(s) lie on one side of or on the real 
axss, relation (1) holds with the equality sign. In case the roots lie both 
above and below the real axis, but the roots of f' (z2) lee on one side of or 
on the real axis, relation (1) holds with the inequality sign. 


Proor. We recall Gauss’ theorem that the roots of f’(s) lie inside 
or on the convex polygon determined by the roots of f(s); and they 
are on the polygon only when f(s) has a multiple root or when all the 
roots of f(s) lie on a line. Hence in the first statement in the lemma, 
the roots of f’(s) lie on one side of or on the real axis. By relating the 
sum of the roots of a polynomial to the coefficients of the two highest 
powers, we see that 


1 1 

— dor; =—— } R; 

n #— í 
whence 


(4) iG) = IR, 


% pm 


which proves the first statement in the lemma. The second state- 
ment is also a consequence of (4), because in that case all terms on 


the right side of (4) have like signs, whereas there are mixed signs in 
the sum on the [eft. 


LEMMA 2. Inequality (1) ts equtvalent to 
i Í 
(5) — >| Iep] z — X | eR) |, 
% a-—l 


where >.’ designates the sum over the roots lying below the real axis. 
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Equality in (1) implies equality in (5), and conversely. 


Proor. Subtract (4) from (1). We note in passing that the addition 
of (4) to (1) implies a result (5) with >°’ representing the sum over 
the roots above the real axis. 

We now proceed by induction, and assume that a result correspond- 
ing to (5) holds for all polynomials of degree less than n, with 
equality only when the roots are not on both sides of the real axis. 
(Note that this is true for quadratic polynomials.) Then we suppose, 
using Lemmas 1 and 2, that for some polynomial f(s) of degree n 
with roots r; on both sides of the real axis and derivative roots also 
on both sides 


1 1 gd 
(6) Beis Die) eR) SO, 
% n — Í pl 
where Ry, Rs, +++, Ra are the roots of f’(s) which lie below the'real 


axis. We show ia these assumptions lead toa contradiction. 

In addition to the hypotheses just stated, we shall use induction 
on the number of roots of f(s) lying above the real axis, and assume 
first that f(s) has 2xactly one such root, say rı: thus the first sum in F 
ranget over j=2, 3, --+-,#. We consider what happens to F in (6) 
when 7; is moved slightly, the other roots of f(z) remaining fixed. 

The first possibility is that >of, | I(R;)| for exactly these R; does 
not change no matter in what direction the root 7; is given a slight 
motion from its criginal position. Consider the roots R, of f’(s), each 
R, being an analytic function? of rı. More precisely, if rı moves to a 
value r in the neighborhood, then the R; move to positions S; given by 


(7) r=ri + 35, Spe Rit bit + bP +e, 


a being a positive integer. For sufficiently small values of $, our as- 
sumption that 


(8) >| T(R)| = >| (S) | 


is the same as >$, a = Xf I(S;), because the R; and S; are 
below the real axis. Thus for small values of the complex number #, 


¢ rd 
(Eitt EaP )=0 
j=l 


pej 


3 CI. G. A Bliss, Algebraic functions, Amer. Math. Soc. Colloquium Publications, 
voL 16, Theorem 13.1, p. 32. 
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and consequently $ bh;=0, Jb, =0, and 80 on. By analytic con- 
tinuation (8) holds when r, is moved to a position r on the real axis 
But in this case those roots of f’ (e) which were on or above the real 
axis, namely Ren +--+, Raa have moved to positions Syu,---, 
Sa-1 below the real axis, so that we bave 


1 z 1 a1 
— DIG) | -—— LI an, 
"n j= n lgt 


which contradicts Lemma 1. 

Next suppose that Jf., |I(R;)| changes when 7, is moved to a 
neighboring position. Then (7) implies that rı can be moved in such 
a direction as to decrease J f, I(R,) and thus decrease F in (6), 
because 


(3 s,) = Èr) È i) + 1( Doe) + 


Let us move r, along a path so as to decrease F. It is clear that such 
a path will not lead to the real axis, because of Lemma 1, 80 we need 
treat only the possibilities of rı moving to infinity along a path in the 
upper half plane. 


Consider, then, the polynomial f(z) with roots r, rs, 71, °° +, fm 
where Ir] is very large relative to [rj] ,j=2, 3,---,n. If g(s) is 
the polynomial with roots fs, Ts, © © © , 7, then 
(9) J) = g(s) + (s — r)g' (s). 


Consider any fixed circle which has center at a root of g'(s), but which 
does not pass through any root of g’(s). On the circumference of such 
a circle, | (g—r)g’(z)| >|g(s)| for sufficiently large r. By Rouché’s 
theorem each such circle contains as many roots of f’(s) as of g’(s). 


Thus if h, h, - ++, ba are the roots of g’(s), all roots except one of 
f'(s) can be written as 
bot en ts tan: pba F tne 


where every é, tends to 0 as r tends to aney: n the other root of 
f’ (g) ig denoted by R, then since 


1 n- t 
ata ee ETa) -— {R4 Tite, 
n n — 1 z1 
we see that R is approximately (n—1)r/n, with a bounded error as 


r tends to infinity. 
We first discuss the case where R is above the real axis. By our in- 
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duction hypothesis applied to the polynomial g(s), 
1 A 1 s—2 
(10) — D|] 2 — E| Te) |. 
n— 1j n— 2 mi 
Turning to f(s), we see that the function F in (6) has the value 
(11) 32 BG) ae <= I(t; + ex) |, 


since we are assuming that R has positive imaginary part. But the é, 
are arbitrarily small, so (10) implies that (11) is positive, and this 
contradicts our assumption that F is negative. 

If, on the other hand, R is below the real axis, we argue as follows. 
Since the roots of g(s) are on or below (with at least one below) the 
real axis, by Gauss’ theorem a partcular root #, of g’(s) is on the real 
axis only if it is a multiple root of g(s), in which case it is a multiple 
root of f(s) and the corresponding ¢;,=0. Thus we can take r sufh- 
ciently large so that the roots ł;+e; of f’(s) are all on or below the 
real axis. Hence all the roots of f’(s) lie on or below the real axis, and 
we use the second part of Lemma 1 to complete the proof. 

Having completed the proof af (5) in case there is exactly one root 
of f(s) with positive imaginary part, let us now use induction and 
assume that (5) holds for all polynomials of degree » with k—1 roots 
above the real axs. Then consider any polynomial of degree # with 
k roots, 71, 7s °° *, 7» above the real axis. We proceed as in the 
case where aed is exactly one root with positive imaginary part. 
We mover to the real axis if (a) such motion does not alter ZE IR); 
otherwise (b) we move r, along a path which decreases this sum. In 
case (a) the problem is reduced to that of a polynomial with k—1 
roots having positive imaginary part: likewise in case (b) when r, 
moves along a path crossing or touching the real axis. (Note that if 
by such motion af rı, either one or more of the R; for j Sq move to 
positions above the real axis or one or more of the R; for 7>g move to 
positions below the real axis, such alterations work in our favor in 
decreasing F.) Finally, if in case (t) rı moves to infinity in the upper 
half plane, we handle the problem in the following way. 

As before we use the notation r for the new location of rı, and 
byte (j=1, 2, +--+, 2-2) and R for the roots of f’(s). In case R is 
above the real axis, we argue as above, with (10) and (11) suitably 
altered. 

In case R is below the real axis, the argument for the case of exactly 
one root with positive imaginary part is inadequate. If >)’ desig- 
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nates the sum over those of the indicated roots which lie above the 
real axis, then 


1 ” 1 mt 
(12) e 0< — P" | Ier] -— X" | 7) |, 
n — Í ps n — 2 jul 


by the induction hypothesis applied to g(s) and the remark following 
the proof of Lemma 2. Define a by 


e= D" |Tel- E16. 


Clearly a>0, by (12), and a is independent of r, R, and the éj 
Choose r sufficiently large so that a> > 77} DA . Then (12) implies 
that 


EE E DDE E T 
jmt fool 
2G) SUG) e Se d 
j=3 fowl pom 


LGD SIG aa SG): 
int foe 


This is the inequality we want for the roots of f(z) and f(s) provided 
we add |J(r)| to the first sum, which works in our favor. This com- 
pletes the proof of (5) and (1). 

To prove (2), we observe that if the roots of f(s) are translated or 
rotated about the origin, the roots of f’(s) undergo an identical 
translation or rotation. This remark not only proves (2) but also 
shows that we need prove (3) only when A is the origin. Next we 
note that if D(8, r) denotes the distance from r to a line through the 
origin with direction angle 0, then 


ir 
f D(6, r)d@ = 4| r]. 
0 


Thus (3) is obtained from (2) by integration over the direction angle. 
Since there is equality in (2) only if all the r; are on the same side 
of }, we see that there is equality in (3) only if the r, lie on a half line 
out of A. 

REMARK. Let f(s) have exactly one root, say rı, below the real axis; 
Jet rs be the root, apart from ri, with least imaginary part. Then 
there is no root of f’(s) below the line 
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1 
y m I(r1) To = rı). 
This can be seen by translating all roots a distance I(rẹ) in the 
direction of the negative imaginary axis, and by application of 
(5). It can also be obtained directly from the well known relation 
Du (R-—r) m0. 


SYRACUSE UNIVERSNTY AND 
PURDUE UNIVERSITY 


NOTE ON THE LOCATION OF THE CRITICAL POINTS 
OF HARMONIC FUNCTIONS 


J. L. WALSH 


By a limiting process, a theorem recently proved by the writer 
can be generalized, and yields a new result with interesting applica- 
tions which we wish to record here. We take as point of departure! 
the following theorem. í 


THEOREM 1. Let the regton R of the extended (x, y)-plane be bounded by 
a fintie number of mutually disjoint Jordan curves Co, Ci, Cz, © * >, Ca. 
Let the funciton u(x, y) be harmonic in R, continuous in the correspond- 
ing closed region, equal to sero on Cy and to untty on Ci, Ca, +, Cu. 
Denote by Ry the region bounded by Co containing the curves 
Ci, Cr, - + +, Cy in ths interior; define noneuchdean stratght lines in Ro 
as the images of arcs of circles orthogonal to the unti circle, when Ro ts 
mapped conformally onto the interior of the unt circle. 

If I is any non-euchidean convex region in Ry which contains ail the 
curves Ci, Cs,--+, Ca, then IL also contains al crattcal points of 
u(x, y) în R. 


We extend Theorem 1 by admitting arcs of Co on which u(x, y) 
is prescribed to take the value unity, and also by admitting the inter- 
section of curves Ci, Ca, +, Ca with Co: 


THEOREM 2. Let the region R be bounded by the whole or part of the 
Jordan curve Co, and by mutually disjoint Jordan arcs or curves Ci, 
Ci, -© <, Cy 1 the closed tntersor of Co; some or all of the latter arcs or 
curves may have potnis in common with Co. Let a finte number of arcs 
Gy, 1, °° *, Om Of Co belong to the boundary of R and be mutually 
disjoint. Let the function u(x, y) be harmonic and bounded in R, and 
take continuously the boundary values untiy on C1, Ca, °, Ca, 
G1, Oy © © * , Om Gnd sero in the remaining boundary points of R, except 
that in points common to Coand Cit Cat +--+ - +C, and in end points of 
the aj, no continuous boundary value ts required. Denote by Ro the region 
bounded by Cy containing R, and define non-euclhidean stratghi lines tn 
Ry by mapping Ro onto the interior of a circle. If IL is any closed region 
sn the closure of Ry which ts non-cuclhidean convex and which contains 
Cot Crt ++ + Cytontart +++ +m, then I contains all critical 
poini of u(x, y) in R. 


Presented to the Society, April 26, 1947; recetved by the editors April 21, 1947. 
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Theorem 2 may be proved by mepping Reo onto the interior of the 
unit circle; we retain the original notation. The region R can be 
approximated by a region R’ bounded by Cə and by Jordan curves 


Ci ,Ci,-++,Cl, af, af,:++,azé in Ry which are mutually 
disjoint and disjoint with Cọ and which respectively approximate 
Ci, Ca, +++, Cu, Œi, Oe, «++, Gm. Let the function #’(x, y) be har- 


monic in R’, continuous in the cor-esponding closed region, zero on 
Co and unity elsewhere on the boundary of R’. Then as R’ suitably 
approaches R, the variable funct on w’(x, y) approaches (x, y) 
throughout R, uniformly on any closed set interior to R; we omit 
the proof. Any critical point of u(x, y) interior to R isa limit point of 
critical points of the variable function #’(x, y), so Theorem 2 follows 
from Theorem 1. 

A further general result has recently been established* for the 
case n=0, which constructs H in Ky not by joining the ends of each 
arc of Cy in the complement of the set a; by a non-euclidean line but 
by similarly joining the ends of each double arc composed of an 
a; plus one of the adjoining arcs of Co complementary to the set 
artat ---+ Faa. It is still true (we shall refer to this result as 
Theorem 3) that IL contains all critical points in R of the corre- 
sponding harmonic function u(x, y. 

Theorem 3 is more powerful thar Theorem 2 for the case n=0, but 
requires for its application essentially the use of a specific conformal 
map, and the latter quality may be an advantage or a disadvantage. 
It is an indication of the power of Theorem 2 that in the application 
of it to a given configuration, witi or without the auxiliary use of 
conformal mapping, there may obv-ously be some arbitrariness in the 
notation, especially as to what shal be chosen as the region Rp. So far 
as convenience is concerned, it ie desirable to choose simple con- 
figurations, where the totality or useful subset of non-euclidean lines 
is easily determined. It is also wel to choose Ry in such a way that 
the point set Cit ---+C,atoart-:--+-+a, is as nearly non- 
euclidean convex as possible. But cf the atm 4s precision, the larger Ro 
the belter, as we proceed to indicat in a special but typical case. 

In Theorem 2, let Co be the unit circle in the s-plane, s=2, m=0, 
with C; and C, mutually disjoint Jordan arcs whose end points lie on 
Cs and whose interior points lie interior to Co. Let the subregion R of 
the interior of Cy be bounded by Cı, Cs, and two appropriate arcs of 
Cy. In the actual application of Theorem 2, we can choose Ro as 
the interior of Co, or as the region R, containing R bounded by Ci 


2J. L. Walsh, Proc. Nat. Acad. Sci. U.S.A. vol. 33 (1947) pp. 18-20. 
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and a suitable arc of Cy, or as the region R, containing R bounded by 
C: and a suitable arc of Co, or as R. We now show as a general indica- 
tion but without a complete rigorous proof that among these choices 
the most precise results are obtained by choosing Ro as the entersor of Co. 

Map (for instance) the region R onto the interior of the unit circle 
in the w-plane. Let a, be an arbitrary arc of Cy belonging to the 
boundary of R, which corresponds to the arc a, in the wplane. 
Let af be the circular arc having the same end points as a, orthog- 
onal to a,, and whose interior points lie interior to Co; we assume 
a, to lie in the closure of R. Let a,’ be the circular arc having the 
same end points as a,, orthogonal to a,, and whose interior points 
lie in |w| <1. The arcs a} and av determine the respective non- 
euclidean geometries in the s-plane and w-plane, and it follows from 
a general theorem due to R. Nevanlinna? that the region bounded by 
a, and a, contains every poini of the image of the region bounded by 
Qw and ay. Corresponding to every arc a, belonging to the boundary 
of R and on which the prescribed boundary value of u(x, y) is zero, 
and to the adjacent arc a, , with no point of Cı or C, in the lens-shaped 
region between a, and a, there exists in the w-plane an arc ay 
whose end points correspond to those of a, under the conformal map, 
such that the interior points of the arc a, lie interior to the lens- 
shaped region bounded by a, and the image of a. It follows that if 
we neglect arcs a, that cut Ci or C; in R, then in this particular case 
Theorem 2 can be more favorably applied by choosing Rọ as the 
interior of Co, that is to say, as large as possible. 

The remark just made is of fairly general application. Moreover, 
in the specific case used, the interior of the given Cy) may be enlarged, 
without altering R or u(x, y), by adding to Ro regions adjacent to the 
arcs A of the given Co bounded by the end points of Cı and Cy, the 
arcs A not being part of the boundary of R. Indeed, we may even 
adjoin an infinitely many sheeted logarithmic Riemann surface along 
each arc A; this is equivalent to mapping onto the interior of the unit 
circle the region R plus auxiliary regions, so that with the omission 
of two exceptional points the circumference of the unit circle cor- 
responds only to that part of the boundary of R on which the pre- 
scribed boundary value of u(x, y) is zero. The image of Cı (and like- 
wise of C,) under this map is a Jordan curve which except for a single 
point lies interior to the unit circle. 

Still another instructive kind of conformal map can be used, namely 
to map R+(C,+C, onto the interior of the unit circle in such a way 


3 Eindeutige analytische Funktionen, Berlin, 1936, p. 51. ~ 
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that Cı and C; correspond to radial slits, while the part of the 
boundary of R on which u(x, y) has the prescribed boundary value 
zero corresponds to the whole circumference less two points. Here the 
region II of Theorem 2 may degenerate to a line segment. 

Another indication of the power of Theorem 2 is the following. Let 
Co be the unit circle, #=1 with Cı a concentric circle of radius ri <1; 
let an arc æ (not the whole circle) of Co contain all the arcs a;. By a 
conformal map of the universal covering surface of R onto the unit 
circle and application of Theorem 3 extended to the case of an infi- 
nite number of arcs, œ; it follows (loc. cit. footnote 2) that in the 
original plane no critical points of u(x, y) lie in the annulus rı <r <r}; 
‘a second annulus rs<r<i1 free from critical points can also be de- 
termined by this method. By Theorem 2, any circle cutting Co 
orthogonally in two points of the complement of æ and containing in 
its interior no point of œ or of Cı contains in its interior no critical 
point of u(x, y). In all, these conclusions may leave only a very small 
subregion of R as the portion in which the critical points of u(x, y) Lie. 

We continue with a generalization of this result, a further applica- 
tion of Theorem 2: 


THEOREM 4. Let R be a region bounded by the whole of the Jordan 
curve Co, by the whole or pari of the Jordan curve Cı desjotnt from Co, 
ard by mutually disjoint Jordan arcs or curves Cy, Ca, >- , Ca in the 
closed tntertor of the annulus Ro bounded by Cy and Ci; some or all of 
the latter arcs and curves are permitted to have potnts in common wih 
Ci, but none with Cy. Let a fintis number of arcs Bi, Ba, +--+, Bm of Ci 
be part of the boundary of R and mutually disjoint. Let the funciton 
u(x, 3) be harmonic and bounded in R, and take conisnuocusly the 
boundary value sero on Cot+fitfst+ --+-+8e and unity in the re- 
matining boundary potnis of R, except that tn points common to the 8; 
and C:+ +++ Ca and tn ond toirnis of the Bi, no continuous boundary 
value ts required. 

If w(s, Co, Ro) denotes the harmonic measure of Co tn the poini z 
with respect to the annular region Ry, then for constant u the largest 
region w(s, Co, Ro) >u2z1/2 which contains no points of Cat +--+ +Cy 
contatns no cretical points of u(x, y). 


Theorem 4 is proved by mapping onto the unit circle the universal 
covering surface of Ro, and by applying a slight generalization of 
Theorem 2. We omit the proof. 

We turn now to a generalization of Theorema 2 and 4, in a more 
general situation. Let R be a region bounded by the whole or part of 
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the mutually disjoint Jordan curves, Ci, Ca, © © © , Ca (which together 
bound a region Ry) and by mutually disjoint Jordan arcs or curves 
Cust, +--+, Ca in the closure of Ro; some or all of the latter arcs or 
curves may have points in common with (+G44 » +e +C». Leta 
finite number of arcs a, ay, © * + , Qa of Citit ---+C, belong 
to the boundary of R and be mutually disjoint. Let the function 
u(x, y) be harmonic and bounded in R, and take continuously the 
boundary values unity on Cut --- +C,atoat --- +a, and zero 
in the remaining boundary points of R, except that in points common 
to Cit +++ +C, and Cap+ +--+ +C, and in end points of the ay, 
no continuous boundary value is required. In studying the location of 
the critical points of u(x, y), in order to apply Theorem 2 (in gen- 
eralized form), it is natural to map onto the interior of the unit circle 
the universal covering surface of Ry. Any non-euclidean convex 
region in the unit circle containing all image points of the set 
Cart e+ + +Cytoaa+ «++ Faa contains all critical points of the 
transform of u(x, y). But here we have a large choice; we may change 
the notation so that any subset of the arcs or curves Cap, °° *, Ca 
belongs to the set Ci, Cy, +++, Ca; each choice of the subset yields 
a new region Ro, a new conformal map, a new noneuclidean geometry, 
a new application of Theorem 2 (generalized), and a new conclusion. 
Throughout the present note we have studied in detail harmonic 
functions which for a simply connected region Rs take on the values 
zero (on arcs of the boundary of Rẹ) and unity (on arcs of the 
boundary or curves in Re). By the same methods one can also study 
harmonic functions which take on the values zero (on arcs of the 
boundary of Ro), unity (on arcs of the boundary or curves in Ro), 
and minus unity (on arcs of the boundary or curves in Ro); the results 
generalize those previously obtained by the writer (loc. cit.) and can 
be still further generalized to regions of higher connectivity by a 
conformal map of the universal covering surfaces of such regions. 
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THE CRITICAL POINTS OF LINEAR COMBINATIONS 
OF HARMONI? FUNCTIONS 


J. L. WALSH 


In various extremal probleme of function theory the critical points 
of linear combinations of Green’s functions and harmonic measures 
are of significance.! The object of the present note is to indicate some 
of the more immediate results concerning the location of such critical 
points, for both simply and multiply connected regions. 

The first configuration to be studied is a simple one. In the s-plane 
let C be the unit circle and let a; be an arc of C, whose initial and 
terminal points are a, and b, respectively, the positive direction 
chosen as counterclockwise. Let o(s, a1, R) denote generically the 
harmonic measure of a; in the point s of R with respect to the region 
R; that is to say, w is the function which is harmonic and bounded in 
R, continuous in the corresponding closed region except in the end 
points of a, equal to unity in the interior points of a; and to zero in 
the interior points of the boundary arcs complementary to œ. The 
reader will verify the equation 


i 1 
(1) w(x, a, | s| < 1) = — [arg (£ — bı) — arg (s ~ a1) — z% 

T 
If ¢ is a point interior to C:|{| <1, Green’a function for R: |s| <1 
with pole in the point ¢ can be written 


(2) g(s, t, R) = log | 1 — Fs| — log |s- t]. 


An arbitrary linear combination of g and w with real constant coeff- 
cients is U(s) =Ag-++uw, which is the real part of the analytic function 


i 
+ * [iog (z ~ bı) — log (s — a1) — =|. 
f n 2 





f(s) = à log 


> — 


The critical points of U(s) are precisely the critical points of f(s), 
namely the zeros of 


P A e 
f'(a) s— 1/7 Tae En pid. 


Presented to the Society, September 4, 1947; received by the editors June 16, 1947, 
l See, for instance, M. Schiffer, Amer. J Math. vol. 68 (1946) pp. 417-448; L. V. 
Ahlfors, Duke Math. J. vol. 14 (1947) pp. 1—11. 
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We study the zeros of f’(s) by setting up a field of force suggested by 
the individual terms in the second member of (3); it is more con- 
venient to replace each term by its conjugate. If particles are chosen 
to repel with a force equal to the mass divided by the distance, the 
force at s due to a positive unit particle at b, is 1/(— b); the force at 
s due to particles at a, and b, of respective masses —u/r and +p/r 
is the conjugate of the last term of (3). We introduce also skew 
particles, of such a nature that a skew particle at s, exerts a force at z 
equal to the mags divided by the distance, in the direction arg (s— Zo) 
-+-»/2 for positive mass and in the reverse direction for negative 
mass.? The force at s due to skew particles of respective masses à and 
—) at the points ¢ and 1/f is the conjugate of the sum of the first two 
terms of (3); the critical points of U(s) are then precisely the positions 
of equilibrium in the field of force due to the set of four particles. 

The function U(s) is invariant under conformal transformation of 
the interior of C into itself; we study for convenience the origin O 
as a possible critical point. The force at O due to the particles at 
bı and a, is u/r times the sum of the vectors hO and Oa, which 
equals u/x times the vector biai. The force at O due to the skew 
particles at ¢ and 1/f is in magnitude ` times the difference (1/f) —f, 
and if A>0 is exerted in the direction —arg {+r/2. The point O 
can be a position of equilibrium only if these two forces act in opposite 
directions, so if Au <0, the point ¢ lies between O and œ on the radius 
bisecting the arc a; if Au>0, the point O can be a position of equi- 
librium only if ¢ lies on this same diameter but is separated by O from 
a,. An easy topological discussion, or a further study of the field of 
force, shows that U(s) has at most a unique critical point interior 
to C. We express this entire result no longer requiring the position of 
equilibrium to lie at the center of C; moreover the result applies to 
an arbitrary Jordan region R, with non-euclidean geometry defined 
in R by mapping R onto the interior of the unit circle: 


THEOREM 1. If a 4s an arc of the Jordan curve C whose intersor ts R, 
and if t is an arbttrary point of R, then for Au <0 the unique critical 
point sf any of U(s) =dg(s, ¢, R)+uw(s, a1, R) in R lees on the non- 
euclidean line through [ bisecting a (in the sense that the angles sub- 
tended ai $ by the two paris of œ are equal), but does not ite between ¢ 
and a; for \u>0, the unique critical point of U(s) if any in R hies on 
this same non-euclidean line between t and œ. 


? If a right forearm, thumb away from the plane, points from ze to s, then the sense 
of the force exerted at s by a positive askew particle at z is indicated by the fingers at 
right angles to the forearm. Thus a positive skew particle can be considered as a right 
skew particle, and similarly a negative skew particle as a left skew perticle. 
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We now generalize Theorem 1 so as to permit any finite number of 
Green’s functions and harmonic measures: 


THEOREM 2. Let R be a regton bounded by a Jordan curve C, let 
01, fa, © + >, Sm be points of Rand œ, as, +--+, Œa be arcs of C. We form 
the linear combination with real constant coefficrents 


(4) U (s) = > Aag (s, fh R) aE 2 wpe (3, Oh, R). 
Lan bl 
Lei M, `s, © © ©, Àw and Lh, ha, > +, w be postisve, and the remaining 


Ap and Hh be negaitoe. 

AH non-euchdean lines L (if any) for R each of which separates the 
potnts $1, fa, © ©, Ọm and the arcs a, Os, ° ©, ay from the points 
Cati °°, Om Gnd the arcs Qari, © © >, Qn bte in a locus I whick ts a 
subregion of R tn which no critical potnts of U(s) lte. Each such line L 
separates a subset Ri of RC from a subset Ry of R+C, where R, ts 
non-euchidean convex and contains the points t, (k= 1,2, ---,m’) and 
the arcs ay (k=1, 2,---,’), and Rats non-euclidean convex, dtsjotnt 
from Rı, and contains all the remaining potnts Y, and arcs ay. If the 
non-euciidean line L separates all the points ty (R=1, 2,- --, m”) not 
or. L and ali the tntertor points of the arcs ay (k=1, 2,---,') from 
all the remaining potnts tı not on L and all the interior porinis of the re- 
matning arcs ay, then no poini of Lin R is a crsttcal poini of U(s) unless 
aH fy, he on Land n ts zero. 


In Theorem 2 the arcs ay may overlap and may have end points in 
common. 

In the proof of Theorem 2, let be the interior of the unit circle, 
let L be the vertical diameter, let the points f. (k=1, 2,---,m’) 
not on L and the arcs a, (k=1, 2, - - - , n’) except perhaps end points 
lie to the right of L; the remaining t, not on L and the remaining arcs 
a, except perhaps end points lie to the left of L. We consider the point 
g=(0 as a possible position of equilibrium in the field of force cor- 
responding to that used in proving Theorem 1, where we now combine 
the fields for all m Green's functions and for all n harmonic measures 
involved; the positions of equilibrium in R are precisely the critical 
points of U(s) in R. The force at O due to each pair of particles at 
end points of an arc as (k =1, 2,---, m’) has a nonvanishing com- 
ponent directed: vertically downward, as has the force at O due to each 
pair of particles at end points of an arc a, (Ren’+1, n’+2,---, 2). 
Likewise the force at O due to each pair of skew particles at points 
tand 1/f, not on L has a nonvanishing component directed vertically 
downward, whether Sm’ or k >m’; for pairs of skew particles on L, 
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the force exerted at O is horizontal. Thus the total force at O cannot 
be zero, and O cannot be a position of equilibrium nor a critical point 
of U(z). This completes the proof of Theorem 2 except for fairly 
obvious geometric relationships which are left to the reader. 

In Theorem 2 the case m’=m, n’ =n is not excluded: 


COROLLARY 1. Under the condstions of Theorem 2, suppose m =m, 
n' =n. If IL 4s a non-euchidean convex closed region in the closure of R 
which contains all the tı and ay, then I contains also all critical potnts 
of U(s) in R. More explicitly, if a non-euchidean line L passes through a 
point z of R, tf all the points ta not on L lhe on one side of L, and if al 
the arcs a, except perhaps end points lie on this same side of L, where tf 
all t, lie on L we assume n>0, then z is not a critical poini of U(s). 


In the case under Corollary 1 with u =pa= > + © =p,.=1 and thea, 
disjoint, a non-euclidean convex region I], can be defined in R+C con- 
taining the arcs œ, (loci U(s) 1) and also the loci U(s) =1 interior 
to R; one of the latter loci must clearly separate each f, from C. It 
is then known?’ that I, contains all critical points of U(s) in R; but 
the minimal I, always contains the minimal region I, and may be 
larger than II, so Corollary 1 is sharper in this particular situation 
than the previous result. 

Likewise in the more general situation of Theorem 2 itself, with 
[us| = [pal = -e m= |u| =1 and the ay disjoint, a result similar to 
Theorem 2 is known (loc. cit.) involving the arcs a, (loci U(s) = +1) 
and the loci U(s) = +1 interior to R; one of the latter separates each 
f, from C. Theorem 2 is again sharper in this particular situation 
than the previous result. 

In certain cases, Theorem 2 itself can be somewhat improved: 


COROLLARY 2. In Theorem 2 with m' =m, n'=n=1, no critical 
point of U(s) lies on a non-euclidean line L which cuts a, but separates 
all the ty from the end points of an. 

In Theorem 2 wiih m'=0, n’=n=1, any subregton of R bounded 
by a subarc a of a, and by a non-cuciidean line joining the end poinis 
of a, and which contains no poini ty, ts free from critical points of U(x). 


Corollary 2 is intended to be suggestive rather than exhaustive of 
the method. The proof, which is left to the reader, follows closely the 
proof of Theorem 2. 

A new interpretation of Corollary 2 is found by denoting by £f; the 
arc of C complementary to œ, and by setting w(z, a1, R) =1—w(s, B,, R). 
The critical points of U(s) are the same as those of the function 


3 Walsh, Bull. Amer. Math. Soc. vol. 54 (1948) pp. 191-195. 
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U (s) — a 7 2 Ang(s, Sk: R) = pws, B1, R), hi > 0, 
bel 


to which the application of Theorem 2 yields Corollary 2. 

In comparison with all previous existing theorems, Theorem 2 is 
especially novel in that it applies to harmonic functions which as- 
sume in addition to zero more than two distinct values on prescribed 
point sets. 

If a nonconstant harmonic function U(s) is the uniform limit of a 
sequence of harmonic functions U,(s), the critical points of U(s) are 
precisely the limits of the critical points of the U,(s). It is thus clear 
that Theorem 2 applies under suitable conditions when the two sums 
in (4) are replaced by the limits of similar sums. If for each function 
of a unsformly convergent sequence U,(s) the set Ri of Theorem 2 con- 
tains all the points tẹ and afl the arcs ay corresponding to postive 
coefficients Xs and ux, and tf the set Ry contains all the points [, and al 
the arcs corresponding to negative coefficients Ni and ps, then the regton 
Il if independent of p contains no critical point of the limi (assumed 
nonconstant) of the sequence. We proceed to apply this remark, by 
proving the following corollary. 


COROLLARY 3. Let R be a Jordan region bounded by a curve C, le 
the funciton U (z) be bounded and conitnuous on C except perhaps for a 
finite number of discontinusttes, and let U(s) be harmonic and bounded 
sn R, and continuous and equal to U,(s) at every point of continutiy of 
Ulz) on C. Let all points of C at which Ui(s) is postive be contained 
in an arc a of C, and all points of C at which Uls) is negative be con- 
tained in an arc B of C dtsjotn: from a. Then al critical potnts of U(s) 
(assumed not identically sero) in R le in the sets w(s, a, R) 21/2, 
w(s, 8, R) 21/2. 


Corollary 3 is an immediate consequence of the representation 


1 
(5) U(s) = f U (Ìdw(z, t, R) 
Q 
and of the corresponding expression for U(s) as the limit of a sum. If 
the arcs œ and $ are minimal, the locus I is bounded by the arcs 
w(s, a, R) =1/2, w(z, 8, R) =1/2. 

An easy immediate proof of Corollary 3 can be given by the usual 
form of Poisson’s integral for the unit circle C; it is again convenient 
to choose the origin as the point studied, with the axis of imaginaries 
separating the intervals of C on which Uj(s) is positive from the 
intervals of C on which U;(s) ia negative; assume the latter intervals 
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to lie to the left of that axis. Direct computation shows the partial 
derivative of U(s) at the origin in the positive horizontal direction 
to be positive: 
ar 
aes Uı cos 8 d8 > 0, 
Tyo 

so the origin is not a critical point of U(s). This new proof (valid 
also in three dimensions) has the advantage over the previous one 
of slightly generalizing Corollary 3 by not requiring U;(s) to vanish 
on an entire arc of C. Theorem 2 itself can be proved by a similar 
procedure. Nevertheless the original proof of Theorem 2 is to be con- 
sidered as intuitively suggestive and useful, as applying at once in 
the important case of linear combinations of harmonic measures, and 
as exhibiting relations with other proofs on the location of critical 
points. 

Essentially a special case of Corollary 3 occurs if Ui(s) is non-nega- 
tive on C: 


COROLLARY 4. Let R be a Jordan region bounded by a curve C, let 
the functton Ulz) be bounded, non-negative, and continuous on C except 
perhaps for a finite number of discontinusites, and let U(s) be harmonic 
and bounded tn R, continuous and equal to U1(s) at every poini of con- 
tinutty of Uls) on C. Then any non-euclidean convex region of R+C 
which contains all points of C at whitch Ui(s) is positive contains also all 
critical points of U(s) in R. Thus tf U;(s) vanishes on an arc B of C, 
the region w(s, B, R)>1/2 contains no critical points of U(s). 


Just as the second sum of (4) can be replaced by the integral in (5), 
namely the limit of such a sum, so the firat sum in (4) may be replaced 
by the sum of any number of functions of a certain class K, namely 
the class of functions each the uniform limit in a suitable subregion 
of R of sums of the type > _j\ag(z, ta, R). To the class K belong: 
(a) Green’s functions g(s, fs, R); (b) any function U(s) harmonic in 
a closed multiply connected subregion R, of R bounded by C and by 
a set of disjoint analytic Jordan curves I interior to R,4 equal to zero 
on C and to unity on I’. Thus if » denotes the exterior normal for Ri, 
we have 


T 1 ( ðU v)u aU 0 8) a 
a) = — Carrat zE oF Sarr ery ? 
2rJ r £ ov Gr 2r g : or Or 


which in the present case reduces to 
1 The requirement that I’ be interior to R can be weakened (loc. cit.). 
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obviously of class K. More generally, there belongs to class K any 
function which can be expressed 


(6) Us) = f “tle, t RV (dsn 


where the function V(t) is integrable on T. Theorem 2 thus extends 
to apply to any sum of a function of class K and a function of type 
(5). 

In this extension of Theorem 2, proper attention must of course 
be given to the signs of the functicns U;(s) in (5) and V(é) in (6), and 
the question of the latter seems not to be easy. We note explicitly 
that mot every function U(s) harmonic and postiive tn Ri, assuming 
continuous values zero on C and positive on T, admits a representation 
(5) where V(t) ts non-negative on T. We establish this result by display 
of a counter example. Let Rs be the annular region bounded by the 
circles C: |s| =1 and Cy: |s| =r?<1, which are mutually inverse in 
tae circle C: |z| =r; Let Green’s function for Ra be g(s, f, Rs); we 
consider the function U4(s)=g(s, 7, Rẹ) +g(s, —r, Rs), which has (as 
study of the level curves indicates} precisely two critical points s; and 
gy interior to Ry; this set of two points is symmetric in C, and in the 
axis of reals, and we set s =4r, m= —+4#r. A suitably chosen circle y 
orthogonal to C, having its center on the axis of imaginaries, contains 
in its interior s, but no point of C3. Let T denote the sum of Cs and 
the two level curves [,: U3(s) =/7 (>0), where N is chosen so large 
that T; is exterior to y. The function V,(s) harmonic and continuous 
in the region R, bounded by C and T, equal to zero on C, to N on T, 
to 1/p on G, approaches uniformly in R, as p becomes infinite the 
lmit U:(s). Moreover V,(s) is positive in R; and also on T. The criti- 
cal points of U:(s) in R are the Iimits of those of V,(z) in Ri. If we 
assume V,(s) to admit a representation of form 


Vs) = f £G, s, RW (Os, 


where W,( is non-negative on T, it follows that y, containing no 
point of T, contains no critical point of V,(s) and contains no critical 
point of U;(s), contrary to construction." 


š A contradiction can be obtained here also by considering the integral of the 
normal derivative of ¥,(s) over a curve in R; for which G is interior but T; is exterior. 
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_ Theorem 2 and the suggested generalizations apply primarily to a 
simply connected region R, but if we start with a multiply connected 
region, functions harmonic there may be studied by mapping a cover- 
ing surface onto a simply connected region. In preparation for this 
study we prove the following theorem. 


THEOREM 3. Let the function V(s) be harmonic in the upper half- 
plane R, except that tn the netghborhood of each poini p*a (a in R, 
p>l, n= +++, —2, ~1,0,1,2,---+) the sum V(s)-+log |s—p*al is 
harmontc. Let V(s) be conitnuous and equal to sero at each finite point 
of the axts of reals other than s=0, and satisfy the functtonal equation 
V(ps) m= V(s). Then we have the representatton 


(7) V(s) = ¥ log 


g — p*& 





$ 








£— p*a 
a sertes which converges uniformly in any closed bounded region of the 
plane not containing a poini p*a or the origin. 


Each term of the series in (7) is Green’s function for R with pole in 
a point p*a. The function V(s) is closely related to analytic functions 
introduced by Pincherle. 

As n becomes positively infinite we write 
s — p*a 1 — s/p*a 


1 — s/p*a 





log 


) 








= log} 





z— p"a 
which has approximately the value (@—«a)s/p*az, and as n becomes 
negatively infinite we write 


zs — p° 





— p*&/s 
1 — p*a/s 











log 


s — p*a ? 
which has approximately the value p*(œ—@)/z; the convergence of the 
series in (7) follows. Denote the sum of the series by Vi(s), which then 
is harmonic at every finite point of the plane other than the origin 
and the points p*a and p*@&. The function V;(s) is continuous and 
vanishes on the axis of reals (g>0). 
In the formula for V;(s) we replace s by ps, and we have 
pz — p*® 8s — piz 
p8 — pa g — pta i 
so the two series for V;(s) and Vi(ps) are identical except for notation: 
Vi(ps) = Vı(g), and this equation is true for all values of s for which 
¥i(s) is defined. 
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The function V(z)— Vi(s) is harmonic, when suitably defined in 
the points p*a, at every point of R, and is continuous and equal to 
zero on the axis of reals (s0). From the equation V(ps) — Vi(ps) 
= V(s) — Vi(g) it follows that this difference is bounded in the neigh- 
borhoods of the origin and of the point at infinity in R, hence vanishes 
identically in R, and equation (7) is established. The essence of Theo- 
rem 3 can be summarized in the statement that V(s) ts of class K, 
in the region R, consisting of R with the points p*a deleted. 

Theorem 3 ig to be used in proving the following theorem. 


THEOREM 4. Let R be the annular region bounded by disjoint Jordan 
curves Cy and Ca, and let $1, $s, © + +, bm be points of R. Let the function 
U(s) be harmonic in R except in the points Cy, let the sum U(s) +A, log |s 
—{;| with \y>0 be harmonic throughout the neighborhood of ty when 
suttably defined at a, and let U(z) be bounded in the netghborhood of 
Cı and Cy, continuous and non-negative ai ah except perhaps a finite 
number of points of Ci and C3. 

If the function U(s) vanishes at all points of C, j=1 or 2, then any 
region w(s, Ci, R)>u (21/2) which contains no point ta contains no 
critical point of U(s). 

If the unwersal covering surface of Ris mapped onto the tniertor of 
a circle, and +f non-euclidean geometry is defined in R by means of the 
map, then any non-euchidean convex set of R+Ci+ Ca which contains 
GH the ta and contains all points of Cı and Cy at which U(s) ts posttive 
ciso contains all critical potnts of U(s). 


Theorem 4 is proved by mapping the universal covering surface of 
R onto the interior R’ of the unit circle T in the w-plane. The curves 
Cı and Ca each counted infinitely often map into complementary 
arcs I’; and I’; of T. Each function Asg(s, fa, R) vanishes on C, and Cs, 
and is transformed into A, times a function of precisely the type con- 
sidered in Theorem 3; each function of this type is in a suitable sub- 
region of R’ the limit of a sum of functions of the type which appears 
as the first term of the second member of (4), with positive coeffi- 
cients. The function U(s)— > z Asg(s, Ua R) is transformed into a 
function bounded and harmonic except for removable singularities 
in R’, which may have infinitely many discontinuities on T, but 
which can be represented as the limit of a sum of the type that ap- 
pears as the last term of (4), with positive coefficients. Each locus 
w(w, Ty, R^) =p is the image of the locus w(s, Cy, R) =u under the 
conformal map. Theorem 4 is a consequence of our generalization of 
Theorem 2. 

Theorem 4 is the analog of Corollary 1 rather than of Theorem 2. 
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If in Theorem 4 we omit the requirements 4,>0 and U(s) 20 on 
Cı and Cy, it is true that if A denotes the locus w(s, Cı, R) =1/2, if all 
points t, for which Ay>0 which do not lie on A lie between A and C, 
if U(s) is non-negative on C, if all points f. for which Xa <0 which 
do not lie on A lie between A and Cs, 1f U(s) is nonpositive on C3, and 
if either U(s) is different from zero on an arc of Cı or G or there exist 
points f, not on A, then no critscal points of U(s) le on A itself. The 
proof here may be given, after conformal map of the universal cover- 
ing surface of R onto the interior of the unit circle, following the sec- 
ond proof of Corollary 3. 

The last part of Theorem 4 admits of immediate extension to an 
arbitrary region R bounded by a finite number of mutually disjoint 
Jordan curves, where non-euclidean geometry is defined in R by map- 
ping the universal covering surface of R onto the interior of a circle. 
Details are left to the reader. 

The location of critical points of a linear combination of Green’s 
functions and harmonic measures with positive coefficients for a 
multiply connected region (compare equation (6)) can also be studied 
without the use of conformal mapping and non-euclidean geometry; 
results are obtained corresponding to and by the use of results on 
the zeros of the derivative of a rational function due to Bécher and 
the present writer.® 

In connection with the methods we are using, a remark due to 
Bécher’ is appropriate: “The proofs of the theorems which we have 
here deduced from mechanical intuition can readily be thrown, with- 
out essentially modifying their character, into purely algebraic form. 
The mechanical problem must nevertheless be regarded as valuable, 
for it suggests not only the theorems but also the method of proof.” 
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SOME PROPERTIES OF CONTINUED FRACTIONS 
1 + des + X(s/(1 + d,s)) 


W. J. THRON 
1. Introduction. A continued fraction 
cils) aale) 
bE bH, 


with sth approximant A,(s)/B,(s), is said to correspond to the 
power series 


(1.2) 1 -+ cis + cate 


if the power series expansion of .A,(s)/B.(s) agrees with (1.2) up to 
and including the term crm? ™, where k(n) œ as n> &, 

Leighton and Scott [1]! proved that there is one and only one con- 
tinued fraction of the form 





em da(s) + 





agii ass 
(1.3) i e a 
1 -+ 1 ara ’ 
where all &, are positive integers, which corresponds to a given power 
series (1.2). 


The class of all continued fractions of the form 


z 5 

a eee Pe NE eae 

which is studied in this paper, has the same property. This is shown 
in §2. In §3 convergence, and in particular uniform convergence, of 
continued fractions (1.4) is investigated. §4, finally, is devoted to a 
study of necessary conditions for the uniform convergence of (1.4) 
in a neighborhood of the origin 


2. Correspondence. A sufficient condition for the existence of a 
continued fraction (1.4) which corresponds to a given power series 
P(s) of the form (1.2) is the existence of a solution for the system of 
formal identities 


(2.1) Pals) = 1 -+ das + 





g 
? n= 0,1,- 
Pals) i i 
Presented to the Soclety, September 4, 1947; received by the editors March 19, 
1947, and, in revised form, April 23, 1947. 
1 Numbers ir brackezs refer to the bibliography at the end of the paper. 
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where Po(s)=P(s) and P,(s) is a formal power series of the form 
(1.2). This is seen as follows. If such a solution exists one has for every 
neil 


3 g z 


P(s) el Als Pose. ) 
(s) eT EET ETE 








Hence 
P(s) Pala) Anala) + s Arnals) 
P,(s) , B,_1(s) + g: By2(8) 


and therefore 
Ay1(8) m (— 1)" 
Beals) Baale) [Pa(8) Bails) +s Bao(z)] 


Since B,(0) and P,(0) are both different from zero for all » one now 
concludes that the power series expansion of the sath approximant 
agrees with P(s) up to and including the term cas*. The continued 
fraction therefore corresponds to P(s). 

Let P.(s) be the formal derivative of P,(s). It is easily verified 
that da =P» (0)—1 and 


P(s) — 


g 
P,(s) — 1 — ds 


provides a solution of the system (2.1). The following theorem has 
now been proved. 


THEOREM 2.1. For every power series of the form 
1+ ast ewt to 
there exists a continued fraction of the form 


P a+1(2) = 


g z 
1+ ds + 14d +> 
which corresponds to the power series. The power series expansion of the 


nih approxtmani of the continued fraction agrees with the given power 
sertes up to and including the term cs". 





(1.4) 1 + dos + 


The question whether more than one continued fraction of the 
type (1.4) can correspond to the same power series is answered in the 
next theorem. 


THEOREM 2.2, Two continued fractions 
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| o 1ta t E i) 


correspond to the same power seriez 
1+ cw + es? +: 
sf and only tf dg=d, for ah ne0. 


Let A,/B, and AJ /BJ be the rth approximants of the continued 
fractions (1) and (2) respectively. If both continued fractions cor- 
respond to the same power series then their (#+1)th approximants‘ 
have power series expansions which certainly agree with each other 
up to and including the term involving s*t!, Now 

Aw Agi 


By. Bass 








ea (— 1)*tlygeti to... 
and similarly 
Ae Ags 
B, Batt 








m (— i)rtigetig ... , 


It follows that the power series expansions of A,//B, and A,/B, 
agree up to and including the term involving s*+!. Now Bo=B/ =1 


_ and hence Aom Ag and dy dd. 


y 


The proof of the theorem is then complete if it is shown that the 
assumption l 


A,m A;, B,m B, and hence d, = di, 


fory=0,1,---,2—1, leads to tke conclusion dw =d,/ and A,=A., 
Bam B.. Making those assumptions one obtains 


An AL ALB = ALB, 
Paj e 


ey 


Ba BL BaB 
_ de — de) (Aniba m AnsBe—1) 
BaB, 
(— Deae da — da) 
aS S Oa ta) 
EnBa 


A combination of this result with the one concerning the power series 
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expansion of this difference leads to the conclusion d.=d,/ and 
hence A,5A,/, B,=B,!. 

The proof of the theorem below is omitted since it is analogous to 
the proof given for the corresponding theorem concerning continued 
fractions 1+-K(a,.8/1) by Perron [2, p. 342]. 


THEOREM 2.3. If the continued fraction (1.4) converges unsformly in 
a regson D, coniasning the orspin in sts interior, then the corresponding 
power series converges to the same function in the largest open circular 
region, with center at the origin, completely contained in D. 


It is of course not implied that the power series converges only in 
that circle. It is not possible to deduce convergence of the continued 
fraction from the convergence of the power series. This is true for all 
types of “corresponding” continued fractions studied so far. (See [2, 
§65|.) For the type studied here this phenomenon occurs for a very 
simple function. Contrary to the cases previously investigated there 
are no terminating expansions for this type of continued fraction. 
Even rational functions have nonterminating expansions. The ex- 
pansion for P(s)=1 is easily seen to be 


g 
1—s+t+i-—-s+- 


This continued fraction converges to 1 only for a <1, while it di- 
verges for | s| = 1, sx — 1 and converges to —z for all other values of z. 

The final two theorems of this section are analogues of two 
theorems of Leighton and Scott [1, pp. 600-601] for continued frac- 
tions (1.3). The proofs in our case are almost identical to the proofs 
given there and are therefore omitted. 








A os 


THEOREM 2.4. A necessary and suficient condtiton thai the continued 
fraction (1.4) converge uniformly to a holomorphic function in an open 
region D, containing the ortgin, ts that the approximants A,(s)/B,(s) 
be unsformly bounded in every closed set contained in D for al n> no. 


THEOREM 2.5. Two infinie subsequences of approximants of the con- 
tinued fractton (1.4) which converge unsformly in an open region D, 
containing the origin, converge to the same holomorphic function tn D. 

3. Convergence criteria. It is well known [2, p. 196] that for 
z0 the continued fractions (1.4) and 


1 


1 
; d ce 
(3.1) z -+ ON ge Bee pe i 
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where x= g-1/3, —w/2<arg xSx/2, converge and diverge together. 
The expression (3.1) is of the form 6.+K(1/d,), where 


(3.2) ba = «+ d,/x 
and hence 
(3.3) da = xt, — 2°. 


Convergence criteria developed Zor continued fractions of the form 
bo +K(1/ba) (see [3]) are therefare applicable to (3.1) and conse- 
quently indirectly to (1.4). 

Conditions on the sequence fda] which insure convergence of (1.4) 
in a neighborhood of the point s™0 can be obtained as follows. Let 
|d,| SM for all n and let |x| =r. Then 


lo.) Z1 — Mir. 


Now for r21+(M-+1)¥? one has r—M/r 2&2 and hence | a z 2. The 
Pringsheim criterion then insures zhe convergence of (3.1). It follows 
from the equivalence that the continued fraction (1.4) converges for 
all s520 for which 


|s| 1/0 + M H u 


The convergence of (1.4) for s= 0 is trivial. For all values of z under 
consideration the approximants of (1.4) are uniformly bounded. 


This is seen as follows: 
1 
bs ewer a O ET rar inch 
ml1\ 1+ ds ml \ ae + d,/x 1+ (M + 1) 


since, for |x+d,/zx| =2, | K(1/(x+d,/x)) | $1 [3, Theorem 3.2]. An 
application of the Vitali theorem then leads to the conclusion that 
(1.4) converges uniformly in every closed set contained in the circular 
region 


1 


T 





panam d 

















b ` 


<IUE FI. 
THEOREM 3.1. If 
|da] M 
for aB n then the continued fraction (1.4) converges for all z in the circular 
region 
|s| £ 1/1 + (M+ 1). 


The convergence is uniform in every closed sei contained in the interior 
cf this circular region. 


1948] SOME PROPERTIES OF CONTINUED FRACTIONS 211 


Observing that if |d,| 2m then 
|b| & m/r — 1, 
one easily shows that (1.4) converges if 
|s] 21/0 — (m + 1) 


To show that the convergence is uniform one makes use of the fact 
that in this case the approximants of (1.4) are uniformly bounded 
away from the origin but are finite. One thus proves the following 
result. i 


THEOREM 3.2. If 
| da| È ™ 
for ali n then the continued fractton (1.4) converges for all z in the region 
|s| & 1/1 — (m + 1)/2)2 
The convergence is unstform in every closed bounded set in the interior of 
ihis region. 
These theorems gain in importance if they are used in conjunction 


with the following results which give criteria for the convergence of 
(1.4) in certain angular openinge. 


THEOREM 3.3. Let the region D(y, k, © be defined by: r-e” 
ED(y, k, €) if | 


2+te 
2 OO OO 
(e — #1 ecos (Y — O) 
where —r/2 <y Sr/2, k<1/2 cos y, €>0, and 
y = arg (ket? — ett), 
ce | ker — 67], 


If there exist functions ely) and k(-y) and constants y, and y: such that 
all elements of the sequence {da} lte tn the tntersecttons of the regions 
D(y, k(y), €(y)) for Sy Sya then the continued fraction (1.4) con- 
verges for ah z in the angular opening 
— 2y, S arg s S — 271. 

Moreover the convergence is uniform in every closed bounded set in the 
snitersor of this regton. 

Consider a fixed x =pe* and define as C(p) the region formed by 
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all points on or outside the circle with center at 
p*(he'? — e*t) 
and radius 
(4 + 2e + %p7) 4/2, 


where e is positive and & is real. 

Assume that all numbers d, of (3.1) lie in the region C(p). Then the 
elements 5, of (3.1), connected with the numbers d, by relation (3.2), 
satisfy the condition 


(3.4) |b. — ko| & (4 -+ 2e + bYpt) 1/2, 
For every fixed p therefore 
| ba — ko| = (A+ B09? + nC), 


where »(p)>0. A known result [3, Corollary 6.2] then insures the 
convergence of (3.1) for for x= pe*7, 

If all the elements of the sequence {da} lie in a region D(y, k, © 
which is the intersection of all sets C(p), 0<p< œ, then it follows 
from what was said above that the continued fraction (3.1) con- 
verges for every x0 on the ray arg x =y. The boundary of D(y, k, ©) 
is the envelope of the boundaries of the regions C(p). 

Recalling the definition of y’, noting that 


c= | kett — git | = (k? + 1 — 2k- cos y)’, 


and denoting the boundary points of C(p) by r:e” one easily arrives 
at tbe following equation for the boundary of C(p) i 


r? -+ p(k? + 1 — 2k-cos y) — 2rp? cos (y’ — O (k? + 1 — 2k cos y)! 
= (4 + 2e)p? + kpt. 

Combination of like powers of p and introduction of c leads to 
(3.5) r? + ptl — k®) — 2p°(rc cos (y — 6) + 2+ 6 = 0. 

Differentiating (3.5) with respect to p? one obtains 

pic? — kY) = rc-cos (y — A 4+2+6 
Elimination of p from (3.5) leads to 
r(c? — kY) — (rc cos (y! — 6) + 2+ a)? m O. 


A part of the curve defined by this equation is the desired ENEE 
Thus one finds that r-e” ED(y, k, e) if and only if 
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2+. 
(c? — k*)1/? — ¢-cos (y — 8) 


The proof of the first part of Theorem 3.3 is now easily completed 
with the remark that the convergence of (3.1) implies the con- 
vergence of (1.4) for the corresponding 20. That (1.4) converges 
for z=0 is obvious. 

From the results concerning value regions of [3] it follows that the 
imaginary numbers on the line segment from —¢ to ¢ are not taken 
on by any of the approximants ¢,(x) of (3.1) for yı Sarg x Syr x0. 
Further, the functions ¢,(x) are rational functions of x which have 
no poles in the region under consideration [3, Lemma 2.2]. Thus the 
sequence {¢,(x)} is a normal family of holomorphic functions in this 
region and since it converges it converges uniformly (Montel-Vitali 
theorem) in every closed bounded set in the interior of the region 
under consideration. Finally, if {f,(s)} is the sequence of approxi- 
mants of (1.4) it follows from the relation 


re 


1 
Jae) = — pala) 
= g 


that {f,(s)} converges uniformly wherever {¢.(x)} does provided 
|1/x| or |z| is bounded. This completes the proof of the theorem. 
For k =0 the number e can be omitted in the statement of Theorem 
3.3 since (3.1) is known to converge if | ba] 2 2. Further, if k=0 then 
y'=r— 2y and c=1. These remarks together with the substitution 
B= —2y suffice to establish the following corollary of Theorem 3.3. 


COROLLARY 3.b. Let P(B) be the region, not containing the origin, 

bounded by the parabola 
2 
Ln ee 
1 + cos (@ — 8) 

If there exists an interval (61, Ba] such that all elements of the sequence 
tas) lte tn the tniersectton of the regions P(B) as 8 ranges over the interval 

1, Ba] then the continued fraction (1.4) converges for all z in the angular 
opening 

bı S args S By 


Moreover the convergence +s uniform in every closed bounded set contained 
in the interior of this angular opening. 


The result corresponding to the limiting case k—— œ of Theorem 
3.3 can be stated as follows. 
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THEOREM 3.4. If there exist real numbers y and ô, with —r <y <0 

< <r and å—y <r, such that for suitable chotce of the argumeni 
Y a arg da S ô for all n 
then the continued fractton (1.4) converges for all z in the angular open- 
ing 
— r — 2y < args < r — 26. 

The convergence is uniform in every closed bounded set in the tniersor of 
tkis angular opening.’ 

Van Vleck’s convergence criterion insures the convergence of (3.1) 
provided 
(3.6) — x/2 + e S arg ba S r/2— e, «> 0, 
and provided further >| b„| diverges. Consider a fixed x0, such that 

—~w/2+i<argx<x/2+ 7. 
The corresponding s then satisfies the conditions of the theorem. Now 
let 
e(z) = min (arg z + 4/2 — 5; 4/2 + y — arg 2); 
then ¢«(x)>0 and 
— x/2 + ex) S — x/2 +84 e(x) 
S arg x S r/2 + 7 — elx) S w/2 — elx). 
Further 
— x/2 + ex) S y — x/2 — y + e(z) S arg (d/z) 

S 8 + r/2 — 8 — e(z) S 1/2 — (x), 
provided the numbers d, satisfy the conditions of the theorem. It is 
then clear that the elements ba, defined by relation (3.2), satisfy 
condition (3.6) with «=e(x). >| 3. converges only if lim d,=d and 
if s= —1/d. This value however does not lie in the angular opening 
obtained for the variable s. This completes the proof of the con- 
vergence of (3.1) and hence of (1.4). 

The uniform convergence is deduced in a manner analogous to that 


employed in the proof of Theorem 3.3, In this case the values of the 
approximants of (3.1) all lie in the half-plane R(w) 2 0. 


4 The original statement of this theorem contained an error which was kindly 
pointed out by the referee. 
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All the preceding theorems of this section have the following com- 
mon characteristics: For {da} contained in a certain region D there 
exists a region Z(D) such that for all z©Z(D) the continued fraction 
(1.4) converges. Moréover we saw that the convergence is uniform 
over every closed bounded set in the interior of Z(D). Since the 
approximants of (1.4) are rational functions and have no poles for 
sCZ(D) they are holomorphic for s€Z(D). The uniform convergence 
then insures that the limit function is holomorphic in the interior of 
Z(D). 


THEOREM 3.5. Let D be any one of the reptons defined in the preced- 
ing theorems such that for {du} CD the continued fraction (1.4) converges 
uunsformly for al z coniatned in any arbsirary closed bounded set tn 
the interior of the corresponding region Z(D); then the functton to which 
the continued fraction converges ts holomorphic in the interior of Z(D). 


THEOREM 3.6. Let L be the set of limit points of the sequence {da} , and 
let S be an open: set containing L. Let D and Z(D) be regions of the 
type defined in Theorem 3.5. If S is contained in D the continued frac- 
tton (1.4) converges, at leasi in the wider sense, for all sEZ(D) and the 
function to which ti converges is meromorphic tn the interior of Z(D). 


It is clear that there exists an integer »’ such that, for al ngn’ 
d,€S. Thus Theorem 3.5 applies to the continued fraction 


x z 
1+ dwys + 1+ dwys t'e 
and Theorem 3.6 follows. 


4. Behavior in a neighborhood of the origin. In Theorem 3.1 it was 
ahown that the condition | d,| S M insures uniform convergence of the 
continued fraction (1.4) in some neighborhood of the origin. This 
raises the question: to what extent is boundedness of the sequence 
{d,} a necessary condition for the existence of a neighborhood of the 
origin in which the continued fraction converges uniformly. Three 
partial answers to this question are given below. 


THEOREM 4.1. If the sequence {da/n} is unbounded then there does 
not exsst a nesghborhood of the origin in which the continued fraction (1.4) 
converges uniformly. 


1+ dys + 


The denominator B,(s) of the nth approximant of (1.4) is a poly- 
nomial of ath degree 
(a) n 


Bi(s)=1+gy ste tes. 
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From the recursion formula for B,(s), that is, 
(4.1) B,(s) = (1 + das) Bss(z) + sBaa(z), 
one easily deduces that 


í 


n =n—1+ 4, 
pml 


Let p™ be the roots of B,(s); then it is clear that 


(n) z i 
& m7 
youl p(t) 


One now shows that the sequence {g™/n} is unbounded. The fol- 
lowing relation holds: 


(m) (m1) 











gı da 1 £i #n— i 
Peete) 
n # n a— 1 n ; 
and hence 
x a—l 
a fi da 
n #— 1 " 




















The unboundedness of g”/n now follows immediately. Since gi /n 
is the arithmetic mean of the reciprocals of the roots one is now in a 
position to state that given an arbitrary positive 6 and an arbitrary 
integer N there exists an integer N’ >N such that one of the roots of 
By-(s) lies in the neighborhood |s| <8. In order that there be uni- 
fcrm convergence in some neighborhood of the origin it is necessary 
that there exist a neighborhood of the origin in which B,(s) +0 for 
all n>, since for z=0 (1.4) converges to 1. This completes the proof 
of the theorem. 


THEOREM 4.2. If dg>0 for all n and if {d,} is unbounded then there 
does not extsi a neighborhood of the origin in which the continued frac- 
tion (1.4) converges unsformly. 


The proof of this theorem depends on three lemmas which are also 
of some interest for their own sake. 


LEMMA 4.1. If d,>0 for »=0, 1, ---, then all the roots of B,(s) 
ave real and negative and the roots of B,(s) and B,-1(s) separate each 
other, that is, 


(m—1) (m) (n—1) (m) 


a <i < ps Lre < per <p, <O. 
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One notes first that all the coefficients of B,(s) are positive. That 
the root of B(s) is negative is then clear. That no two successive 
B,(s) have common roots follows from the well known identity 


A,(s)Ba_i(s) — Aa_i(s)B,(s) = (— 1)*-42* 


and the fact that B,(0)—1 for all n. Now assume that the lemma 
holds for all » up to and including »=”x—1. Then 


Bylo, 


(n—1) (a—1) 


) = (14 daps” Bie 
nee 8 


(a1) 
= p B Balp» 


Thus for two successive roots of B,_; the polynomial B,(s) takes on 
values with opposite signs. Hence there must be a root of B, between 
any two roots of B,_;. Further, for the first root (in order of size) 
p?-) | B, has a sign opposite to that of B,_s while for s<0 and suff- 
ciently small the signs of the two polynomials are the same. Hence, 
since by the induction hypothesis there is no root of B,_; to the left of 
p*-», B, must have a root to the left of pf}. In a similar way 
(B,.(0) =1, for all m) one shows that there must be a root of B, be- 
tween p® -P and 0. Thus all roots of B, are accounted for and the 
lemma is proved. 


Lemma 4.2. If d,>0 forvy=0, 1, +--+, then ether —1/d, 4s a root 
of B, or there is at least one root of B, to the lefi and at least one to the 
righi of —1/dn. (Note that Lemma 4.1 insures that all roots of B, are 
real and negative.) 


For s= —1/d, one has 
B= 1/d,) ee 1/d,B,-+(— 1/d,). 


This expression may be equal to zero; if not one deduces from it that 
either B, or Ba has a root to the left as well as to the right of 
—i/d,. An application of Lemma 4.1 completes the proof of this 
lemma. 

A combination of these two lemmas leads to the following result. 


LEMMA 4.3. If d,>0 for p=0, 1,--+-, n then there ts at least one 
root of B, which is greater than or equal to every —1/d,and at least one 
root which +s less than or equal to every —1/d,. 


If fda} is unbounded there then ae polynomials B,(z) with 
arbitrarily large » which have roots p® such that |p®*’| is less than 
any preassigned 6>0. This Erte the proof of Theorem 4.2. 


(n—1) 


ito Bae) 
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THEOREM 4.3. If d,0 for all n and sf lim da= œ then there does noi 
extst a neighborhood of the origin in which the continued fraction (1.4) 
converges unsformly. 


One easily verifies that 


(a) = (4) 
En Il d, = II 1/p, . 
7 Í Fm l 
Hf the conditions of the theorem are satisfied (|[]%., d,|)“* is un- 
bounded. Now at least one of the quantities | 1/p™| is as large as the 
geometric mean of the set. The proof of the theorem is then com- 
pleted by the same argument that was used in the two previous cases. 
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SOME LIMIT THEOREMS 
I. M. SHEFFER 
1. Introduction. It is a classical result in the theory of trigonometric 
series that $f , z 
(1.1) Ca COS wx + da BiN nx — 0 (n — œ) 
for al (real) x on a set of positive measure, then 
(1.2) f.70, hO. 


Cantor proved this for the case that set {x} is an interval, and 
Lebesgue established the result for a set of measure zero. A short 
proof is given by Hardy and Rogosinsk.! 

The following related result was proved and used by Szfsz.? If 


(1.3) a, sin sz + b, sin (# + 1)2— 0 
on a (read) set {x} of posttive measure, then 
(1.4) a, — 0, ba — 0. 


Relations (1.1) and (1.3) can be put into complex form. For ex- 
ample, (1.1) becomes 


(1.5) a, exp {nx} + ba exp {— nx} 0, 

with the conclusion that 

(1.6) a, —> 0, ba — 0. 

Here exp {u} is defined by 

(1.7) exp {u} m et (¢ = (1). 


Our purpose in the present work is to extend the conclusions of the 
above-mentioned results to combinations more general than (1.3), 
(1.5). Thus in §2 we go from two terms to k terms and generalize the 
exponents; in §3 the coefficients of the exponentials are permitted 


Presented to the Society, April 26, 1947 under the title A limi: theorem: recetved 
by the editors May 12, 1947. 

1 Hardy and Rogosinsli, Fourter series (Cambridge Tracts in Mathematica and 
Mathematical Physics, no. 38), Theorem 92, p. 84. 

2 Otto Seisz, On Lebespue summabiliiy and tts gensralisaiion to integrals, Amer. J. 
Math. vol. 67 (1945) pp. 389-396, especially Lemma 2, p. 395. Dr. Szász has informed 
me that, with the intention of using it in work on trigonometric series, he has proved 
(but not published) a generalization of (1.3), namely where the left side of (1.3) is 
replaced by the expreæion YT ays, 
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to be polynomials; and in $4 the multi-dimensional case is taken up. 


2. One-dimensional case. In the following sections we suppose 
without further mention that all variables x, y, - - - are real. 


LEMMA 2.1. Lei PA be a rex} sequence thai does not have sero as tts 
limu. The relaiton 


(2.1) lim exp {sr} = 1 


cannot hold on a set of postitve measure.* 


Suppose the lemma is false, so that there is a set 7 of positive meas- 
ure on which (2.1) is satisfied. We may suppose that 7 is bounded. It 
is no restriction to assume that zero is not a limit point of {x.}; for 
there exists an infinite subsequence of {#,} for which zero is not a 
limit point, and we may remove all «,’s not in this subsequence. 

Suppose {u,} contains a bounded subsequence {#.,}; then from 
{tn} a further sequence can be chosen for which a limit exists. This 
limit, say L, cannot be zero, so from exp {Læ} = 1 for x in 7 we con- 
clude that 7 is at most a denumerable set, contrary to the assumption 
that 7 is of positive measure. 

Now suppose that {u,} contains no bounded subsequence, so that 
FA =æ. By Egoroff’s theorem there is a subset 7, of F, of positive 
measure, on which (2.1), that is, 


COS HaT + t 8N hatl, 


holds uniformly. Consequently, since 1 + cos “x is uniformly 
bounded, 


cos? Mat — 1-40 (uniformly on 71). 
Integrating over Jı: 


(2.2) f. Eo tdr —> f. Tii = m71). 


Now there exists an open set 9, consisting of a finite number of 
nonoverlapping intervals, say (az b), j™1,---,, with the follow- 
ing two properties: (i) 9 contains 71; (ii) m(Fi) Sm(Q) <3m(71)/2. 


Hence, 


3 As originally stated and proved, this and the other results of the paper used the 
condition tsterval everywhere in place of set of postitwe measure. We owe to Dr. Szász 
the suggestion to generalire to the case of positive measure, and also to extend the 
results to more than one variable (see $4). 
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cos? #, 20x <Í COS? ky ydg = z f (1 + cos 2#,x«)dx 
Jy Q Q 





= 2-9) + 3 = =)"; 


jm 2%, a 
so for all n sufficiently large, 


3 
* (2.3) fye Mardy < Pi m(71). 


But this contradicts (2.2), so the lemma cannot be false.‘ 


LEMMA 2.2. Let {tun}, S=1, +++, k, bereal sequences with the prop- 
erty that none of the sequences {tan} fhau — ipa) (sp) has zero as a 
limiit point. If real or complex constants { an} exist such that 


(2.4) $ Ava lexp {hax} — 1]—0 


for all x on a set E of postive measure, then 
(2.5) EET Cee eee 7 


If k=1 the lemma is true in virtue of Lemma 2.1. Assume it true 
for the case k—1; we shall then prove it for k by an induction argu- 
ment, and this will establish the truth of Lemma 2.2. 

It is no restriction to suppose that E is a bounded set. € contains a 
point xı with the property that every interval containing x; in its 
interior meets E in a set of positive measure.’ For suppose not. Then 
about each x in € exists an interval J,, with x in its interior, such that 
E-I, is of measure zero. Let x; be in E, and let I„ be the largest asso- 
ciated interval. It is clear that there ¢s a largest interval. If x, in € 
is not in Ie, then it too has a largest associated interval Im, and Is, 
I, do not meet. It is now a straightforward argument to show that € 
is covered by at most a denumerable number of such intervals I.s, 
_ thus establishing Ê as a set of zero measure. This contradiction shows 
that a point such as the aforementioned x; exists. 

Let x in (2.4) take on such a value xı and subtract from (2.4). 
There results the relation 


1 This contradiction does not preclude the possibility that the set of points for 
which (2.1) holds is non-measurable, but in this case the set cannot contain a subset 
of positive measure. 

š A much stronger conclusion as to the number of such points is of course poe- 
sible, but we require only the above mild assertion. 
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(2.6) D Ann exp {t,t} [exp {hay} — 1] 0 


for all y in Em {y =x- g, as x ranges over E€}. &, and € have the 
same (positive) measure, and the replacement of (2.4) and © by (2.6) 
ard & insures that the origin (y=0) is a point of €; every neighbor- 
hood of which contains a subset of E of positive measure. 

Let 


(2.7) Bain m Asin vxp { teats}. 
Then 
(2.8) 2, Bua lexp lha} =| 1]—0 (y in €), 


and (2.5) is equivalent to 
(2.9) Bia 0 (s= 1,---, &). 


Suppose the lemma is false for case $. Then a value s, say s=h, 
exists such that? B-0 is false. There therefore is a subsequence 
{njan} of {n}, and a number M>0, such that 


| Bia | > M, 


so on replacing {n} by {n(j)} in (2.8) and dividing by Big, we 
have 


ki 
(2.10) [exp {tsay} — 1] + È Cun [erp {Acny} — 1]—0 
pani 


(y in E). 
Here 


Ban 
(2.11) Coan eae e 


Brao) 


Let yı be an arbitrary point of €,. The set of points {u} defined by 
u=y—y as y ranges over & will be denoted by En, and will be 
termed a translation set (relative to €). Clearly, m(E€,,) =m(E,). 

Let 9 be an open set containing €, with m(&,) <m(9) <3m(&)/2. 
There exists a set of nonoverlapping open intervals 9e I+ -- +I, 
contained in 9, for which 

$ Actually, for every si, +--+, $ the quantity B.. does not approach zero; for 
otherwise we can drop from sum ‘2.8) all terms for which B,,,—»0, and thus reduce 


(2.8) to k—1 or leas terms, in which case the lemma is true by our induction assump- 
tion, 
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m(Ex) < mQ) < 3m(Ex)/2, 
and also such that 
mQ £3) > 3em(E1) /4. 

To each end of I, (p=1, -+ -, r) add an interval of length A, forming 
a new interval J,, where A is chosen small enough so that on setting 
9,5 Jit +--+ +J, (gSr since some intervals may overlap and thus 
be combined) then m(Qa) <3m(&)/2. 

Let 3 be the subset of numbers y of E for which |y| <A. We 
know that & is of positive measure. Moreover, for an arbitrary y in 3€, 

m(Qa Er) > 3m(Er)/4, (Qa Ex) > Im(E)/4. 


Since m(Q3) <3m(E,)/2, it follows that 


m( Ey: ey > 0 (all yin ®), 
We see from (2.10) and Lemma 2.1 that we cannot have C, a0 
for all s=1,---,k—1. Hence there is an s, say s=1, for which 


Ci,a(p—0 is false; and a subsequence | m(7) } of { (7) F and a positive 
number K, such that 


(2.12) Ciam >R. 
Now the relation 
(2.13) exp Í (tac — famos} 1 G> œ) 


cannot hold on a set of positive measure (Lemma 2.1); consequently, 
there is a point yı in K such that (2.13) is false for s=+,. Choose 
ymy in (2.10) and subtract from (2.10): 


exp {beer dt} [exp { fancy} = 1 | 


(2.14) bl 
T 2 Coach exp fhao} [exp TERN -a 1] — 0, 
=i 


where u=y—+, (y in &), so that u ranges over the translation set 
En. In (2.14), replace {n(j)} by {m(j)} and divide by exp {thaw}. 
This gives us 


[exp { teen} = 1] 
1 
(2.15) + > Ci) exp TO = TEIE [exp fhas} a 1] — 0 
il 
(u in En). 
Let C=€,-&,,. We know that m( L) >0. If we restrict u in (2.15) 
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and y in (2.10) to lie in £, then « and y may be identifed; so on sub- 
tracting (2.15) from (2.10) (with n{j) replaced by m(j)) we obtain 


(2.16) È Cno [1— exp {hnitiu} | fexp {hnn} —1]0 


(y in £). 
This relation has only k — 1 terms, and for it the hypotheses of Lemma 


2.2 hold. By our induction assumption, therefore, each coefficient 
approaches zero. Since (2.12) holds, we must have 


exp { (hmo) — temp) 91} 4, 


which is contrary to the choice of y. 
. Thus the induction chain is complete, and the lemma is established. 


THEOREM 2.1. Let {a,n},5=1,---, k, be real or complex number 
sequences, and let the real sequences {rent have the property that none of 
the sequences {reu—Tp.nt (SP) kas sero as a hmi poini. If 


b 
(2.17) >, Gen exp [rant] > 0 
a] 


for all x on a set © of postitve measure, then 
(2.18) Grn — 0 ETN 


REMARK. For sequences {r,,.} satisfying the above hypothesis, 
Theorem 2.1 asserts what may be termed the asymptotic linear inde- 
pendence of the functions exp {rant}, seaj,---,k. 

If the theorem is false, there is an index s, say s=1, for which 
Gi,.—0 is false; so a subsequence TIOR of {n} exists, and a positive 
number M, such that | aiao] > M. Replace {n} by {a} in (2.17) 
and divide by tiag) exp {rinor} : 


k | 
(2.19) 1+ Do bann exp { (reac) — fian) 2} — 0, 
` b Í 
where 
Gain 
(2.20) dency ™ Srat 
G14ach 


Take «=x, in (2.19) and subtract from (2.19): 


b 
(2.21) Di beac exp {hacar} lexp {hany} — 1]—>0. 
sun 3 


1948] SOME LIMIT THEOREMS 225 


Here 
beac) on Feat) ani Tia): Y = 7— v1 (x in €, 


so y ranges over a set E of positive measure. 
The hypotheses of Lemma 2.2 are satisfied, so 


bsa) => 0 (s n 2, E k). 
But this contradicts (2.19). Thus Theorem 2.1 is established. 


COROLLARY 2.1. Let the sequences {tra} satisfy the hypothesis of 
Lemma 2.2. If a constant A and constants TAR extsi such that 


h 
(2.22) Dy Gan XP {hax} >A 
=] 


for all x on a set of postive measure, then 
(2.23) A = 0; ds, >O (s=1,::, $). 
For, (2.22) can be written 


b+1 

(2.24) >, d,a CIP {tea} —> Q, 
aml 

where 

(2.25) Ghtin S A, titi, = 0. 


The hypothesis of Theorem 2.1 is fulfilled in (2.24), 80 a,,.—0, 
gseit,---+, R+1. 

In Theorem 2.1 the condition on the sequences {r,a} cannot be 
weakened. This is shown by the following theorem. 


THEOREM 2.2. Lei the real sequences {rents s=i1,--+-,k, be such 
that at least one of the sequences {rin—Tp.a} (Sp) has sero as a limit 
point. There exist sequences {a.n}, at least one of which does not ap- 
proach sero, such that (2.17) holds for afl x. 


We may suppose that tay rin) —f2,04) 720 as jo. Choose 
Ga = 0, 5™3,-°-:°,k, and Gia = Grn = 0 for nám, m,-- +. The left 
side of (2.17) becomes 


(2.26) Giat) EXP {imh} + Gaacy exp friaa}, 
and this approaches zero if and only if 
(2.27) Ginti CXD TERET + taa O. 
It is clear that if we define a1,0,)=1, Gs ™ —1, then (2.27) 
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does hold for every x. Actually, these coefficients can be chosen to be 
unbounded. For let R>0O be given. There exists an M=M(R) such 
that 


| exp {Anz} ~ 1] SM] Aco | 
for all |x| SR. On writing the left side of (2.27) as 
Gini lexp {ant} — 1] + [sran + asso], 
we see that (2.27) follows if we choose ai, aQ), @2,0,) 80 that 
(2.28) © üii O, aac E tran >O. 


Since fau) —>0, conditions (2.28) can be satisfied by sequences iag, 
G3,a(,) that are unbounded. 


3. Polynomial coefficients. The result of Theorem 2.1 can be ex- 
tended to the case of polynomial coefficients of bounded degree: 


THEOREM 3.1. Let {rsa}, s=i,---,k, be real sequences such that 
none of the sequences {fea—Tp.n} (sip) has zero as a amet point. Let 
| Pral) f be real or complex polynomial sequences: 

(3.1) Panl) = G0, + Galant p decal a CA TE aa (s = Í., k) 


in which q, ts independent of n. If 


h 
(3.2) Ds Paala) exp frans) 0 
ald 
for al x on a set € of posttive measure, then 
(3.3) Gaspa >O (p = 0, tress, gas =l, ee, k) 
Let 
(3.4) q = max {qi,---, qe. 


If g=0 the result follows from Theorem 2.1. Suppose the theorem is 
false. Then there is an integer Q>0 such that whenever g<Q the 
result is true, but for at least one case with g=Q the theorem is un- 
true. In each case of failure, with g=Q, at least one polynomial co- 
efficient is of degree Q. Let à be the number of such polynomials; 
then there is a positive integer A with the property that whenever 
A<A (and ¢g=Q), the theorem is true, but there is a case A=A, 
q=Q for which it is false. 

Let (3.2) be such a case, so that exactly A polynomials, that we may 
take to be P,,.(%), s=1,--+,A,are of degree Q while all other poly- 
nomial coefficients (if any) are of lower degree. Since the theorem is 


| 
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false for this case, not all the coefficients approach zero as #—= œ. 
For each n=1,2,--- let 


(3.5) Ha = max { | spal} P= 0, 1,- gis = 1, e, k). 


Then uy does not approach 0. There therefore exist values s =g, p= ,, 
a positive number M, and a subsequence {n(j)} of {#}, such that 


(3.6) löna] = a > M G=1, 2,8"). 
Replace Ín} by fn} in (3.2) and divide by a,,», acy EXD {rian} 


(3.7) Rian (2) + 2 Reala) exp {tinct} 0 (x in €), 


where 
beams) ™ Tani — Tia 


and 





Ce 
Ri a(x) 2 2 bs pait? a Paa): 
pl 


Oe, ppn) 


The b-coefficients are bounded, and bs,r. se = 1 for all 7. Consequently, 

there exists a subsequence {m(j)} of f n(j)} for which the following 

limits exist: 

(3.8) lim bs, p,a = Oe,» ($= 0, lertigas ely ee pe); 
Jew 


and not all of b.,p are zero, since bep, ™ 1. 
From (3.7) it follows that 


(3.9) Ri{x) + > R,(x) exp fi, aint} —+0 (x in Ê), 

where 

(3.10) R(= 5: bs, px? (s = 1,- $). 
; pO 


Moreover, R(x) is of degree Q; for if it is of lower degree, then (3.9) 
presenta a case in which fewer than A polynomials are of degeee Q, 
so from the definition of A it will follow that the theorem is true for 
(3.9). Thus all coefficients in all the polynomials approach zero as 
j->. But this is contrary to the fact that b,,,,.=1. Hence the degree 
of Ri(x) must be Q. 

We know from the proof of Lemma 2.2 that set © contains a point 
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xı every neighborhood of which contains a subset of E of positive 
measure; and using this fact, we may conclude (as was similarly 
argued in establishing Lemma 2.2) that there exist distinct numbers 
hy, ha such that on defining &, & by 


€, {yp = x + kp x ranging over E} (p = 1, 2), 


then €,m€,-€, is a set of positive measure. 
Relation (3.9) may then be written in each of the forms 


Rilyy — Ay) 
b 
(3.11) + 2, Ry — hy) exp {— hma) Ap} exp {te mcn yet 0 
m? 


(Fs in Ei $ ae 1, 2): 
If we consider only points in €,, then yı and ys may be identified: 
Rily — hy) 


a 
(3.12) + È Rly — hy) exp {— tment} exp {Aacy} — 0 
anf 


(yin Ey, p = 1, 2). 
On subtracting we have 


(3.13) ae — hi) — Rily — bs) ] + 2 [Re(y — As) exp {— hmh] 


— Ry — Ay) exp { — tem hat | exp (hany) — 0 
(y in Êi). 
Since Ri(x) is of actual degree Q, and Q>0, we see that 
(3.14) H(y) m [Rily — h) — Rily — *)] 


is a polynomial of degree exactly Q — 1, and is therefore not identically 
zero. But H(y) being of degree less than Q, this places (3.13) in the 
category of cases for which the theorem is true, since now fewer than 
A polynomials are'of degree Q. Hence all coefficients approach zero. 
This is however contrary to the condition that H (y) 40. 

We have thus arrived at a contradiction, so the assumption. that 
Theorem 3.1 is false is untenable. 


4. Higher dimensions. We shall now show that the foregoing re- 
sults extend to the general case of p dimensions. Throughout this 
section the term measure refers to p-dsmenstonal measure. Proofs for 
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the general case usually follow those of the preceding sections, and 
are accordingly given briefly or not at all. 


LEMMA 4.1. Let {u.n}, s=1, -< - , p, be real sequences such that for 
at least one value of $, {ten} does not have sero as its limit. The relation 


? 
(4.1) lim exp f È mant = 1 
ae jaw 1 
cannot hold on a set of points (x) = (x1, ++ > , Xp) of postive measure. 


Assume that the lemma is false, so there is a set F of positive meas- 
ure for which (4.1) holds. Suppose s =q is the value for which #,,„ does 
not approach 0, We may then assume that TA does not have zero 
as limit point. If a subsequence {(j)} of {n} exists for which all the 


sequences { tency }> s=1,---, p, are bounded, then there will be a 

further subsequence {m(j)} for which the following limits exist: 
lim Hs m) = lı (s = 1; Y $), 
foe 


with /,>£0. Hence if (x) is in 7, then (x) must satisfy one of the 
equations 


1 
(4.2) 77 a hte = 0, +1, £2,+--. 


T l 


For each choice of the right side, (4.2) is a hyperplane, and is of 
measure zero. The totality of planes (4.2) is likewise of zero measure, 
and so, therefore, is 7, which is contrary to assumption. 

There remains to consider the case where for at least one value of s, 
say s=1, and a subsequence (n) a 


| 1.07) | es 
The remainder of the argument now follows that of Lemma 2.1, with 
obvious p-dimensional modifications. 


LEMMA 4.2. Let {ten}, s™1,:->, k; rmi,- ++, p be real se- 
quences with the following property: a value r=q exists such that none 
of the sequences iat, PoTN (s0) has sero as a lama 
point. If real or complex constants {A,,_} exist such that 


(4.3) 2 Ass [ex 3 toate — J —> 0 


for all (x)= (xi, : - - , xp) on a set E of positsve measure, then 
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(4.4) Asn 0 (s=1,-°-, $). 


The proof is like that of Lemma 2.2 with simple modifications that 
need not be detailed here. 


Lemma 4.2 leads directly to the following theorem. 


THEOREM 4.1. Let {a.a}, s=1, +++, k, be real or complex sequences, 
and let the real sequences Í gara}, sal,---+,kj;r=~1,-+--, p, be 
such that for some value r =u), none of the sequences Í Iaun — ewn] (s3£0) 
has zero as a himi potni. If 


k 7 
(4.5) D Osa CIP { 2, Durar —> 0 
onl rasi 
for all (x) m(x, - > -© , xp) on a set © of positive measure, then 
(4.6) O anl (sa1,--+-, k). 


The proof follows an earlier one (Theorem 2.1), as does the next 
result: 


COROLLARY 4.1. Let the sequences {tra} satisfy the hypothesis of 
Lemma 4.2. If a constant A and constants {a.,,} exist such that 


(4.7) 2 tates | 3 hrat) A 


7 


for all (x) on a set of posstisve measure, then 
(4.8) A=0; anD (so i,+-+-+,&). 
Finally, we have 


THEOREM 4.2. Let Caer e see], --+,Rkir=1,---, p, be real se- 
quences satisfying the hypothesis of Theorem 4.1. Let { Pr a(n +++, X—)} 
be real or complex polynomial sequences: 


= h h 
(4.9) P, a (%1, oe, © t Tp) = 5 Ge sji >>, sti S M 
Mte Apt 


in which e, is independent of n. If 
b P 

Gio Dec eee oe {> lirat — 0 
m] fw] 


for all (x) on a set E of positive measure, then 
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(4.11) Gaam n 70 OSh+::- +h Sa;sei,--:, &). 


í 


Up to a point the proof is patterned after that of Theorem 3.1. When 
the equivalent of (3.13) is obtained, however, we can no longer assert 
that H(n, ° +, Y») is not identically zero simply from the fact that 


two distinct sets (k) = (Au, +++, Arp), (h)a = (An, «+ +, Asp) exist such 
that 

Hlyn, RiGee he oat yeh 
(4.12) (yı Yp) = Rı(yı 11 Yp 1p) 


— Rilyi — hn, ++ 5 Yp — hip). 


In fact, nonconstant polynomials in more than one variable exist that 
are “periodic.” We avoid this diffculty by observing that for a fixed 
point (A)1, the point (4); can be chosen arbitrarily on a set of positive 
measure. Examination of the proof of Lemma 2.2 shows this. Now if 
a polynomial L(x, - - > , x») bas the property that 


L(a + 61, =>, Tp + Cp) wa D(x, ey Ty) 
for all sets (c) =(c, +, cC) on a set of positive measure, then 
surely Lmconstant. 
In our case, therefore, if H(yı, - ++, Yp) m0 for all possible choices 


of (h)s, then Rı is a constant, contrary to the fact that its degree is 
Q>0 (cf. Theorem 3.1). The remainder of the proof offers no diff- 
culty. i 


THE PENNSYLVANIA STATE COLLEGE 


NICHOLSON’S INTEGRAL FOR Ji(s)+ Yi(s) 
J. ERNEST WILKINS, JR. 


The integral in question is 
(1) JX) + YLO) = (8/1) f Ka (2s sinh #) cosh 2ntdt, 


and its validity for arbitrary complex » when the real part of sz is 
` positive is proved in [1, pp. 441-444]! with the help of Hardy's 
theory of generalized integrals and integrations over contours in the 
complex plane. It is the purpose of this paper to give a much more 
elementary proof of (1). 

We begin by observing [1, p. 146] that if D=s(d/ds), then three 
linearly independent solutions of the equation 


(2) [D(D? — 4n*) + 42°(D + 1)]y = 0 
are J3(s), Y2(s) and J,(s) Y.(s). Equation (2) may be written as 
(3) gy” + 33y” + (1 — 4w + 45%) y’ + 4sy = O. 


We shall now show that y(z) = fy Ko(2s sinh #) cosh 2ntdé is a solu- 
tion of (3). When the real part of s is positive it is clear that 
K (2s sinh #) is sufficiently small at © to permit us to differentiate 
under the integral sign as many times as we please. Therefore, 


(4) yos l k Orii on 
0 


If we make use of the differential equation 
(5) xK’ (x) + Ky (x) — Kax) = 0 
satisfied by Ko(x), then we find that 


y” a f {4 sinh? #K,(2z sinh #) — 2s-! sinh ¢K¢ (2s sinh #)} cosh 2stdt, 
8 


jia f {(8 sinhë -+ 4r- 1 sinh HK (2s sinh A 
0 
— 4s-! sinh? iKo(2s sinh #)} cosh 2nédé. 
It follows that | 
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pry! + 3sy” + (1 + 48%) + Asy 
(6) = f j {43 sinh 24 cosh #Ky (2s sinh #) 
8 


+ 4s cosh 2#K (2s sinh 4) } cosh 2nédt. 
If now (4) is integrated by parts and use is made of (5) we find that 


Andy’ = — Ans f sinh 24K (2s sinh #) sinh 2ndédt, 
0 


whence another integration by parts shows that 4n*y’ is equal to the 
right-hand side of (6). Therefore y(z) is a solution of (3). Conse- 
quently, there exist constants A, B, C such that 


(7) y(s) = AJa(s) + BYa(s) + CJa(2)¥a(s). 
We shall now show that 


(8) lim sy(s) = lim f £Ko(2z sinh #) cosh ġidi = 7 
gm Jo 


the last equality being a consequence of the result [1, p. 388] 
“ x 
f K(u)du a Meare 
0 2 


In (8), s is restricted to real values. In fact, the difference of the inte- 
grands in the limitands in (8) is 


F(z, #) = sKo(2z sinh #)(cosh 2m — cosh #). 
Now «/3e*Ko(x) is bounded on (0, œ), so that 
| F(z, ) | S Ao(s csch Hte imat | cosh Int — cosh é|. 
Moreover, csch ¢S1/# and the mean value theorem shows that 
| cosh 2a — cosh +| < (2| n| + 1)é(sinh 2| n| -+ sinh À, 
whence we see that 
| F(s, )| S Ashe t *2t(ginh 2| n| t+ sinh À. 


We can suppose that zg 1. Since sinh 2t and (st)!/%*-*! is bounded, 
we find that 


| F(s, )| S As(ainh 2| n| 4+ sinh ġe: 
S A;(sinh 2 | n | t + sinh Ae nb! 
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Therefore, F(g, i) converges dommatedly to zero as s approaches œ, 


and this suffices to prove (8). 
It is known [1, p. 199] that 


Ja Ojea (: -2 =) +o, 


Y.(s) = (2/as)!/? sin (= — Z — 2) + O(s). 


From (7) we conclude that 
rzy) 
2 





= 4+ B-A sint(s - = - 4) 
2 4 


C T 
-+ A sin (2: — nr — =) + O(s-}), 


This result is incompatible with (8) unless A =73/8, B=A, C=O, 
and in this case (3) = (92/8) 4 J3(s) + V2(s)}. This completes the 
proof of (1). l 
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THE KOLMOGOROFF PRINCIPLE 
FOR THE LEBESGUE AREA 


R G. HELSEL AND E. J. MICKLE 


1. Introduction. Kolmogoroff [3]! has considered an axiomatic de- 
velopment of measure theory for analytic sets in a metric space. One 
of his axioms is the following: If the set E* is the image of a set E 
under a Lipschitzian transformation with Lipschitz constant equal 
to or less than one, then the measure of E* should not exceed the 
measure of E. As stated, the principle has meaning only for point 
sets, but we shall be concerned with the area (or two-dimensional 
measure) of Fréchet surfaces in Euclidean 3-space; so we first re- 
formulate the Kolmogoroff principle as follows: If 7* and T are two 
continuous transformations from the unit disc D: u?+»*S1 into 
Euclidean 3-space which satisfy the distance inequality | T* (b) 
—T*(p3)| S| TH) —T(p:)| for every pair of points fi, CD, then 
the area of the Fréchet surface determined by 7* should not exceed 
the area of the one determined by T. The purpose of this paper is 
to show that the Kolmogoroff principle, as reformulated above 
for Fréchet surfaces, is satisfied by the Lebesgue area. 

We first discuss the case in which both the Fréchet surfaces are 
represented by Lipschitzian transformations. Since the Lebesgue 
area ig given by the usual double integral formula in this case (see 
-Radé [5]), an elementary inequality suffices to establish the desired 
relation between the areas. In an independent study of a related 
question, Reichelderfer [6] has obtained a result which can be shown 
to be equivalent. The general case, in which the transformations 
representing the surfaces are merely assumed to be continuous, de- 
pends upon the extension of a Lipschitzian vector function, defined 
originally on a bounded and closed set, to an open neighborhood of 
the set. We are indebted to Professor S. Eilenberg for calling our at- 
tention to the fact that such an extension has already been estab- 
lished by Kirazbraun [2]. 


2. The Lipschitz case. To begin, let us establish the elementary 
inequality mentioned in the introduction. 


Lemma 1. If E, F, G and E*, F*, G* are constants such that 
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E cos*§+-2F cos @ sin 0+G sin? 6 2 E* cos? 0+2F* cos 8 sin 0+G* sin’ 0 
20 for 0&0 2r, then EG — F z E*G*— F*. 

ProoF. Since the quadratic form E* cos? 0 +2F* cos 0 sin §+G* sin”? 
is positive, we have 
(1) E*G* — F" 2 0. 

The quadratic form (E — E*) coa? 6+2(F—F*) cos 0 sin §+(G—G*) 
sin% is also positive; so 
(2) (E= EG =G) (a BY, 
which may be written in the form 

EG — E? g E'G" — F! + G@(E — E*) 

— 2F*(F — F*) + E* (G — G"*). 

Clearly the desired inequality will follow from (3) if we can show that 
(4) . G"(E — E*) — 2F*(E — F*) + E*G — G*) 2 0. 
The numbers G*(E—E*) and E*(G—G*) are non-negative; hence 
Gt(E—E*)+E"(G—G") 22(G*(E—E*)E*(G—G"*) |. But multipli- 
cation of (1) and (2) yields the inequality [G*(E — E*)E* (G — G*) |"? 
> | F*(F—F*)| and (4) now follows. 

In the sequel it will be convenient to use ¢ and h to represent vectors 
in Euclidean -space with components (x1, xs, xs) and (91, Ys, Ya) 
respectively. The xivex, and yryxy: spaces may or may not coincide. 
lf the components of g are functions of the parameters # and v, we 
shall indicate the fact by the notation z(u, v). Then 7,(u, v) and r,(1, v) 
will denote vector functions whose components are obtained from 
those of z(u“, v) by taking the indicated partial derivative. We shall 
also use the conventional notations: 

1/2 


E=t., P=, G=, We=(KG-F). 


Lemma 2. If r(u, 0) is c Lipschiisian vector function on D:u?+0t S1, 
then, for a.e. (u, DED, ' 


rlu +- r cos, v + rasin) — r(#, v) 


r 


+ 


(3) 


——+ | Te(#, 0) cos 0 + 7,(#, v) sin o | 
r++0 


for 0S0 S2r. 
Proor. See Rademacher [4] for the case of a single-valued function. 


é 
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The extension to a vector function is immediate. 


THEOREM 1. If T*:y=y*(u, v) and T:z— r(u, 0) are Lipschtinan 
transformations defined on Diu®+o'St such that | z* (u, 01) — gt (tes, Dy) | 
S | z(s41, ti) — E(t, v) | for every patr of potnts (ti, 1), (us, Ds) ED, then 
A(T*) S A(T) (where A(T*) and A(T) are the Lebesgue areas of the 
Fréchet surfaces determined by T* and T). 


PRooF. Since |z*(u+r cos 8, v+r sin 0) —r*(, v) | s |z(u+r cos 0, 
o-+r sin 0)—glu, v)|, providing (u, v), (u+r cos 0, v+r sin ED, it 
follows from Lemma 2 that, a.e. in D, 


| pals, 0) cos 0 + Z,(s, v) sin 0| S| zulu, 0) cos 0 + g(s, v) sin 0 | 


for 0S0 &2r. Squaring both sides of this inequality, we have, a.e. 
in D, OS E* cos?! 0 +2F* cos @ sin 0+G* sin? 0 SE cost 0 +2EF cos @ sin 8 
+G sin? 8 for OS@S2r. Thus, by Lemma 1, a.e. in D, W** = E*G* 
~FVskG— FP’ = W’. Since W* and W are non-negative, it follows 
that W*< W a.e. in D, and integration yields the desired inequality 
A(T*)=ffp W*dudo Sffo Wdudu=A(T). 


3. The general case. To establish the Kolmogoroff principle for 
the Lebesgue area in the general case, we shall need the following re- 
sult concerning the extension of the range of definition of a Lip- 
schitzian vector function. 


LEMMA 3. If Liy=Ņ(x, x3, xı) is a Libschitstan transformation de- 
fined on a bounded set B in xixserspace, then L can be defined on the 
complement of B in such a way that the extended transformation ts 
Lipschsissan on the whole space with ihe same Lipschtts constant. 


Proor. See Kirazbraun [2]. 


Lemma 4. If T*:y=y*(u, v) and T:p=2r(u, v) are any two bounded 
transformations defined on D:u?+0? <1 such that | (461, 01) — 9* (th, D2) | 
S| (si, m1) —z(tea, va)| for every pair of points (u, 1), (u, w) ED, 
then there extsts a Lipschtistan transformation L:iy = (x1, x3, x3), with 
Lipschitz constant equal to one, which is defined on all of xyxaxx-space 
and is such that T* 3 LT on D. 


Proor. Let p be any point in T(D). Consider the inverse.set T—1(p). 
It is clear, since | 9* (61, 1) —Y* (ts, 02) | S| El, m) — Elta, m) | for every 
pair of points (#1, 1), (ta, 1n) ED, that under T* every point in 7—'(p) 
must have one and the same image p*. Thus T*T~ is a Lipschitzian 
transformation from T(D) to T*(D), with Lipschitz constant equal 
to one, such that (7*7-!)T=T* on D. By Lemma 3, there exists a 
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transformation L (the extension of 'T*T-)) satisfying the require- 
ments of the lemma. 


THEOREM 2. If T*:ġ = ġ*(u, v) and T: = glu, 0) are continuous trans- 
formations defined on D:u+0°S1 such that |y*(s1, w) —Y* (sia, v) | 
S| tls, n) — Elus, 1) | for every pair of points (11, v), (tia, n) ED, thon 
A(T* SA(T). 


Proor. Let L be the Lipschitzian transformation satisfying the 
requirements of Lemma 4 and let T, be a sequence of Lipschitzian 
transformations defined on D and guch that T,—>T uniformly on D 
and A(T,)—A(T) (see Youngs [7], Helsel [1]). Define T* =LT, on 
D. Then 7,*-+T* uniformly on D and the Lipschitzian transforma- 
tions-7,* and 7, satisfy the hypotheses of Theorem 1. Therefore, 
A(T) SA(T,) and, by the lower semi-continuity of the Lebesgue 
area, ÁA (T*) Slim inf A(T,*) Slim A(T,) = A(T). 
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ANALYTIC CONTINUATION AND INFINITELY 
DIFFERENTIABLE FUNCTIONS 


S. MANDELBROJT 


It is our purpose to show that several branches of the theory of © 
functions: detection of singularities, study of the behaviour of an 
analytic function in a strip or in an angle, a much more general the- 
ory than that of quasi-analyticity, convergence theorems, and so on, 
can all be based on a single principle, which may be regarded, in some 
ways, as a basic generalization of Cauchy’s inequalities on Taylor 
coefficients. 

This principle gives estimates of the d,’s in the series > de> by 
means of the maximum of the modulus of the function F(s) it “repre- 
sents.” But the novelty of these evaluations lies in two essential facts: 
(1) It is supposed that the series represents the function in a certajn 
horizontal strip-like region containing points with arbitrarily large 
abscissae, the series being, however, not supposed a priori to con- 
verge to the function anywhere. It has merely to “represent” the 
function with a certain “great precision,” or, what amounts to the 
same thing, witha small error. (2) The evaluation is made by means 
of the maximum of the function in a circle which may lie as far to the 
left of the original region as the analytical continuation permits. The 
magnitude of the radius of this circle depends only on the distribu- 
tion of the Ay. The radius may be small if the ^, are sparse. 

We have given some results of the same nature in papers pub- 
lished a few years ago, but our latest results—the general inequality 
and its applications to infinitely differentiable functions—seem to be 
of the “best possible” kind, since “nearly” converse theorems are 
also proved. At any rate, they are much more general than those we 
published in 1944. 

Before we try to state the results clearly it is necessary to introduce 
some definitions. / 

Let {X,} be an increasing sequence of positive numbers. We intro- 
duce the function NA) = >» al, which is the number of M, smaller 
than A, the function D(A)=N(A)/A—the density function, and 
D'A) =1.u.b.e2.D(x)—the upper density function. The upper density 
function is obviously the smallest decreasing function larger than the 
density function. 

An address delivered before the St. Louis meeting of the Society on November 


29, 1947, by invitation of the Committee to Select Hour Speakers for Western’ Sec- 
tional Meetings; received by the editors November 22, 1947. 


239 


240 S, MANDELBROJT [March 

The quantity D* =lim sum—.D(A) =lim—._D*(A) is called the upper 
density of Aa . We shall suppose that D' < œ. 

It will be convenient to introduce also the mean density function: 
DA=) fD(x)dx, the mean upper density function D'A) 
-. =Lu.b.ez,D(x), and the mean upper density of {A}: D' =lim sup 

=- DA) =lim D'A). The inequality D*$.D* always holds, but examples 
show that the inequality D°<D° may actually hold. 

Let A be a region in the s=o-+¥# plane containing points with o 
positive and arbitrarily large. Let F(s) be a function holomorphic in 
A, and let {d,} be a sequence of real or complex numbers. We shall 
write R,(s)= F(s)— > "dye. If n is a given positive integer we say 
that F(s) is represented in A by the set of Dirichlet polynomials 
> "dye, with men, with logarithmic precision p(o), if for s be- 
longing to A, and x sufficiently large the inequality holds: 


g.Lb. (hub. | Ra(s)|) S 69), 
son is 


We shall always suppose that the logarithmic precision is a con- 
tinuous function increasing to + œ (or eventually identically equal to 
+œ for ø large). 

If x is sufficiently large, the difference between ĵ dye and 
F(s) can be made,‘in absolute value, smaller, in the part of A in which 
oax, than any quantity ô> °, provided m (larger than 2) is 
suitably chosen. 

If the series converges to the function, the esr ame precision 
can be taken equal to + œ for each #>0. 

The converse is not generally true. But, if the logarithmic precision 
is equal to + (for o large) the series overconverges to F(s) in A. 

A channel of width 2R is the union of circles C(s’, R) (|s—s’| <R), 
the radius R being fixed, the centers s’ taking all the values on a 
Jordan arc. The Jordan arc itself is the central line of the channel. 

If a function F(s) is holomorphic in the region composed of two 
regions A; and As, and a channel C such that one of the circles of C 
lies in A,, another in Ay, we say that F(s) can be continued analytically 
from A; to A; through the channel C. >- 

The idea of the fundamental theorem is the following one: 

If thesums > "dss (m Zn) represent F(s), in a region sufficiently 
expansive (when measured vertically, for o large), with a sufficiently 
great logarithmic precision, and if the function can be continued 
analytically through a channel sufficiently wide to a circle C(se, r), 
then |d,| is smaller than a certain quantity which depends on the 
following elements: (1) the abscissa of so, (2) the radius r, (3) the 
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maximum of | F(s)| in Cs, r), (4) the sequence Aal by means of 
the quantity ; 


sallin aj E Taf 


Let us now state the theorem rigorously: 


FUNDAMENTAL THEOREM. Let {rw} be a possitve increasing sequence 
with upper densit D' < œ. Let A be a region in the smati plane de- 
fined by by: 0 >a, li <rglo) where ple) is a Junction of bounded variation 
(in [a, œ)), such that g(o)>D*, lim g(o)>D*. 

Lei F(s) be holomorphic in A, and suppose that F(s) can be con- 
tinued analyitcaly through a channel wider than 24D" to a circle 
C(so, rR) (R>D*). 

Suppose that the sequence {dy} is such that, for a piven integer n>0, 
the Dirichlet polynomials > “dys with mein represent F(s) in A 
with a logarithmsc precision p(o) saitsfying the relationship: 


f “ p(0) exp |- 7 f l (g(s) — D- (p) -dw | do = ©, 


Then 

(1) | da | S A(R)AnM (so, R) exp [N R(s0)] 

where A(R) depends only on R,! ‘and where M(so, R) =max | F(s)| 
(sEC(50, xR) aR)). 

In this theorem one may replace D* by D' and D'A) by D'A). If 
the sequence {d,} is such that D’ <D*, then with these replacements 
the hypotheses become less restrictive. 

The condition (P) seems to be the most involved but as matter of 
fact, from a certain point of view it is, if not the best possible condi- 
tion, at least an “almost best possible” one. We shall see the meaning 
of this assertion later on. But from now on we may notice that the 
theorem ceases to be true if, in (P), D’((c)) is replaced by its limit 
D* (such a condition would be less restrictive than (P)). 

If the series > die converges to F(s) for o sufficiently large, 
then ~(c) = œ (for g large) and the relationship (P) is satisfied auto- 
matically. In this case g(a) can be taken as large as possible, and the 
theorem is then reduced to the following statement: 

If > de, with D< œ, converges for o large to a function F(s) 
which can be continued analyitcally, through a channel wider than 27D", 


1 For a given sequence (X,}. 
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to a circle C(so, tR) (R> D); then ihe evaluation (I) holds for sich 
ngl. 
_ Let us, for a moment, limit ourselves to the case in which the seriés | 
converges to the function for large values of o (e >¢,). It follows then 
from the theorem that if F(s) can be continued analytically from the 
half-plane of convergence, through channels wider. than 29D’, to 
circles C(s, +R). with lim p= N/s) = — ©, F(s) being bounded in the 
set of these circles, then F(s) is identically zero. 
If, for instance, F(s) ss holomorphic and bounded in a sirip |t|<C 
_ with C>D', then F(s) is idénitcally zero. 


-. os |? On eae ee moreover, the theory of normal families, we get 


the following result: 

a series Edie ™ with D< « converges, for a large, to a func- 

s) non-identically sero, then in each strip A:|t| <xC, with 

CoD F(s) satisfies ons of the three conditions: 

(a) F(s) admtts there ai least one singularity, 

(b) F(s) tends to infinity as lim o= — © unsformly with respect to t, 
s belonging to the sirip lel <a(C—e), with e arbitrary such thai 
O<e<c. 

(c) F(s) takes in A cach valus, except at most one, infinitely many 
times. 

Many -years ago, Ritt defined the order of a function given by a 
Dirichlet series oe everywhere by: 

pà = lim sup 282 MO) 


where 
M(o) - Lub. , |Fe + i) |. 


Rts) being an seal function, let us set _ 
Mo(c) = Lub. |F(e + if A 
|t] <rC 


pe(C) = lim sup 

We shall call pg the order (R) of F(s) in the plane, and pe(C) the Sele _ 
(R) in the strip |#| <TC. 

If lim inf {Any — Aa) Sart then it is modd that 


logs Mole) 
— g 


i 
lim sup og As 





ma A(h, D), 
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where A(hk, D*) is a quantity tending to zero, when & is constant, D° 
tending to zero. 

It is then easy to see from our general inequalities that if C> D’, 
k>0, then pa(C)=pe. ° 

In other words: the order (R) of a function given by a Dirichlet series 
convergent everywhere is, in each horisontal sirip larger than 24D’, 
equal to tts order (R) tn the whole plane. 

This, together with a theorem proved by Bieberbach and Valiron 
(concerning the growth of functions in an angle), allows us to prove 
that if D'< œ, h>O, and if > dye represents an integral function 
F(s) which +s not a Dirichlet polynomial, then in each strip wider than 
2x max (D', (2p)-") there exists a straight line t=t such thai in each 
horisonial strip containing thts line F(s) takes each possible value, ex- 
cept at most one, tnfintiely many tsmes. 

With A, integers and p= œ, this result contains a theorem of Pólya. 
The line arg s= h is then a “line of Julia” of the function > da. 

In a more restrictive form, these particular results concerning con- 
vergent Dirichlet series were already obtained by Gergen and myself 
many years ago. 

On supposing ‘still that the series admits an axis of convergence, 
let us see how the fundamental theorem gives results on singularities 
of functions represented by Dirichlet series. It follows from the gen- 
eral inequalities that if og is the abscissa of convergence of the series 
then 


_ __ log | d| 
gg = lim sup — sS lim s sup Etn -H Rls). 


In other words, if A>0, and if F(s) can be continued analytically 
through a channel wider than 2xD* to a circle |s—so| <xR (R> D`), 
then 


R(so) 2 co — Ah, D*). 


This leads immediately to a theorem of Ostrowski by which: 

For each h> 0 there exists a function B,(D*), with limp-.oB, (D°) =0, 
such that in each circle with center at o =a 9 and radius By(D*) the func- 
tion F(s) admits a singularity. 

If, in particular, D° <0, we must have R(so) 200, the width of the 
channel being arbitrarily small. Thts shows that sf lim n/A, =0 (A>0), 
then each point on o=0g +s a Singular potni. For Taylor series (Ax 
integers) this is the famous Fabry’s “gap theorem.” For Dirichlet 
series it was proved by Szász. Other theorems on singularities can 
be obtained. - 
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Of course, the theorems on bounded functions in a strip or in a set 
of circles (theorems of Liouville’s type), theorems of Weierstrass 
and Picard’s type, still hold, if, instead of supposing that the series 
converges, we suppose merely that it represents the function in a- 
region A (as in the fundamental theorem) with a sufficiently large - 

logarithmic precision (the condition (P) to be satisfied). x 

It may seem unnecessary to generalize results on convergent series 
to asymptotic ones. But we shall now show that our general theorem, 
in which it is not supposed that the series converges (instead, the 
condition (P) is satisfied), gives resulta on.infinitely differentiable 
functions, results which can be obtained only because the series is not 
supposed a priori to converge. - 

The link between the fundamental theorem and the theory of in- 
` finitely differentiable functions is given by a lemma which we shall 
state next. We must, however, first introduce a notion connected 
with infinitely differentiable functions. 

If f(x) is an infinitely differentiable function on the interval J 
(x 20), such that 1.u.b. ozo | f(x) | =<, we shall call the function 
C(e) = 1.u.b.azi(ng —log m.) the character of the function f(x). 

We prove the following lemma: j 


Lei JE be an infinitely differentsable one in I (x20) such that 
[f™(x)| SM< o (n20). Let {ra} be a sequence of non-negative in- 
tegers Such that - 
fwoO-0 ' - (* & 1). 


Let TA be ihe soqnenca of POTERIES amtigers complementary to 
Pn 


For sich real a the function 
Fas) = f exp [~ ser *] aja 


is. holomorphic in the region A defined by e" cos iai. In this region the 
inequality holds: | F.(s)| <Moe*; and for each n 21; F.(s) 4s represented 
in A by > Tae with men, where df’ = ef (0), Aa dat t, with 
the logartthméc precision equal to Eee) —a, where C;(o) is the char- 

_ acter of f(x). 


_ Itis clear that this lemma together with our fundamental theorem- 
allows us to evaluate the derivatives of infinitely differentiable func- 
tions at the origin, if sufficiently many of these derivatives are sup- 
posed a priori to be zero (at the origin), and if the character of the 
function is sufficiently large. As a matter of-fact, the evaluations so 
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at 


obtained depend on the quantity a in such a way that they enable 
us to prove, by making a tend to infinity, that all the derivatives are 
zero at the origin (if many af them are supposed to be zero, and if the 
character is large). 

Here is the principal thearem concerning infinitely differentiable 
functions, obtained on combining the fundamental theorem with the 
lemma. 


Let f(x) be an infinitely differentiable function on I (x20), bounded 
with all sts dersvaiises on I. Let {v,} be a sequence of non-negative in- 
legers with r0, such that the upper density D* of tts complementary 
sequence {qn} satisfies the inequality D*<1/2. Let Cilo) denote the 
character of f(x), and let D*(q) be the upper density function of {qa}. If 


(Q) [ce exp |- f Es 2D"(Cy(w)))"*0u |do — 


and tf f™®(0) =0 (R21), then f(x) is tdentecally sero. 


Of course, in this theorem, too, D’ and D*(g) can be respectively 
replaced by D* and D'(q) (the mean upper density and the mean 
upper density function of {g,}). 

It is obvious that this theorem contains, as a very particular case, 
the classical theorem on quasi-analyticity. If, indeed, we suppose that 
all the derivatives are zero at the origin, that is to say, that the se- 
quence {»,} is composed of all the non-negative integers, then 
D*(qg) m0, and the theorem becomes: 


If 
FOO) 20 (920), |SP] aM <o (920,22 0) 
and if 
f ce@eréo m2 OO, 

then f(x) m0. 

In particular if f™(0) =0, |f™(x)| SM. (#20), and if, on setting 

A(q) mm Lub. (no — log Ma), 
sgi 


we have: 


(Q) f Aoede = «, 


246 | | $, MANDELBROJT [March 
then f(x) =0. This is exactly another wording of the classical theorem ` 
(Denjoy-Carleman) on quasi-analyticity (Ostrowski’s form). 

However, not only does our theorem require merely D*<1/2 in 
order to enable us to affirm that f(x) m0, if a suitable condition on 
C;(c) is satisfied (condition (Q)), but, moreover, even if the classical 
condition is satisfied (condition (Q’)) we do not need to'suppose that 
all the derivatives are zero at the origin in order to conclude that 
f(x) m0. 

For instance, the functions f such that 


| f(z) | < E*n log »)* KEF) 


constitute a quasi-analytic class. By the classical theorem one can 
affirm that f(x) m0 only if it is supposed that fœ (0) =0 (#20). But, 
since C,(c)>Ce*/o we see, by our theorem, that if we suppose 
_ f?~(0)=0 (#21, m =0), the complementary sequence {ga} being 
_ such that q, >an log # logi n, we still may conclude that f(x) m0. 

That the theorem on generalized quasi-analyticity cannot be much 
improved is shown by the following example: If in the just quoted 
example we replace the inequality ga >an log n log: n by g.>an log n 
then the assertion that f(x) m0 ia not any more true. 

As a matter of fact, the following theorem can be proved: 


If the sequence of positive iniegers {qa} complementary to the sequence 
of non-negative integers {v,]} (71=0) is such thai lim log g./n=0, thon 


there exists a function f(x) not identically sero om I (x20), infinitely ` 


defferenisable and bounded on I such that f™ (0) =0 and such that 
| f(a) | S gae de (n& 1,22 0). 


The proof of the fundamental theorem is difficult and technical and 
. it would be impossible to indicate here even its main outlines. But 
it may be interesting to mention a theorem which plays an important 
role in the proof of the most general cage. 

The theorem generalizes a classical one which solves the Watson 
problem in a half-plane. As a matter of fact, this classical theorem 
served us as a tool when our statement of the fundamental theorem 
was less general.. 


Let (s) be holomorphic im a repion A piven by o>a, |ë] <G(o), 
where G(o) is a function of bounded variation with lim G(e) >0, and le 
(s) be continuous and bounded in A. Let N(c) be an increasing func- ' 
tion. ; 


If n, 
(a) | log |B + 1G) | < — NO), 


X 
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and if on seling, for d>a, 


so-so fi at G(u) 
we have 


(8) Í N (che 8@dg = œ, 


then the function (s) is identically sero. 
This theorem has its converse. 


If, N(o) being an ancreasing function, (B) does not hold, then there 
extsis a funciton (s), not tdeniscally sero, holomorphic and bounded tn 
A and such that (a) holds. 


These two theorems were proved in a paper by G. R. MacLane and 
myself. If G(o) max/2, a= — œ, the theorem gives the classical solu- 
tion of a classical problem (generally stated for a half-plane s= e°). 

Let us mention that very recently we have proved jointly with 
Norbert Wiener results concerning infinitely differentiable functions 
of a character simular, if not easily comparable, to the theorem on the 
same subject stated above. The methods we used with Wiener are 
quite different from those I used to prove the theorem mentioned 
here. We employ an auxiliary function, holomorphic in the half-plane, 
with an argument corresponding to an order of differentiation, real or 
complex, with non-negative real part, and a value given by the value 
of the derivative of that order at the origin of a given infinitely dif- 
ferentiable function. 

Let us notice that the fundamental theorem gives also conditions 
for convergence of Dirichlet series. 

Suppose that F(s) is holomorphic in a region described in the 
statement of the fundamental theorem, and let in this region 


(C) Fs) — deo! g Ma. 


It is then readily seen that for each integer n, > "dye *, with 
man, represents F(s) in A with the logarithmic precision equal to: 


(M) (oc) = pat (Ano — log Ma). 


Therefore, if, with the notations just introduced, (P) holds, then 


wn 
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(I) holds for each x»>0. It can then be easily shown that if (C) and 

(P) hold (with p(o) defined by (M)), and if k>0, then Ge COn- 

verges to F(s) for o suficieniy large. 
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GLOBAL THEOREMS IN RIEMANNIAN GEOMETRY 


C. B. ALLENDOERFER 


1. Introduction. I come to you today disguised as a missionary in 
an effort to interest you in the present day activities of diferential 
geometers. The chief stimulus to differential geometry in the present 
century has been the General Theory of Relativity which is written 
in the language of Riemannian Geometry. Much of the effort of dif- 
ferential geometers in the twenties and thirties was directed toward 
generalizations of Riemannian Geometry which might lead to the 
elusive Unified Field Theory. With the virtual exhaustion of efforts 
in this direction several leading American differential geometers 
turned their attention to other fields of mathematics, others retired 
from active research, and the study of differential geometry in this 
country dropped to its lowest point in many years. 

As this situation was deteriorating at home, a new trend in differ- 
ential geometry was taking root abroad, namely the study of differen- 
tial geometry “in the large.” The general problem proposed was to 
develop relationships between the local differential properties of a 
space and its topologic structure as a whole. Leaders in this move- 
ment were H. Hopf and his pupils in Switzerland, de Rham in France, 
and Hodge in England. Contributions were made by various writers 
in the United States including Myers, Chern, Weil, and Allendoerfer; 
and the field has now matured to a point at which its general scope 
can be outlined and its major problems enumerated. It is now an ac- 
tive frontier in mathematica, ripe for development, and full of inter- 
est to mathematicians in numerous branches of our subject. Further- 
more its investigation raises new questions in ordinary differential 
geometry, and these give promise of providing the stimulus needed 
to revive activity in differential geometry throughout this country. 

Time is too short today to give a systematic survey of this field; 
so I shall sketch the status of some of the major problems and give 
details of several topics which should serve as illustrations of the 
methods employed and the type of results that can be obtained. 


2. The main problems. The raw material of the subject is a dif- 


An address delivered before the New York meeting of the Soclety on October 25, 
1947, by invitation of the Committee to Select Hour Speakers for Eastern Sectional 
Meetings; received by the editors December 10, 1947. 

1 Such an article will appear in the author’s detailed report on the session on dif- 
ferential geometry of the Princeton Bicentennial Conference on Mathematics, 
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ferential manifold, namely a topological manifold defined in terms 
of neighborhoods each supplied with a coordinate system such that , 

the coordinates of overlapping neighborhoods are differentiable func- 
tions of each other (with nonvanishing Jacobian) within the common 
region. The order of differentiability involved (usually called the clase 
~ C*) varies with the problem to be considered; but except for a few 
_ cases which require analyticity, fourth order partial derivatives are 

usually sufficient, On this manifold is imposed a Riemann metric 


=æ gird 


where gap is usually required to be positive definite. Such a manifold 
is called “complete” if it is complete in the usual sense; that is, if 
every Cauchy , sequence converges; and it is proved that complete 
manifolds are also locally compact. iye main problems have arisen 
‘concerning such manifolds: 

A. The problem of continuation. Here óne is given an #-cell provided 
with an analytic Riemann metric, and:the problem is to determine 
those complete manifolds (if any) to which ihis element can be continued. 
The chief contributions to this problem have been made by Myers 
[8].1 He has shown that not every analytic Riemann element can be 
continued to a complete manifold and has given a number of neces- ' 
‘sary conditions and some sufficient conditions. A definitive set of 
neceasary and sufficient conditions has yet’ to be found. Myers has 
also proved the following uniqueness theorem: _ 


THEOREM. ‘Every ‘n-dimensional Riemann ae can be continued 
to at most one complete, simply-connected n-dimensional manifold M; 
` thy ts, of two such continuations extsi, they are tsometric. 

B. The problem of metrisation. In a sense this is the inverse of the 
problem of continuation, namely: Given a manifold, what Riemann 
metrics (analytic or otherwise) can be used to metrize the entire manifold? 
The final solution of this question must await, among other things, 
‘the development of definitive topologic criteria for identifying homeo- 
morphic manifolds. But ever in the two-dimensional case where the 
topologic problem is solved, the problem of metrization is still open. 
Developments so far have been concerned ‘(except in trivial cases) 
with neceseary conditions. These seek to establish relationships be- 
tween the differential invariants of the Riemann metric and the topol- - 
ogy of the space. Connections of this sort have been made with the 
Euler-Poincaré characteristic, cohomology characteristic classes, 


* Numbers in brackets refer to the bibliography at the end of the paper. 


r 


1948] GLOBAL THEOREMS IN RIEMANNIAN GEOMETRY 251 


Betti numbers, and the fundamental group. Since I shall return to 
certain aspects of this problem, for the moment I shall pass on to a 
statement of the other problems. 

C. The problem of smbedding. Here we are given a Riemann mani- 
fold, M”, and ask the question: Is M* tsomeirically wmbeddable tn a 
Euchdean space? If so, what ts the least dimensional Euclidean space 
for which the smbedding is possible? When the smbedding ts posstble, ts 
st unsque? Results in this field are most fragmentary, and consist 
chiefly of negative information and uniqueness theorems. For ex- 
` ample, Hilbert has shown the impossibility of imbedding the hyper- 
bolic plane in Euclidean three-space; but the fundamental questions 
stated above are unanswered for this manifold. 

The uniqueness theorems state that an imbedding, if possible, is 
unique to within rigid motions or reflections. For two-dimensional 
surfaces in Euclidean three-space, Weyl [13] has shown that every 
convex surface is uniquely imbedded. For higher dimensions Beez 
[3] has shown that unicity of imbedding of M* in a Euclidean space 
of »-+1 dimensions follows from the hypothesis that the second funda- 
mental form of M™* is of rank 23. His results were extended by Allen- 
doerfer [1] to cover imbeddings in Euclidean spaces of arbitrary di- 
mensions. These theorems, however, hold in the small as well as in 
the large, and the question of the unicity of imbedding in the large 
under more general hypotheses is still unanswered. 

D. The problem of geodestcs. In general terms this problem may be 
stated: What are the properties in the large of geodesics lying in a com- 
plete mansfold? To be more specific consider the following question: If 
we have a geodesic, C, passing through a point P of a complete mani- 
fold, how far can C be extended from P before it intersects itself or 
another geodesic through P, and how far along its path does C meas- 
ure a minimum distance from P? Considerable attention has been 
directed to the description of the loci of minimum and conjugate 
points of P. The results of these investigations are intended (among 
other things) to answer the question as to the maximum size of a nor- 
mal coordinate system centered at a point P. Full results for n = 2 
have been obtained by Myers [9, 10], but a number of questions re- 
main open for general values of n. 

E. Metric theorems in the large. A number of theorems of differential 
geometry deal with properties of the whole of a curve or higher-dimen- 
sional subspace. Many of these were developed initially for plane 
curves, but when these are generalized to curves in Riemann mani- 
folds it becomes essential to study the topology of these manifolds. 
Indeed without such study it is not possible to give an efficient or 
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properly general statement of the theorem. As an example, I cite the 
well known theorem of Steiner on parallel curves. Let C be a closed, 
convex plane curve and let C, be a curve outside C parallel to it ata 
distance p; that is, C, is obtained by displacing the points of-C a dis- 
tance p along outward drawn normals to C. If L is the length of C and 
L, the length of C,, Steiner showed that 


m” 


L, = L+ 2rp. 


The convexity hypothesis may be replaced by the equivalent require- 
ment that no two normels to C intersect outaide C. However, when 
we turn to a right circular cylinder (which has the same local differ- 
ential geometry as a plane), the theorem is no longer true. For a cir- 
cular cross section of the cylinder and its parallels all have equal 
lengths. The difference is that the topology of a cylinder 1s not that 
‘of a plane. The theorem, however, is true on a cylinder if we restrict 
C to curves which bound a finite area. Other theorems of this nature 
' are the isoperimetric theorem, and the four vertex theorem. 


3. The Kronecker indsx. Returning now to the problem of metri- 
zation, I wish to discuss certain aspects of this problem and to 
describe several tools which have proved useful in attacking it. The 
first of these is the Kronecker index of a vector field on a closed hyper- 
surface .S* of a manifold M». When M** is a euciaes this index 
takes the form: 








1 
(1) I = — Ddr » » - da* 
W g 
where 
yı . yr 
oyi ð y" 
ox} ox} 

D = ’ 
oy} get 
ox* GE da 

xl, +++," are coordinates on 5*, and V* is a unit vector field in the 


Euclidean space having no singularities on S*. w* is the area of an n- 
dimensional sphere. The useful properties of I follow from the fact 
that it can be proved tc be an integer; and this integer is shown to 
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equal the algebraic sum of the orders of the singularities of V‘ within 
o 

‘For present purposes the most useful result is obtained when » is 
even and V* is the unit normal vector field to S* in the Euclidean 
space. Then I= y/2 where x is the Euler-Poincaré characteristic of 
S*. Moreover in this case the integrand in (1) is expressible in terms 
of the determinants of the first and second fundamental forms of S, 
namely gas and bas. Hence ~ 3 


© X 1 | bas | 
2 m Msc 1/2 i ees Lad 
(2) 2 =f reas] (lal ax dz 


The ratio | bas|/|ges| is called the “total curvature,” Kr, of S* since 
it represents the product of the # principal curvatures of the hyper- 
surface. Since we have assumed that n is even, Kr can be expressed 
solely in terms of the intrinsic metric of S*, namely in terms of g «p and 
their derivatives. This generalization of Gauss’ “Theorema Egre- 
gium” follows from the equations of Gauss: 


(3) Rayi ad beybps = beabsy 


where R.g7. is the Riemann tensor, an algebraic expression in gas and 
their derivatives. The result of this substitution is: 
Raat Resadts i Rag sagt sba@t me*F 
n12% | gag! 
and hereafter Ky will stand for this expression, even when we do not 


assume S*™ to be a subspace of any Euclidean space. Thus we have an 
integral relationship 


(4) Kr = 


(5) f. alias ms g”. x (n even) 


between the intrinsic differential invariant Kr and the topologic in- 
variant y. Regarding S* asa given topologic manifold, this becomes a 
necessary condition upon the Rieniann metrics which may be used 
to metrize it, and hence this is a contribution to the problem of 
metrization. 

The validity of (5) so far has been established only under the as- 
sumption that S is a hypersurface of a Euclidean space; but its in- 
trinsic form suggests that it may be true for any closed differentiable 
manifold. This is indeed the case, and it should be remarked at this 
point that an excellent way of discovering relations like (5) is first to 
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- consider an imbedded manifold and then later to invent a new proof 
applicable to a general abstract manifold. 

In order to establish the general valjdity of (5) and to illustrate 
further the Kronecker index, we shall follow a method due to Chern 
[5] in obtaining this result, which was first proved by Allendoerfer- 
Weil [2] in a more complicated fashion: It is well known that the 
Euler-Poincaré characteristic of a closed manifold M* is equal to the ~ 
algebraic sum of the orders of the singularities of an otherwise con- 
tinuous vector field on A¢*. By contrast to the normal vector field 
used above, these vectors are intrinsic, or tangent, vectors. It there- 
fore appears desirable to find a generalization of (1) valid on Riemann 
manifolds. Following the usual procedure for making such generaliza- 
tions, we replace the partial derivatives in (1) by covariant deriva- 
tives and introduce components of the Riemann tensor at appropriate 
places. However, there ere 80 many ways in which the Riemann ten- 
sor can be introduced, that it is not easy to guess the correct form of. 
' the final answer. In order to do this systematically we consider for the 
moment only manifolde M” which are hypersurfaces of an (#-+-1)- 
dimensional Euclidean space. Using the method of tubes as developed 
by Allendoerfer-Weil we arrive at the ores expression for I: ` 


(6) Į = i. dx!» dg"! 
EaP Y gi | 
where i 
f i 1 rji - 
co p=- AO 
@ —r j3 l 
where 


dea # columns ——-——> 
ve A row 
ko p ADS 


7. 


‘ ð 
[cos 8V ,; — sin 6g. bas] sr n — 1 rows. 
ae j 


In (6) and (7) P is an isolated singularity of the unit vector field V‘; 
S*— is an (#— 1)-dimensional topologic sphere enclosing P; y* are 
_ coordinates on M*; x* are coordinates on S1; gu and by are the first 
and second fundamental forms of M®* relative to the Euclidean space 
in which it lies; V‘; is the covariant derivative of V‘ relative to the 

metric gi; and for convenience in the sequel the dimensions have 
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been taken to be one lower than thoee of the corresponding formula 
(1). 

At first sight ġ does not appear to be intrinsic relative to M”. How- 
ever, after the integration the elements by appear only in second or- 
der minors of the matrix ||b,||, and hence they can be expressed in 
terms of the Riemann tensor of M” by equations (3). The result of 
this substitution is a very complex expression which is omitted here 
(see Chern [5]). This expression has been derived on the assumption 
that M* is imbedded in a Euclidean space; but now that it has been 
invented, we use it to define ¢ for all manifolds M* whether imbedded 
or not. In all cases I can be proved to be an integer which represents 
the order of the singularity of V‘ at P. 

To find x we then take the sum of-the indices at each singularity, 
and the resulting sum can be expressed as an integral over M” by vir- 
tue of the generalized form of Stokes’ Theorem which states that: 


(8) Jo - J 4% 


where R is a region of M” and B is its boundary. It turns out that 
2Kr 
Adm 
(9) ano 
= () (# odd) 


independently of the vector field Vt from which we started. This es- 
tablishes (5) in general. In this form (5) is a restricted case of the gen- 
eralized Gauss-Bonnet Formula for Riemannian Polyhedra developed 
by Allendoerfer-Weil [2]. 


4. Problems growing out of the Gauss-Bonnet formula. As I stated 
at the outset, the development of such a result leads to new problems 
both in differential geometry and topology. The first of these concerns 
the analogous results for open manifolds. Cohn-Vossen [6] has proved 
that l 





(n even) 


(10) f . Krl ’dz S E a 
u* 2 


for two-dimensional open manifolds without boundary provided that 
the left-hand integral exists as an improper integral. The problem for 
n-dimensional open manifolds is unsolved. Its solution appears to 
require on the one hand a study of the topologic properties of vector 
fields defined on open manifolds, and on the other hand the addi- 
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tional study of the differential geometry of the expression ¢. To 
illustrate one of the topologic difficulties I might mention that Cohn- 
Vossen makes essential vse of the fact that any finitely connected 
two-dimensional open manifold (without boundary) is homeomorphic 
to a closed manifold from which a fmite number of points have been 
removed. No suitable generalization of this result for n» dimensions | 
appears to be known. ‘ 
The expression ġ appears in the work of Allendoerfer-Weil and that 
of Chern, but its full meaning is yet to be uncovered. As a partial step 
in this direction I have noted that: 


(11) F: aia = f eae oo gaat 


is a proper definition of zhe solid angle of the vector field V‘ relative 
to a hypersurface R"? of M*. R*-! may be the whole of a closed hy- 
persurface or may be any (s—1)-dimensional subset of a hypersur- 
face. Because of the rele which solid angle plays in physical field 
theories in ordinary space, it is likely that this expression may have 
applications to similar theories in general Riemann spaces. 

Let the hypersurface R* have a boundary B*-* and let Re" be 
another hypersurface with the same boundary such that the vector 
field V‘ has no singularity in the valume enclosed by these two hyper- 
surfaces. If the manifold M” is Euclidean, it is known that the solid 
angle of V‘ relative to R*+ is equal to that of V‘ relative to R*+ and 
hence depends solely on the boundary B*. In a curved Riemann space 
of even dimension this conclusion follows in general only if Kr=0. 
For the difference between these two solid angles is equal to the inte- 
gral of Kr over the enclosed volume. This means that an absolute 
- notion of (a — 1)-dimensional solid angle exists in an even-dimensional 
Riemann space when and only when Kr=0. When » is odd, the two 
solid angles are equal without restriction. This situation is analogous 
to the known result that the angle between two vectors at different 
points in a Riemann space is independent of the path joining these 
points only when the Riemann space is flat; that is, when Rig; =0. 

Levi-Civita has called a vector field “parallel” with respect to a 
curve, C, if Vidyi/ds™0 along C (whose equations are y!=f¥(s)). 
= When 4=2, 

m 2 
1 ay ¿iy 


UAT — AY hoor 
te ae 


(12) $= — 
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Since V* is assumed to be a unit vector, it follows that V‘ is “paral- 
lel” along C if and only if ọ =0 along C. By way of generalization we 
may therefore say that a unit vector field on M* is parallel (of order 
n— 1) relative to a hypersurface R! whenever ġ = 0 on R=, Further, 
just as absolute parallelism of Levi-Civita exists only when Rig: =0, 
absolute parallelism of order # — 1 exists only when » is odd, or (when 
n is even) when Kr=0. A full discussion of this generalized type of 
parallelism together with the obvious intermediate cases must await 
another occasion. I mention it here chiefly as an illustration of the 
type of stimulus to ordinary Riemannian geometry which results 
from the study of problems in the large. 


5. The nature of curvature. Let us now turn to the total curvature, 
Kr, itself. Although this quantity appears here and there in the litera- 
ture, its study has been sadly neglected. Practically all the work on 
the “curvature” of Riemann spaces is concerned with the Riemann 
tensor Rij: itself or with its contraction Rz. Let me remind you that 
the common interpretation of R.m is in terms of the Gaussian two- 
dimensional curvature of a geodesic two-dimensional surface asso- 
ciated with an arbitrary bi-vector. We have thus been limiting our- 
selves to an interpretation of the curvature of #-space in terms of our 
knowledge of two-space. It is time that we really set out to find some 
truly »-dimensional theorems not bound by this limitation. For ex- 
ample we can discuss the total curvature Kr of the geodesic surface 
of 2k dimensions associated with an arbitrary set of 24 independent 
vectors Aj, -- - , Me Then we have the expression: 


Re cutcigiagiht Soa ea 


(13) Ripe ee ee 
f TR. PI Pay 
LELEN EET S oS Ag Ay Cae Aw 
where 
7 ` Pa ee 
Reena om, ™ Raana + * Risani nat ome 


estan feof 
Eneeonpm ems Sai’ Eirik entm: me 


There are thus [#/2] such curvatures available to describe the nature 
of an n-space, the highest of which for n even is Kr. 

Very little is known about these curvatures; in particular it would 
be interesting to know the properties of a space which are implied by 
the vanishing of one or more of the curvatures Ky. For example, a 
four-dimensional space with K,;>0 and with K= Q is still unexplored 
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for the purposes of relativity theory. The difficulties involved in in- 
venting such theorems arise partly from our lack of intuition when the 
dimension exceeds three and partly from the nonlinearity of the dif- 
ferential equations which these conditions imply. 


' 6. The Hodge theory. Much more modern than Kronecker is the 
che work of Hodge [7] which has just begun to be exploited towards 
- the ends with which I have been concerned today. Hodge has defined 
for skew-symmetric tensors two derived tensors which generalize the 
curl and divergence of a vector. For the tensor T,,... «, (skew-sym- 
metric in each pair of indices) these are: 


(14) - OT = Ta.. anaa" Ee 
and 
(15) ’ - ST = Tacana T 


` If both dT =0 and 8T=0, T is called a harmonic tensor of order r. 
His main theorem is that the rth Betti number of a closed orientable 
manifold M* is equal to the number of linearly independent harmonic 
tensors of order r an M”. This should lead to a method of computing 
the Betti number of such a manifald in terms of its local differential 
geometry. The only result so far is due to Bochner [4]: If the Ricct 
tensor Ram Ring" of a closed Riemann manifold is positive definite, 
the first Bett number of the manifold is sero. This result, however, was . 
first proved in an entirely different sagan and in a somewhat 
stronger form by ii an , 


o=, VEIR 
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THE ANNUAL MEETING OF THE SOCIETY 


The fifty-fourth Annual Meeting of the American Mathematical 
Society was held at the University of Georgia, Athens, Georgia, 
Monday to Wednesday, December 29-31, 1947, in conjunction with 
the Annual Meeting of the Mathematical Association of America. 
Over two hundred persons registered, including the following one 
hundred eighty-four members of the Society: ' 


Louise Adams, V. W. Adkisson, R. P. Agnew, G. E. Albert, C. B. Allendoerfer, 
W. F. Atchison, E. A. Bailey, D. F. Barrow, E. F. Beckenbach, W. S. Beckwith, E. G. 
Begle, R. G. Blake, L. M. Blumenthal, M. G. Boyce, H. J. Bradley, J. W. Bradshaw, 
A. T. Brauer, H. E. Bray, Foster Brooks, N. F. Bryan, R. S. Burington, L. P. Burton, 
L. E. Bush, S. S. Cairns, Iris Callaway, E. A. Cameron, C. C. Camp, W. B. Carver, 
Alonzo Church, Randolph Church, R. V. Churchill, C. E. Clark, F. E. Clark, J. M. 
Clarkson, A. C. Cohen, Eckford Cohen, L. W. Cohen, E. C. Coker, J. B. Coleman, 
L. P. Copeland, N. A. Court, R. R. Coveyou, W. H. H. Cowles, H. B. Curry, J. H. 
Curtiss, C. H. Denbow, A. H. Diamond, J. M. Dobbie, H. H. Downing, W. L. Duren, 
L. A. Dye, E. D. Eaves, F. A. Ficken, L. R. Ford, Tomlinson Fort, J. S. Frame, H. 
K. Fulmer, A. S. Galbmith, H. M. Gehman, M, E. Gillis, Wallace Givens, Casper _ 
Goffman, H. E. Goheen, V. D. Gokhale, J. S. Gold, Michael Goldberg, M.O. González, 
W. H. Gottæhalk, S. E. Gould, Fletcher Gray, D. E. Green, R. E. Greenwood, W. 
C. Griffith, William Gustin, D. W. Hall, E. A. Hedberg, G. A. Hedlund, G. W. Hess, 
E. H. C. Hildebrandt, T. H. Hildebrandt, Einar Hille, G. B. Huff, W. R. Hutcherson, 
L. C. Hutchinson, M. P. Jarnagin, Jr., E. D. Jenkins, F. B. Jones, H. T. Karnes, A. 
J. Kempner, D. E. Kibbey, J. R. Kline, F. W. Kokomoor, H. L. Krall, S. H. Lachen- 
bruch, A. E. Landry, G. B. Lang, G. A. Larew, E. H. Larguier, C. G. Latimer, H. L. 
Lee, T. H. Lee, Solomon Lefschetz, R J. Levit, D. C. Lewis, F. A. Lewis, R. A Lytle, 
Dorothy McCoy, E. J. McShane, C C. MacDuffee, E. L. Mackie, J. D. Mancill, 
Szolem Mandelbrojt, W. A. Martin, W. T. Martin, L. E. Mehlenbacher, B. E. 
Meserve, H. A. Meyer, A. N. Milgram, D. D. Miller, R. A. Miller, T. W. Moore, 
W. B. Moye, S. L. Nelson, P. F. Neményi, F. H. Murray, C. V. Newsom, E. B. 
Ogden, Morris Ostrofsky, E. R. Ott, F. W. Owens, H. B. Owens, W. V. Parker, I. E. 
Perlin, B. J. Pettis, H. B. Phillips, Harry Folachek, G. B. Price, R. C. Prim, F. M. 
Pulliam, J. F. Randolph, A. S. Rayl, L. M. Reagan, Mina Rees, P. K. Rees, P. R. 
Rider, R. F. Rinehart, L. A. Ringenberg, E. K. Ritter, J. H. Roberta, H. A. Robinson, 
L, V. Robinson, W. J. Robinson, A. C. Schaeffer, E. B. Shanks, T. M., Simpson, C. B. 
Smith, H. L. Smith, P. A. Smith, W. S, Snyder, E. P. Starke, R. P. Stephens, R. W. 
Stokes, J. L, Synge, Otto Szásx, Olga Tausky-Todd, J. S. Taylor, H. P. Thielman, 
J. M. Thomas, H. S. Thurston, E. W. Titt, H. C. Trimble, G. R. Trott, C. A. Trues- 
dell, Henry Van Engen, A. H. Van Tuyl, T. L. Wade, A. D. Wallace, J. A. Ward, F. 
P. Welch, W. F. Whitmore, G. T. Whyburn, W. L. Wiliams, R. L. Wilson, L. C. 
Young. 


Sessions for reading contributed papers were held at 2:00 P.M., 
Monday, at 10:00 a.M. and 3:15 r.m., Tuesday, and at 3:15 P.M., 
Wednesday. The presiding officers for these sessions were Professors 
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Tomlinson Fort, L. R. Ford, S. S. Cairns, T. H. Hildebrandt, G. T. 
Whyburn, and G. A. Hedlund. . 

The twenty-first Josiah Willard Gibbs Lecture was given on Mon- 
day evening by Professor P. M. Morse of the Massachusetts Institute 
of Technology and the Brookhaven National Laboratories on Matke- 
maiscal problems in operations research. President Einar Hille pre- 
sided. 

On Tuesday afternoon with Vice President L. R. Ford presiding, 
Professor E. F. Beckenbach of the University of California at Los 
Angeles delivered an address entitled Convex functions. 

The annual business meeting and election of officers was held on 
Wednesday morning, President Einar Hille presiding. The proceedings 
are included later in this report. At the close of the business session 
Profeasor T. H. Hildebrandt of the University of Michigan delivered 
his retiring presidential address on Integration in abstract spaces. Fol- 
lowing Professor Hildebrandt’s address those members of the Com- 
mittee on Reorganization who were present at the meeting outlined 
some of the problems which the committee faces and asked for sug- 
gestions from the members present. 

Sessions of the Mathematical Association of America were held on 
Thursday morning and afternoon. 

On Monday morning and afternoon tours were conducted for 
mathematicians to some of the antebellum homes in Athens. On 
Tuesday afternoon a tea and reception for the guests of the Uni- 
versity was held in Lyndon Hall. On Tuesday evening a concert was 
given in the University Chapel by members of the Department of 
Music. A special art exhibit for those attending. the meetings was 
held on Wednesday afternoon in the Fine Arts Building. 

At the dinner on Wednesday evening for mathematicians and their 
guests, Professor Tomlinson Fort of the University of Georgia was 
toastmaster. President H. W. Caldwell of the University of Georgia 
gave an address of greeting. Music was provided by Messrs. James 
Griffith and Byron Warner. The following addresses were presented: 
What ts applied mathematics?, Professor J. L. Synge of Carnegie 
Institute of Technology; Applied mathematics in government service, 
Dr. J. H. Curtiss of the National: Bureau of Standards; Applied 
mathemaitcs in the college and university, Professor Emeritus H. B. 
Phillips of the Massachusetts Institute of Technology. These were 
followed by a dramatic skit entitled Applied mathematics, presented 
by members of the Department of Mathematics of the University of 
Georgia. Professor R. P. Agnew of Cornell University presented 
resolutions expresaing the thanks and appreciation of the members of 
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the Society and of the Associatian to the various groups at the Uni- 


versity of Georgia for the excellent arrangements made tor the . 


meeting. 

At the meeting of the Board of Trastees at 6:00 P.. on Deibe 
29, 1947, in Snelling Hall, there was no quorum oraes and the 
Board adjourned to January 17, 1948. ; 

At this meeting of the Board of Trustees the E E bas of 
Profeasor G. W. Mullins and Dr. Warren Weaver as members of 


the Board of Trustees were presented and accepted with regret. The ` 


following resolutions were adopted by the Trustees regarding the sig- 
nificant contributions of Professor Mullins and Dr. Weaver to the 
work of the Society: \ 

- Professor George Walker Mullins of Columbia University has resigned from the 
Board of Trustees of the American Mathematical Society after nearly-twenty years 


of signal service as Treasurer and Trustee. This period coincided with ane of dis. 
tinguished usefulness to the University where be was notably influential in formula- - 


tion of policies. Happy relations between Columbia University and. the Society 
began with its founding by Profeseor Fiske sixty year ago. Through the good offices of 
Professor Mullins these relations became ever more cordial and the University ever 
„more generous in its attitudes. ` 


The present favorable status of the fmancial affairs of our Society is in no small 


eae tE due ee eee ie devonian end eel Toe Doere = er oenaly apptees 
tive of all these services, and tenders to him its heartiest good wishes. 


: It is not possible to record in a few paragraphs the qualities of mind and spirit 
that have made the work of Dr. Warren Weaver, asa Trustee of the American Mathe- 
matical Society, so successful and outstand=ng and so satisfying to his associates on 


‘bis time and effort in trying to solve the many perplexing problems that constantly 
arose during this period of expansion. Equipped with a liberal mind of dignity and 
real distinction, he brought to the discussion of any problem that degree of human 
tolerance and understanding so necessary in the guidance of: the affairs of the 
Sockety. 

Beginning with 1933 Dr. Weaver, realizing that science was being misdirected in 
some regions of Europe, was a powerful factor in recruiting for American mathematics 
a large number of scholare-from the various European countries, thus enriching on a 
, widespread and national scale the several branches of our subject. His statesmanlike 
assistance in founding Mathematical Reviews is only one of the more obvious of the 
outcomes of his services. His initiative in the establishment of pre-doctoral fellow- 
ships for young’ men who had been diverted from thelr studies through scientific 


work for the war effort will result in a lessening of the alarming gap in personnel. 


which threatens education and research. 
As Chief of 'the Applied Mathematics Panel of the National Defense Research 
Committee during World War II, Dr. Weaver rendered signal service. Through his 


msight and diplomatic skill, he was able to convince the armed forces that mathe- ` 


matics is vital in the sclution of many urgent problems of defense and offense. In the 
various events which resulted in mathematics emerging from the war with greatly 
enhanced prestige, he was a notable leader. 


Dr. Welives's vison of the fi Ciré onceng tie pale Hint mathematic itay Alay 
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`. the Board. During his seven years of service as a Trustee, he has given generously of - 
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in American civilization will be greatly miseed in the deliberations of the Trustees, 
but it is the good fortune of the Board that his advice and help will still be available. 


The Council met at 8:00 p.m. on December 30 at the home of 
Professor Tomlinson Fort. 

The Secretary announced the election of the following seventy-one 
persons to ordinary membership in the Sociey: 


Professor Maria Yolanda de Mello Nogueria Abdelhay, University of Brazil; 

Mr. E. Leonard Arnoff, Case Institute of Technology; 

Mr. Leon Auerbach, Gallaudet College, Washington, D. C.; 

Mr. Edwin Ward Banhagel, Physics Department, Wayne University: 

Professor Otakar Borivka, Masaryk University, Brno, Czechoslovakia; 

Mr. George Bott, Operations Evaluation Group, Navy Department, Washington, D.C; 

Miss Thelma Elizabeth Bradford, Claflin University, Orangeburg, S. C.; 

Mr. Jofo Augusto Breves Filho, University of Sto Paulo; 

Mr, Rudolph Richard Caputo, Naval Shipyard, Brooklyn, N. Y.; 

Mr, Phillip George Carlson, Jr., Rensselaer Polytechnic Institute; 

Mr. Eric R. I. Carson, St. Francis College, Brooklyn, N. Y.; 

Professor Alonzo Clifford Cohen, Jr., University of Georgia; 

Mr. Louis M. Court, Rutgers University; 

Mr. William Francis Dice, St. Francis College, Brooklyn, N. Y.; 

Mr. Alexander Weaver Ebin, American Institute of Man, Chicago, IL; 

Mr. Jason Arundel Ellis, State University of Iowa; 

Mr. John Fall, Acquisition Division, New York Public Library; 

Mr. Athanasius Floris, Pacific Electric Railway Co., Loe Angeles, Calif.; 

Professor Luiz Barros Freire, Department of Physics, University of Recife, Recife, 
Pernambuco, Brazil; 

Mr. Marcos Galper, Rio de Janeiro, Brazil; 

Mr. Harold Grad, New York University; 

Mr. Roses Edwin Graves, University of Minnesota; 

Mr. Fletcher Gray, Birmingham, Ala; 

Miss Dorothy Eunice Green, Hitntingdon College, EN AEA Ala.; 

Dr. Edwin Leland Harder, Westinghouse Electric Corporation, East Pittsburgh, Pa.; 

Mr. Keith Ortlepp Househam, Princeton University; 

Mr. Albert Charles Howell, Actuarial Department, John Hancock Mutual Life In- 
surance Co., Boston, Mass; 

Mr. Roy Sherman Kingsbury, Operations Evaluation Group, Navy Department, 
Washington, D. C.; 

Professor Walter Eddie Kos, Agricultural and Mechanical College of Texas; 

Professor Julien Kravtchenko, University of Grenoble, Grenoble, France; 

Mr. Maurice Albert L'Abbé, Princeton University; 

Profeseor Friedrich Wilhelm Levi, Tata Institute of Fundamental Research, Bombay, 
India; 

Mr. Samuel Levy, National Bureau of Standards, Washington, D. C.; 

Brother George Lewis, La Salle College, Philadelghia, Pa.; 

Sister Mary Teresine Lewis, Fontbonne College, St. Louis, Mo.; 

Mr. Geraldo dos Santos Lima Filho, University of São Paulo; 

Mr. Clair George Maple, Carnegie Institute of Technology; 

Mr. Gerald W. L. Van Douglas Martynes, Rio de Janeiro, Brazil; 

Professor Ross Raymond Middlemiss, Washington Univeralty; 

Mr. Warren Keith Moore, University of Kansas; 
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Professor Abrahfio de Moraes, University of Sio Paulo; 

Sister Charles Anne Mulligan, Albertus Magnus College, New Haven, Conn; 

Professor Francisco Antonio Lacas Netto, University of Sao Paulo; 

Mr. William Ajfred Nichola, Canadian Broadcesting Corporation, Montreal, Canada; 

Dr. Yves Nubar, New York University; 

Mias Thelma Eve Peacock, Wells College; 

Mr. Chester Clement Piersol, Naval Gun Factory, Washington, D. ce 

Mr. Johnny Webater Ponds, West Virginia State College; 

Mr. Robert Clay Prim, 3rd, Naval Ordnance Laboratory, White Oak, Md.; 

Professor Ary Norton de Murar Quintella, Mil:tary Academy, Rio de Janeiro, Brazil; - 

Mr. Robert Abram Roberts, West Virginia University; 

Professor Plinio Sussekind Rocha, University of Brazil; 

Mr. Milton Edward Rose, Irvington, N. J.; 

Miss Rose Lee Rowen, Operations Evaluatior Group, Navy Department, Washing- 
ton, D. C.; 

Miss Leila Raines Rubashkin, Cornell University; 

Mr. Bernard Sachs, Polytechnic Institute of Brooklyn; 

Mr. Anthony Henry Sarno, St. John’s University; 

Mr. Jacob T, Schwartz, New York, N. Y.; 

Mr, George Shapiro, Brooklyn College; 

Dr. Jack Sherman, Research Laboratory, The Texas Company, Beacon, N. Y.; 

Sister Mary Carmel Sullivan, Albertus Magnis College, New Haven, Conn.; 

Mr. John Joseph Taylor, Bendix Aviation Corporation, Teterboro, N. J.; 

Mr. Affonso Penteado de Toledo Piza, State Department of Statistics of Sho Paulo, 
Sto Paulo, Brazil; 

Dr. Francis Eligius Van Bergen, Atheneum St. Nicolas-Waas, Belgium; 

Visiting Professor Bartel Leendert van der Waerden, The Johns Hopkins University; 

Professor Rin Wang, Changbai Normal College, Babaerun, Kirin, China; 

Mr. Gerard Washnitzer, Brooklyn, N. Y.; 

Mr. Daniel Robeon Waterman, Brooklyn College; 

Dean Cecil Lamborn Woods, Pacific Union College, Angwin, Calif; 

Mr. John Leonard Yarnell, Topeka, Kan.; 

Mr. Philipp Wolfgang Zettler-Seidel, Naval Ordnance Laboratory, White Oak, Md. 


It was reported that the following one hundred forty-six persons 
had been elected to membership on nomination of institutional mem- 
bers as indicated: 


University of Alabama: Mesers. Richard Earl Allen and Henry Conrad Miller; 

Brooklyn College: Mr. Leon H. Herbach; 

Brown University: Mesars. Peter Chiarulli and Morton Finston, Dr. James Arthur 
Krumhanal, Miss Jacqueline Lydie Penez, Dr. Rohn Truel; 

Bryn Mawr College: Miss Joan Elizabeth Robinson; 

University of California: Mesers. John Gurland, Terry Allen Jeeves and Edward 
Silverman; 

University of California at Los Angeles: Mesacs. John David Newburgh and Lawrence 
Theodore Ratner; 

The Case Institute of Technology: Mr. Frarcis Dunbar Parker; © 

University of Cincinnati: Mr, Nelson Paul Yeerdley; 

City College of the College of the City of New York: Messrs. Jerome Berkowitz, 
Irwin Fischer, Milton Martin Guneman; Samnel Linial, John Jay Stachel and 
Herman Zabronaky; 
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Columbia University: Mesers, Edward Kenneth Blum, Kuo-Tsai Chen and Arnold 
Lionel Faas, Mise Alice Osterberg, Mesers. Jack Maynard Patterson and Sherman 
Kopald Stein; 

Carnell University: Mesers. George Laush and Walter Lynn Murdock, Mies Maria 
Alice Weber; 

Duke University: Messrs, Samuel Wilfred Hahn and Thomas Davies Reynolds; 

Equitable Life Insurance Company: Mr. Kermit Lang; 

Harvard University: Messrs. Richard Eliot Chamberlin, Frederic Cunningham, 
Horace Chandler Davis, Paul Roesel Garabedian, Thomas Andrew Lebre, Peter 
MacNair, Jerome Joseph Newman, Henry Otto Pollak and Morton Lincoln Slater, 
Miss Dorothy Browne Shaffer, Mr. (William) Forrest Stinespring; 

Illinois Institute of Technology: Mesars. Harold Greenspan, Louis Joseph, Donald 
Williamson Pounder and David Rubinfien, Dr. Herbert A. Simon, Miss Barbara 
Reese Vogel; 

University of Illinois: Mr. James Bercos, Miss Marie Loulse Boddy, Mr. George 
Truett Cates, Misa Lois Vivian Cline, Menars. Cevdet A. Erren, Albert Ansell 
Gopaul and Clemens Bernard Hanneken, Miss Ruth Heinshbeimer, Mesers. Rich- 
ard Edwin Janssen, Richard Lynn Mentzer, Leland Latham Scott, Joe Willie 
Wray; 

Indiana University: Mr. Israel Nathan Herstein; . 

Institute for Advanced Study: Dra. Alfons Maria Frans Borgers and Hel Braun, Pro- 
fewor Marie Radegoude Jeanne Charpentier, Dr. Kien-Kwong Chen, Professor 
Hubert Delange, Dra. Erling Fglner, Harish-Chandra, Nicolaas Hendrik Kuiper, 
Jean Mariane, Smu-Hoa Min and Paolo Nesbeda, Professor Ake Vilbelm Carl 
Pleijel, Dr. Atle Selberg; 

Iowa State College of Agriculture and Mechanic Arts: Mr. Carl Eric Langenhop; 

The Johns Hopkins University: Mesers. Arthur Simpeon Littell, Henry Llewellyn 
Merritt, Arthur Stein, Mitchell Trauring, Mathews C. Waddell, and Arthur 
Wouk; 

Lehigh University: Mesera. Wilbur Hibbard and Ralph Waldo Young; 

University of Maryland: Mr. Arnold George Rawling; 

Massachusetts Institute of Technology: Mesera, John Bertram Giever, John Beck- 
with Kelly, Warren Paul Manger, Oliver Gordon Selfridge; 

University of Michigan: Miss Marjorie Lee Browne, Mesers. Bertram Joseph Eisen- 
stadt, Kenneth Arthur Fowler, Meyer Jerison, Benjamin Lapidus, Clay Lamont 
Perry, Jr., and David Van Vranken Wend; 

Michigan State College: Mr. Jean Joseph LeJunter; 

University of Minnesota: Mesars. Watson Bryn Fulks, Jack Indritz and Chih-yi 
Wang; 

New York University: Miss Anneli Leopold; 

Northwestern University: Mr. Lester Gothard Riggs; 

University of Notre Dame: Mr. John Charles Burke; 

Ohio Státe University: Mesars. Joseph Elliott Adnew, Jr., Byron Brown Dressler 
and George Marsaglia; 

Oklahoma Agricultural and Mechanical College: Mr. Croaman Jay Clark; 

University of Oregon: Mr. Walter Mossman Gilbert; 

Pennsylvania State College: Mezers. Stephen Jerome Bilo and Robert Taylor Foote; 

University of Pennsylvania: Mises Leila Ann Dragonette and Anne Marie Whitney; 

Rice Institute: Mr. Neville Carter Hunker; 

University of Rochester: Mr. William Anderson; 

The College of St. Thomas: Mr. Ferdinand Roy Ohnsorg; 


Syracuse University; Miss Elizabeth Harriet Wetherell; 
University of Tennessee: Mr. William Austin Rutledge; 
University of Texas, Department of Pure Mathematics: Mr. Mark Hall Clarkson, 

Miss Mary Ellen Estill, Mr. John Sheridan MacNerney; 
el alae Mesers. Kenneth Dudley Fryer and Atholl Livingstone Wil- , 


University of Washington: Messere. Fred C. Andrews and James L, Hildebrandt; 

Wellesley College: Mra. Elaine Van Aken Cowen; 

_University of Wisconsin: Memon Howard Rrneat Campbell, Kermit Howard Carlson, 
Marion Preston Emerson, Gerald Panl Dinneen, Delbert Ray Fulkerson, Leonard 
Eugene Fuller, Rodney Taber Hood, and John E. McAdam, Miss Ida Merle Mitch- 

'. ell, Messrs. Vernon Hugh Roes and Herbert Ruderfer; 

. Yale University: Mesars. Robert Goodell Brown, Jack Clark Gibson, John McGaughey 

Heath, William Gordon Lister, Jobn Edward Lancelot Peck, Donald Aubry 

Quarles, Jr., and John Newton Williams, 


The Secretary announced that the talerag had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: London Mathematical Society: Dr. 
Hermann Kober, University of Birmingham, Birmingham, England; 
|. Dr. Robert Alexander Rankin, Cambridge University, England; 
société Mathématique de France: Mr. Paul Belgodère, Centre 
National de la Recherche Scientifique, Paris; Dr. Gustave Choquet, 
Université de Grenoble; Professor Jean Alexandre Dieudonné, Faculté 
des Sciences de Nancy; Mr. Victor Dana, Faculty of Science; Cairo, 
Egypt; Professor Paul Jacques Dubreil, Faculté des Sciences, L’Uni- 
versité de Paris; Professor Luc Edmond Nicolas Gauthier, Univer- 
. sity of Nancy; Professor Gaston Maurice Julia, Ecole Polytechnique, 
Paris; Dr. Marc Krasner, Centre National de la Recherche Scien- 
_ tifique, Paris; Professor Paul Métral, Lycée de Marseille; Professor 
André Metté, Lycée Pasteur, Neuilly; Professor Victor Michel Jean- 
Marie Thebault, Ecole Normale, Tennie; Swiss Mathematical So- 
ciety: Professor Walter Nef, University of Fribourg, Fribourg, Switz- 
erland; Unione Matematica Italiana: Professor Enrico Bompiani, 
University of Rome; Professor Mauro Picone, University of Rome. 

It was reported that the Council had voted by mail: to accept the 
recommendation of the Committee on Applied Mathematics that the 
Second Symposium on Applied Mathematics be held at Massachu- 
setts Institute of Technology during the summer of 1948; to authorize 
and request the President to appoint a committee to nominate two 
-~ candidates for the vacancy in the Policy Committee for Mathematics, 
to occur on December 31, 1947; to accept the recommendation of thè 
Emergency Committee for the International Congress of Mathe- 
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maticians that stepe be taken at once to nominate and elect officers 
and committees for the Congress; to authorize and request the Presi- 
dent to appoint a committee to nominate officers and committees for 
the International Congress. It was also reported that the Council, 
by mail vote, had elected Professor Einar Hille as a representative of 
the Society on the Policy Committee for Mathematics, to succeed 
Profeasor T. H. Hildebrandt and to serve for a period of four years 
beginning January 1, 1948. 

The Secretary is pleased to report at this time that the ordinary 
membership of the Society is now 3494, including 321 nominees of in- 
stitutional members and 58 life members. There are also 103 in- 
stitutional members. The total attendance at all meetings in 1947 
was 1950; the number of papers read was 511; there were 12 hour. 
addresses, 2 symposium addresses, 4 addresses and 21 papers at 
the Applied Mathematics Symposium, 1 Gibbs Lecture, 4 Collo- 
quium Lectures, and 1 Retiring Presidential Address; the number of 
metnbers attending at least one meeting was 1191. 

The following appointments by President Einar Hille of representa- 
tives of the Society were reported: Professor R. P. Agnew at the 
inauguration of Katherine Gillette Blyley as President of Keuka 
College on October 4, 1947; Professor Einar Hille at the Convocation 
of the Sheffield Scientific School on October 17, 1947; Professor L. M. 
Kells at the inauguration of John Spangler Kieffer as President of 
St. John’s College on October 25, 1947; Professor W. L. Miser at the 
inauguration of Charles Spurgeon Johnson as President of Fisk 
University on November 6—8, 1947; Professor M. H. Martin at the 
inauguration of Lowell Skinner Ensor as President of Western Mary- 
land College on November 8, 1947; Professor C. B. Wright at the 
inauguration of James Gilliam Gee as President of East Texas State 
Teachers College on November 15, 1947; Professor G. T. Whyburn 
at the inauguration of Frank Bell Lewis as President of Mary 
Baldwin College on November 18, 1947. 

The following additional appointments by the President were re- 
ported: Professors M. H. Stone (Chairman), R. P. Agnew and John 
von Neumann as a Committee on the Award of the Bécher Prize, to 
be awarded at the 1948 Annual Meeting for the period 1943-1947; 
Drs. R. P. Boas (Chairman), Arthur Erdélyi, Professors George 
Pélya and Antoni Zygmund as a Committee on Known Results; 
Professors W. T. Martin (Chairman), T. R. Hollcroft, J. A. Stratton, 
and J. L. Synge as a Committee on Arrangements for the Second 
Annual Symposium in Applied Mathematics, to be held at Massa- 
chusetts Institute of Technology in 1948; Professors H. P. Evans 
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(Chairman), R- H. Bruck, R. V. Churchill, Dr. B. H. Colvin, Professor 
H. M. Gehman, Dr. Elizabeth S. Sokolnikoff, and Professor R. D. 
Specht as a Committee on Arrangements for the 1948 Summer Meet- 
ing, to be held at the University of Wisconsin; Dr. E. R. Kolchin, 
Professors R. J. Levit and Walter Strodt as tellers for the 1947 elec- 
tion of officers and members of the Council; Professor T. H. Hilde- 
brandt as a member of the Committee to Select Hour Speakers for 
Summer and Annual Meetings for the period 1948-1949 (committee 
now consists of Professors J. R. Kline, Chairman, T. H. Hilde- 
- brandt, and Oscar Zariski); Professor Deane Montgomery as a mem- 
ber of the Committee to Select Hour Speakers for Eastern Sectional , 
Meetings for the period 1948-1949 (committee now consists of Pro- 
fessors T. R. Hollcroft, Chairman, W. T. Martin, and Deane Mont- 
gomery); Professor Marshall Hall as a member of the Committee to 
Select Hour Speakers for Western Sectional Meetings for the period 
1948—1949 and Professor C. J. Nesbitt as a member of the same 
committee for the year 1948 (committee now consists of Professors 
R. H. Bruck, Chairman, Marshall Hall, and C. J. Nesbitt); Professor . 
Ralph Hull as a member of the Committee to Select Hour Speakers 
for Far Western Sectional Meetings for the period 1948-1949 (com- 
mittee now consists of Professors J. W. Green, Chairman, Ralph 
Hull, and C. B. Morrey); Professors J. C. Oxtoby and A. C. Schaeffer 
as members of the Committee on Publicity for the period 1948-1950 
(committee now consists of Professors C. O. Oakley, Chairman, Gar- 
rett Birkhoff, J. C. Oxtoby, A. C. Schaeffer, R. M. Thrall, and R. J. 
Walker); Professor J. W. Tukey as a member and Chairman of the 
Committee on Reorganization of the Society’s Programs; Professor 
J. W. T. Youngs as Acting Chairman of the Birkhoff Finance Com- 
mittee, to serve until July 1, 1948; Professors S. B. Myers (Chair- 
man), R. H. Bruck, Ben Dushnik, J. S. Frame, T. H. Hildebrandt, 
and R. M. Thrall as a Committee on Arrangements for the April, 
1948, meeting at the University of Michigan; Professora W. L. Ayres 
(Chairman), S. S. Cairns, B. P. Gill, J. R. Kline, P. A. Smith, and 
M. H. Stone as a Committee on Reorganization: Professor Hassler 
Whitney as Chairman of the Committee on Visiting Lectureships 
for the period 1948-1950 and Dean R. G. D. Richardson as a mem- 
ber of the same committee for the period 1948-1949 (committee now 
consists of Professor Hassler Whitney, Chairman, Dean R. G. D. 
Richardson, and Professor Norbert Wiener); Professor C. J. Rees as 
Chairman of the Committee on Printing Contracts for the period 
1948-1950 (committee now consists of Professor C. J. Rees, Chair- 
man, Dean M. H. Ingraham, and Professor J. M. Thomas); Professor 
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G. B. Price as Chairman of the Committee on Places of Meetings 
for 1948 and Professor R. L. Wilder as a member of the committee for 
1948-1950 (committee now consists of Professors G. B. Price, Chair- 
man, C. B. Allendoerfer, and R. L. Wilder); Professors G. C. Evans 
(Chairman), J. R. Kline and G. T. Whyburn as a committee to 
nominate representatives of the Society on the Policy Committee for 
Mathematics; Dean Walter Bartky and Professor G. C. Evans as 
members of the Committee on Applied Mathematics for the period 
1948-1950 (committee now consists of Professors J. L. Synge, Chair- 
man, Walter Bartky, Richard Courant, G. C. Evans, John von 
Neumann, and William Prager); Professors D. V. Widder (Chair- 
man), A. B. Coble, Arnold Dresden, T. H. Hildebrandt, and Deane 
Montgomery as a committee to nominate officers and committees 
for the International Congress of Mathematicians. 

The following were reported as the Chairmen and voting members 
of Editorial Committees for the year 1948: Professor RE. Langer, 
Bulletin; Professor A. A. Albert, Transactions; Professor A. W. 
Tucker, Mathematical Surveys; Professor J. F. Ritt, Colloquium. 

It was reported that Professor G. A. Hedlund of the University of 
Virginia had accepted the invitation to deliver a series of Colloquium 
Lectures at the 1949 Summer Meeting. 

The Secretary reported that the biennial membership campaign 
had been conducted during November, 1947, at which time 4,524 
letters of invitation to join the Society were mailed to teachers of 
mathematics in the colleges and universities of the United States 
and Canada (including 515 invitations to members of the Associa- 
tion). 

It was reported that a reciprocity agreement had been established 
between the Society and the Société Mathématique de France. The 
details of this agreement and of other reciprocity agreements are 
given elsewhere in this issue of the Bulletin. 

At the annual election which closed on December 31, and at which 
656 votes were cast, the following officers were elected: 

Vice Presidents, Professors John von Neumann and Hassler 
Whitney. 

Associate Secretaries, Professors R. H. Bruck, J. W. Green, and G. 
B. Price. ; 

Librarian, Professor Arnold Dresden. 

Members of the Editorial Commitee of the Bulletin, Professor 
Nathan Jacobson and Dean E. B. Stouffer. 

Member of the Editorial Committee of the Transactions, Profes- 
sor G. T. Whyburn. 
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Member E T, Commettes of the Colloquium Publications, 
Professor C. C. MacDuffee. 

Member of the Editorial Committee a Mathematical Reviews, Pro- 
fessor William Feller. l 

Member of the Editorial Comentiee of Mathematical Surveys, Pro- ’ 
fessor J. L. Walsh. 

Representative on the Edstorsal Board of the American Journal of - 
Mathematics, Professor Richard Brauer. 

Members at large of the Council, Professors J. L. Doob, R L. 


` Jeffrey, J. B. Rosser, N. E. Steenrod, and Alfred Tarski. 


The Secretary reported the resignation in November of Dr. War- 
ren Weaver as a Trustee of the Society and the resignation, to be 
effective after January 17, 1948,.of Professor G. W. Mullins as a 
Trustee. He further reported thet Professor G. T. Whyburn had been 
elected by the Trustees to fill the unexpired term (to December 31, 


` 1948) of Dr. Weaver. 


` The Librarian reported the following additions to the Library: 219 
volumes of periodicals, 42 books, 82 pamphlets (including 72 dis- 
sertations). He. also reported that exchanges with foreign peri- 
odicals are being reestablished end that he is assisting in the revival 
of mathematical activity abroad in so far as the policy of liberal ` 
exchange conditions can contribute to this end. , 

In an appendix to this report are excerpts from the report of the 
Treasurer for the fiscal year 1947 as verified by the auditors. A copy 
of the complete report will be sent, on request, to any member of the! 


Society. i 


The American Journal of Mathematica reported that it had pub- 
lished 871 pages in 1947.. The Society now contributes an annual 
subvention of $2,000 to the American Journal. 

Times and places for meetings of the Society in 1948 were set ab 
follows: June 19 at the University of British Columbia; September 
7-10 at the University of Wisconsin; October 30 in New York City; 
November 26-27 in Chicago, Illinois; November 27 at the University 


of California-at Los Angeles. The Council voted in favor of holding 


A 
N 


regular meetings of the Society in the Pacific Northwest. On recom- 
mendation of the Committee on Places of Meetings, the Council voted 
to hold the 1948 Annual Meeting at The Ohio State University and 
the 1949 Annual.Meeting in New York City, the latter to be held in 
conjunction with the meetings of the American Association for the 
Advancement of Science. (It has proved necessary to postpone the 
New York meeting from December, 1948, to December, 1949, be- 
cause of the change in plans af the aa 


` 
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Certain invitations to give addresses in 1948 were announced: 
Professor Eric Reissner for the February meeting in New York City; 
Professor André Weil for the February meeting in Chicago; Professors 
Charles Loewner and O. E. Neugebauer for the April meeting in 
New York; Professors Irving Kaplansky and H. S. M. Coxeter for the 
April meeting in Ann Arbor; Professor H. F. Bohnenblust for the 
April meeting in Berkeley; Professor J. W. T. Youngs for the Summer 
Meeting at the University of Wisconsin; Professor Mark Kac for the 
Annual Meeting at The Ohio State University. 

Associate Secretary G. B. Price reported on the Society’s plan for 
institutional contributing memberships. At the present time the 
Society has one hundred seven institutional contributing members 
which contribute over $9,000 annually to the Society’s publica- 
tion program. Dues for institutional contributing members are com- 
puted every six years and are based on the number of pages published 
by the member’s staff. The per page rate used at present is $2.75; 
this rate has been used since institutional memberships were in- 
augurated in 1934 and does not reflect present printing costs. Pro- 
fessor Price pointed out that the Society’s income from industry is 
very small and that the Society might well hope for an increase in 
income from this source, since an increasingly large number of per- 
sons efnployed by industry are becoming affiliated with the Society. 

The Bulletin Editorial Committee reported that the high standard 
of acceptability for articles is being maintained, that the number of 
papers received from abroad has increased and that the flow of 
papers from this country has continued. Professors A. H. Clifford, 
M. M. Day, F. G. Dressel and G. W. Whitehead were reported as 
new Assistant Editors for the Bulletin. 

The Transactions Editorial Committee reported that a total of 1,100 
pages have been published in the 1947 volumes and that a backlog of 
papers accepted for publication is accumulating, so that a year will 
elapse between submission of a manuscript and publication. Profes- 
sors Samuel Eilenberg and Harry Levy were reported as new Asso- 
ciated Editors and Professor A. A. Albert as Managing Editor for the 
year 1948. 

The Mathematical Reviews Editorial Committee reported an in- 
crease in the amount of material to be reviewed, due to the avail- 
ability of foreign journals and to the increased production in most 
countries. During 1947 the Matematisk Forening i København and 
the Polish Mathematical Society were added to the list of sponsors of 
Mathematical Reviews. The subscription list, as of December 1, 1947, 
was 1,765. A contract with the Office of Naval Research has recently 
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been negotiated which will yield over $23,000 during 1948 for the 
support of Mathematical Reviews. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to recommend to the Trustees the acceptance of a 
revised edition of Latitce theory by Professor Garrett Birkhoff for 
publication in the Colloquium Series. On recommendation of the 
Mathematical Surveys Editorial Ccmmittee, a manuscript by Dr. 
Stefan Bergman entitled Methods in complex orthogonal functions was 
accepted for publication, subject to the approval of the Trustees. 

It was reported that an Editorial Committee had started work on 
the compilation of material to be published as the CoNected maike- 
maiscal papers of G. D. Birkhoff and that the Finance Committee for 
the project had secured, as of December 12, 1947, a total of $7,102.80 
in contributions and subscriptians. 

The Council approved July 29-31, 1948, as the dates for the Second 
Symposium on Applied Mathematics, to be held at the Massa- 
chusetts Institute of Technology or the subject of Eleciro-magnetsc 
theory. The Council also approved the recommendation that the fol- 
lowing groups be invited to act as co-sponsors of the Symposium: 
American Institute of Physics, American Institute of Radio Engi- 
neers, American Institute of Electrical Engineers. 

The Committee on Aid to Devastated Libraries reported that a 
second shipment of books and journals is on its way to twenty-four 
different libraries in ten different countries and that the committee 
hopes to find a satisfactory way for forwarding other material now at 
its disposal, 

The Council voted to donate to the new journal, Applsed Mechanics 
Reviews, two subecriptions to the Balletin and Transactions. 

The President was authorized to appoint @ committee to consider 
the question of holding regular meetings of the Society in the south- 
eastern section of the country. This action was taken’ at the request 
of a group of members of the Society representing various institutions 


_ in the southeast. 


Abstracts of the papers read follow below. Papers whoee abstract 
numbers are followed by the letter “#” were read by title. Paper 
number 110 was presented by Dr. Cohen, number 122 by Professor 
Gustin, number 129 by Professor Cohen, number 149 by Dr. Neményi, 
number 169 by Professor Gottschalk, and number 176 by Professor 
Young. Dr. Dvoretzky was introduced by Professor Szolém Mandel- 
brojt and Professor Jacob Wolfowitz, Dr. Hu by Professor Oscar 
Zariski, and Mr. Seth by Professor Jacob Wolfowitz. 
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ALGEBRA AND THEORY OF NUMBERS 

106%. Grace E. Bates and F. L. Kiokemeister: An example tn the 
theory of quassgroups. 

A loop is constructed in such a way that its image under a given homomorphism is 
not a quasigroup. The loop may be commutative. It is shown that if under a given 
homomorphism of a loop the kernel is finite or the image is finite or the image is 
associative, then the image is a loop. (Received November 12, 1947.) 


107¢. Garrett Birkhoff and Orrin Frink: Represeniaitons of latisces 
by sets. 


This deals with methods of representing a general lattice L by sets. The first part 
concerns lattices of subalgebras of abstract algebras. Necessary and sufficient condi- 
tions are given for L to be isomorphic with the lattice of all subalgebras of a suitable 
abstract algebra. In a lattice satisfying these conditions, it is shown that every ele- 
ment is a meet of completely meet-irreducible elements. This generalizes the main 
result of Garrett Birkhoff on subdirect unions in universal algebra. Necessary and 
sufficient conditions are given for L to be isomorphic with the lattice of all ideals of 
another lattice A. The second part deals with representations by sets of dual ideals, 
It is shown that isomorphic meet-representations are furnished by the use of all 
meet-irreducible, of all completely meet-irreducible, and of all principal dual ideals, 
In distributive lattices, meet-irreducible and prime dual ideals are shown to be the 
sams. They provide the representation by Stone; while the more economical repre- 
sentation by sets of completely meet-irreducible dual ideals is equivalent to one given 
previously by Garrett Birkhoff, It is shown that in lattices with the disjunction prop- 
erty of Wallman, the representation by sets of maximal dual ideals is in general 
more economical still In lattices with the descending chain condition, some of the 
representations considered reduce to that introduced by A. D. Campbell. (Received 
October 22, 1947.) 


108%. Bailey Brown and N. H. McCoy: The radical of a ring. 


In a previous paper (Amer. J. Math. vol. 69 (1947) pp. 46-58), a radical N has 
been defined for an arbitrary ring R, and various theorems on the radical established 
by use of Zorn’s Lemma, Certain of these theorems basic in the theory, for example, 
that N is a two-sided ideal in R and that R/N has zero radical, are now proved by 
finite methods, as are also the following new results. The radical N consists of the 
elements b of R such that the ideal RAR is H,-regular. If A is a two-sided ideal in R, 
the radical of the ring A is the intersection of A and N. (Received November 18, 1947.) 


109%. Leonard Carlitz: A problem of Dickson's. 


Let the homogeneous polynomial Q(x, y) with coefficients in GF(p*), p odd, be 
such that Q(a, b) is a nonzero square in GF(p*) for all (a, b) except (0, 0) in the field. 
Dickson (Trans, Amer, Math. Soc. vol. 10 (1909) pp. 109-122) calls such forms 
defintte. He conjectured that every definite binary form of degree 2r, r>1, is the 
equare of a polynomial with coefficients in GF(p*) provided p* exceeds a certain bound 
N,; he proved this in the case r=2, 3, In the present paper this conjecture is shown to 
be correct in the slightly more general case of polynomials F(x) all of whose values 
are nonzero squares in GF(p*): If p7 > (b —1)3, where h=deg F, then F is a square. 


a 7 } 


+ 
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This followa easily from the Riemann hypothesis for the Artin zeta-function; the 
truth of this hypothesis has been proved by A. Weil (Proc. Nat. Acad. Sci. U.S.A. 
vol. 27 (1941) pp. 345-347). (Received October 16, 1947.) 


110. Leonard Carlitz and Eckford Cohen: Representations of a 
_ polynomial in GF p*, x] in certain special quadratic forms. j 


The authors are concerned with the number of representations of a polynomial in 
GF[ż", x] in the form J aX; + L LuY, Yp where ac GF(p*) and deg Lyi. The 
method is an application of the singular serles method developed in a recent paper 
(Duke Math. J. vol. 14 (1947)). (Received October-16, 1947.) 


111%. M. J. Herzberger and Robert Morris: Normal equation wiih 
nearly vanishing determinants: ; a 


Dian auar moann e ena aa oone eoad 
the normal equations with greater accuracy than the solution requires because of the 
fact that the inant has fewer significant figures than the coefficients. In some 
cases, in which the number of digits is limited by the use of a calculating machine, 
a direct result is unobtainable. In the case of a small determinant, an approximate 
_ solution of the problem may be found, which is not an approximation to the exact 
solution of the normal equations but may have more significance than the exact 
solution, because of the fact that the data might be slightly in error. The paper 
shows how to obtain such approximations, using only a limited number ‘of digits. 
By translating the algebraic problem into a problem of geometry, some help is given 
to the intuition of the computer in, arranging the successive operations in the most 
effective order. (Received November 24, 1947.) 


112%. Saunders MacLane: A non-assoctaiwve method a assoceatine 


Ina forthcoming imne of Trans. Amer. Math. Soc. Eilenberg and the author bave 
established the following theorem for a crowed product algebra A. Let K_) N_P be 
fields, K and N finite, normal and separable over P, and let e, r be automorphisms of 
K/N, a, 8, y automorphisms of K over P. Let f(s, r) be a factor set in X for the 
crossed product algebra Am. (K, f), and A(e, 8) any extension of the function f to all 
a, P. If k can be so chosen that [a- KiB, T) |kaf, v) ka, Br)A(a, P) is a function 
i(a’, P’, y) only of the-automorphisms a’, 8°, y’ induced on N by a, B, y, respectively, 
then every antomorpiian of NP ain he extended to an automorphism of A, and # 
_ isthe *Teichmtller cocycle’ of A. yn ie presen: paper fae ent hoe RIVES T ene nan 
associative proof of this theorem. (Received November 7, 1947.) 


1134. G. D. Mostow: On clased subgroups of a Lie group. Treloni 
nary report. - 

It is proved that a semi-simple Lie subgroup S of a simply connected Lie group 
G is closed in G. If G is not simply comected, S need not be closed. A corollary of this 
theorem is that there is no proper representation of a noncompect connected simple 
Lie group into a compact Lie group. (Received November 6, 1947.) 


114%. Gordon Pall: Composttson of binary quadratic forms. 
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A compound of binary quadratic forms is defined, and the uniqueness of the 
product class is proved, without the use of bilinear transformations. There Is included 
also an extension to forms in # variables of a criterion due to Gauss for the equivalence 
of binary quadratic forms. (Received November 24, 1947.) 


115. W. V. Parker: Charactertstic roots and ihe field of values of a 
matrix. 


Let Á= (a) be an s-rowed square matrix of complex numbers and write P} 
-Palan Grk), Oem Eralan Goth), Rem Pet lom—m[, Te Ost|om—ml, 
where mmal ee ae 2:5, Ry+T;, and denote by P, Q, R, Sand T the greatest of 
the Pa Os, Ry, Sa and Ty respectively. In this paper it is shown that: 1. The field 
of valuss of A (the set of complex numbers 2A 4’ where xf’ = 5° .7,4;—1) lies in the 
circle of radius S with center at m. 2. Each characteristic root, A, of the matrix A 
lies in (or on) at least one of the » ellipses |A—m| +[à— am| = Py+-Ry and in (or on) 
at least one of the # ellipses |à —m| +-|%—ces| = Qi-+7> 3. Each characteristic root, 
à, of the matrix A lies in (or on) at least one of the # Cassini ovals |\—ays| - | \—ss| 
= P,R, and in (or on) at least one of the * Cassini ovals |A—aw| -|A\—m| = OT» 
(Received November 10, 1947.) 


116% Edward Rosenthall: Mulisplicativs diophantine equations in 
quaternions. 

The diophantine equation XY=ZW in Lipschitz integral quaternions with 
proper parts of odd norm is solved completely in integral parameters, namely: 
=cbBBTSRME, where the small letters represent rational integers and the others 
represent odd integral quaternions except that K or L must be even, and also AA 
=RR, PP=MM, which can be solved explicitly in rational integral parameters 
(E. T. Bell, Trans. Amer. Math. Soc. vol. 57 (1945) p. 95). Through properties of 
these quaternions developed by G. Pall (Trans. Amer. Math. Soc. vol. 47 (1940) pp. 
487-500) the resolution of this equation is made to depend on the system PN=QM, 
PP=MM, the complete solution for which is N=PKIIM, O=KM+PI. Other 
multiplicative equations are considered. (Received November 18, 1947.) 


117%. R. D. Schafer: Siructure of genetic algebras. 


Etherington (in Proc. Roy. Soc, Edinburgh vol. 59 (1939) pp. 242-258, and other 
papers) has studied the non-associative algebras which arise in the symbolism of 
genetics. The author introduces a concept of genetic algebra which is intermediate 
between his (commutative) train algebra and special train algebra: a commutative 
baric algebra A over Fis a genetic algebra in case the coefficients of the characteristic 
function |AZ—T| of Tmal-+f(Re, Rey ***) in the transformation algebra T(A) are 
polynomials which, insofar as they depend on the zs, depend only on the weights of 
the q. This definition is more satisfactory than that of special train algebra on two 
counts: the structure of the algebra is not postulated, and the duplicate of a genetic 
algebra is itself a genetic algebra (so that all of the fundamental algebras of sym- 
metrical inheritance—zygotic, copular, and so on, as well as gametic—are genetic 
algebras). It is proved that the radical of A is the kernel of the weight function, and 
that it is nilpotent. Some special cases are treated in detail. (Received November 25, 
1947.) 
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1184, A. R. Schweitzer: Remarks on fields of ordered dyads. 


Postulates are constructed for a field of ordered dyads which permit interpretation 
of the latter as rational numbers. The postulates are based on multiplicative and 
. additive groups of dyads and are analogous to postulates for a field previously re- 

‘ported (Bull. Amer. Math. Soc. Abstract 52-11-353). The postulates for the multipli- 
cative group are the same as those given in the author's paper, Remarks om groups of 
ordered dyads (Bull. Amer. Math.-Soc. Abstract 54-1-11). The postulates for the addi- 
tive group are first stated in terms of undefined addition of dyads with the same poste- 
adi se ies mena tea operate Se T imply the existence of £, y, ț in S such 
that a/m t/t, y/8—=_y/f; a/f, 7/8, \/e in T imply the existence of £, 4, t-r in S 
such that a/B=t/r, y/8=n/r, \/am$/r. 2. E/r+a/rmt/r, E /r+a/r =r, Ele 
= EY /r, 3/r™3'/r imply t/r=t’/r. Definition. a/B-47y/ë=)/u means: There exist 
E m $, rin S much that a/B=£/r, y/8mg/r, A/p} /r, anni (Received 
November 24, 1947.) l ; 


1194. Olga Tauseky and John Todd: Covering theorems for groups. 


The following two problems have been studied. (1) G being an abelian group with 
x generators each of order p, S being the set of the s=a(p—1)-++1 distinct powers of 
each of the elements of a fired base, determine the smallest Integer o for which there 
exists at lest one set Z of o elements of G such that Gm ZS. (2) Determine the cases 
when sc bei ee aoa n=]; p=3, „=£. (Re- 
` ceived October 31, 1947.) > 


A 


ANALYSIS 


120. R. P. soe Abel transforms and partial sums of Taubertan 
_ Series. 


-ra 


Let tte-+t-mirt + > - be a series of complex terms for which L=lim sup |s] < œ, 
Let o (f) = $ Au, (0<t<1) and let s(x) =ae-}w1-+ +++ +s, where # is the greatest 
integer not greater than x. Let q>0. Te T the relation (*) lim sup |e(ġ 
—s(q/log f)| SA(QL holds when A(q) is the constant defined by A (a) =y+log g 
-H2S erted, Moreover A (q) is the best constant in the following sense. There is a 
real series $ a. such that 0<L< œ and the members of (*) are equal. The same is 
true when the relation (*) is replaced by the relation (**) lim sup,..|o(s-e*) —s(n)| 
SAOL. This generalizes and unifies special results obtained in six recent papers by 
Hadwiger, Agnew, Hadwiger, Wintner, Hartman, and Hadwiger for special cases in 
which g=log 2 and g=1. Relations among the six papers are set forth in recent end 
fee Rae ny ence oi Ma pemedcel Revie mes (Received November 1, 1947.) 


121. D. F. Baiow: On expressing a function of eas variables in 
nomograph form. 


A function of three variables (x, y, s) is in nomograph form if it is expreseed as a 
three-rowed determinant hose first, second, and third rows are functions of x alone, 
of y alone, and of s alone respectively. Nine necessary and sufficient conditions that a 
given function may be so expressed are found. These conditions are in the form of 
determinants which must vanish identically, the elements of the determinants being 
the given function and certain of its derivatives. Also, a formula is furnished for ex- 


Fae eran geste, ore nee pee eg 
1947.) 
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122. E. F. Beckenbach and William Gustin; On the mean modulus 
of an analyltc funciton. 


Let f denote a function of a complex variable analytic in the open unit circle. In 
this paper the convexity properties of the circumferential and areal mean moduli of 
order # (0 S/S œ) of the analytic function f overa circle of radius r (0 Sr <1) are in- 
vestigated as functions of r. It is known that the logarithm of such a mean modulus is 
a convex function of log r for any f and any ¢; for f» œ this is the Hadamard three 
circle theorem. The following results are obtained. The set of +values for which the 
circumferential mean modulus is a convex function of r for any f is a closed bounded 
set which includes the ¢-values 0, 1/2, 2/3, 1, 2; and the set of values for which the 
areal mean modulus is a convex function of r for any f is a closed bounded set which 
includes the ¢-values 0, 1, 2. (Received November 10, 1947.) 


123%. Stefan Bergman and M. M. Schiffer: Kernel functstons in the 
theory of partial differential equations of eliptic type. 

Let B be a plane domain with smooth boundary C. P(Z) is a continuous positive 
function of Zm (x, y) in B. Let a(Z) and b(s) be continuous differentiable in B and 
in Cand suppose a(Z) cos (s, x)-+5(Z) con (n, y) = -—-A(Z) on C continuous and nega- 
tive. The scalar product D(¢, ¥)—/Sfs[tee+¢ebyt (ady)et (bop) s+ Pow ldxdy, 
de = ap/dx, +--+, is defined for each pair @, ¥ in the function space Q, consisting of 
all continuously differentiable functions in B for which D{¢, ¢} < œ, the integrals un- 
derstood in the Lebesgue sense. In the subspace A of Q, consisting of all solutions of 
Ad = Po, choose a complete system { by(Z) } orthonormalized with respect to the D- 
metric. Its kernel function K(Z, W)= 20" dr(Z)¢(W) satisfies K(Z, W) =R(Z, W) 
—G(Z, W); G(Z, W) is Green's function of the differential equation and R(Z, W) the 
fundamental solution satisfying on C: 8R/dn =X. In the case Ama =b=0, R(Z, W) 
equals the Neumann function (cf. Bergman-Schiffer, Duke Math. J. vol. 14 (1947) pp. 
609-638). The kernel function is always non-negative in B and satisfies K(Z, WY 
akK(Z, Z)K(W, W). lf R,(Z, W) satisfies 0R,/dn=),R, on C (ym 1, 2) and if M >s 
one has RaZ, W) 2Ri(Z, W) in B. (Received December 22, 1947.) 


124%. Stefan Bergman and M. M. Schiffer: On nonlinear difer- 
enital equaitons of ehiptic type. 


We use the notations of the preceding abstract. Let P:(Z) > Ps(Z) >0 be two con- 
tinuous functions in B. Consider the two differential equations A¢ = P,ẹ (y=1, 2). 
For a fixed continuous function A(Z) >0 on C we have two corresponding fundamental 
solutions R,(Z, W). There holds: Ri(Z, W)<Ra(Z, W) in B. The same inequality 
holds for the corresponding Green's functions and kernel functions. Using these facts, 
the following theorem is proved: Let P(Z; h t, i'^) be defined for ZCB and real 
t, t’, t''; suppose that a Lipschitz condition |P(Z; £ #, 1) —P(Z; h, H,H#9|<K 
-max {[t—h|, [t —H |, |E |} and the inequality M2ZP(Z; 4, t, #Zm>0 
hold. Then the differential equation A¢=P(Z; ¢, 3¢/ax, 86/37) -$ possesses always 
solutions for continuously prescribed boundary values on C. Generalizations of this 
theorem in various directions are indicated. (Received December 22, 1947.) 


125. L. M. Blumenthal: Metric methods in Isnear tnequaltties. 


Irreducible systems of linear inequalities in #-+1 indeterminates (#21), of arbi- 
trary power not greater than ¢, are studied by applying metric-theoretic methods and 


278 AMERICAN MATHEMATICAL SOCIETY. [March 


results to the subset C of the unit #-sphere Sa. formed by normalizing the coefficient 
set, and the closed, convex subset Z(C) of Si. whose elements correspond to the 
normalized solutions of the system. Among properties established for the set function 
Z are: (1) 2(C) = Z(C) = Z(C*), where C, C* denote closure and convex extension of 
_C, respectively; (2) 2(C) =C provided Cis closed, convex, and #CB(C), the boundary 
of C, implies diamyB(C)=1/2; (3) Z(C) =C implies B(C) of constant (spherical) 
breadth, but not conversely; (4) D(C) %(2(2(C))) = Z(C) for every C. New cri- 
teria for existence of solutions (and geometric derivations of some previously known) 
are given. A chain of existence theorems is obtained by proving that a system of 
_ inequalities, in the wide sense, has a nontrivial solution if and only if each #+k+1 

of them has a nontrivial solution in common with an arbitrarily selected subsystem of 
a—k-+-1 inequalities whose representative points of Sa. do not lie on an Sis, 
where k may be any one of the numbers 0, i,:--, #41. (Received November 19, 
1947.) - i 


1264. Robert Breusch: On the distribution of the values of | rol in 
the unit circle. 


Let f(s) = I-s) be a pol with [[}_,|s| =1. If A(/) is the area of 
the region of the unit circle where eS then obviously 05.A(f) Sr. It is shown 
that this estimate cannot be improved. That is, if a and § are two non-negative real 
constants such that a SA (f) Sr —8 for every f(s), then amf 0. That 8m0 is trivial; 
for exemple consider f(z) =1-+N+s-+s, with large N. To prove that a=0, it is shown 
that to every polynomial f(s) another polynomial f,(s) may be constructed such that 
Affi) <24(f)/3. (Received November 21, 1947.) 


127%. K. Chandrasekharan. On Fourier series in several variables. 


If f,(f) is the spherical mean of order p of the function f(x, -+ +, xa) at a given 
point, and S*¥(R) is the Riess mean of order 8 of the multiple Fourier series 
of f(a, <- - , a) at that point (Proc. Indian Acad. Sci. vol. 24 (1946) pp. 229-232), a 
formula is established, which expresses f,(!) as a transform of S'(R) for almost all 
t, and for p>8—(k—1)/2. As consequences of the formula, theorems are obtained 
which affirm the existence of the mean limit of a function on condition that its Fourier 
series be summable. Some of the results seem to be new even in the case of functions 
of a single variable. (Received November 10, 4947.) 


128. F. E. Clark: Positive representation of forms. 


Let F be a form with real coefficients and degree p in the variables m,---, xm, 
which range independently over all non-negative values except 0,--- , 0. It is known 
that the form F is positive if and only if there exists a form f such that f and fF have 
positive coefficients, For m= p2, Meissner (Uber posites Darstelungen von Poly- 
nomen, Math. Ann. vol. 70 (1911) pp. 223-235) gave a system of inequalities on the 
coeficients of f, found the minimum = (=deg f) for which that system is consistent, 
and sotved the system in terms of an integral. His method was geometric throughout. 
In the present paper the author solves this system by means of a finite eum. Pólya has 
proved the general result, using an f with multinomial coefficients but giving no in- 
formation about the value of »#. For the case of multinomial coefficients and m =p =2, 
the author gives a formula for the minimum x, which is shown to be odd and in general 
much larger than that for the Meissner problem. (Received November 21, 1947.) 
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129. L. W. Cohen and Casper Goffman: A theory of transfintte con- 
vergence. ! 

A theory of convergence besed on the definition of a sequence as a function sz on 
the domain of ordinals < ¢* to a uniform space is given. It yields the category theo- 
rem for complete spaces and covering theorems of Lindelof and Borel-Lebeague in 
which Hy is replaced by the cardinal of ¢*, The ordinal £* is required to be the initial 
ordinal of its cardinal Z* and have the property that if *<£* and &, is single-valued 
on y <y" to &<£* then sup [é,|_<9*]. Examples are œ, the classical case, and Q., The 
uniform space is a set S=[x] with neighborhoods U;(x), £<", having the following 
properties: (1) C\pcgrU¢(x) x, (2)' Ue(x) decreases on £< ¢*, (3) if „<¢" there is a 
&() such that Ugg (y)(\ Usp (x) 40 implies Ung (y) C Urla), (4) if Ue, (£4) decreases on 
a<n*<é* then ( \ycqe Ue, (xq) is a nonempty open set. Examples are given and it is 
shown that if (4) is replaced by (41) in which x, =x for <4" then there are spaces 
with * >w which are £*-complete and of the first [*-category. (Received November 
24, 1947.) 


130. Aryeh Dvoretzky: On secttons of power sertes. 


Through the use of the theory of normal families many extensions of the theorem 
of Jentxach are obtained. The following results are typical. (1) Let f(s) = a have 
1 as radius of convergence, let {pa} be a sequence of positive numbers satisfying (*) 
log pn ™0(#), let so be any number with | sa =] and e>0 arbitrarily amall. Then there 
exist infinitely many # for which w=s,(s)— $_%a,s” maps |s—se| <eon a domain 
completely covering [w] <pe. (2) Let m = m{#) be o(#); then under the same condi- 
tions asin (1) there exist infinitely many # for which w= }_* a3” mape |s—zo| <e on 
a domain completely covering 1/o.< |e] <pa. (3) If in addition to the assumptions 
made in (1), sis a regular point of f(s), then there exist infinitely many # for which 
wee f(s) —r.(3) mapes | s—so| <e on a domain completely covering 1/pa< lw! <pa. It 
is easy to show that (*) cannot be essentially relaxed; the exclusion of the neighbor- 
hood of =0 in (2) and (3) is also essential. Finally, a result of another nature may be 
mentioned. (4) Let 0<lim supso|an| < œ, let sẹ with |ss| =1 be a regular point of 
> dus* and dy the distance from sẹ to the nearest root of })*a,s”—=0, then lim inf 
ad,/log n< œ. (Received November 24, 1947.) 


131. Tomlinson Fort: The value of a product. 


In this paper the product Le (1— Lie) (1 — Læ) +> + (1 —Le)} and the infinite 
product, where w becomes infinite, are considered. Both products are transformed into 
series; the finite product into the sum obtained by performing the indicated multipli- 
cation and the infinite product into the corresponding infinite series. Known relations 
among the elementary symmetric functions are used in studying the resulting series. 
Several theorems are proved, Formulae to facilitate the calculation of the first few 
terms of the series are developed. (Received November 3, 1947.) 


132%. Evelyn Frank: Orthogonalsty properties of C-fracitons. 


Let the polynomials B, (3) —s*B,(1/s) pst prev itt .-- +6") nehy mo 
post +++ one, if p= 2g—1, or ee aa-fay+ + + + Hare if p= 2g, be determined 
by the formulas By(s)—1, B(x) =stBoh(s) xB, (1/8), Bpl) "Pr rB ,(s) 
+a BY (8) a's Byy_1(1/3), By (s) = xv BS (3) +a Ba (8) = 3r B3(1/5). The 
B,(s) are the denominators of the approximants of an aregular C-fraction C(s) (Frank, 
Amer. J. Math. vol. 68 (1946)). If S is defined as the operator which replaces every 
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s by cs, in any polynomial upon which it operates, then the orthogonality relations 
S(BAB,,) =O if krp, om 0, S(B Ba) %0 if «x0, hold with respect to the r and 
similar conditions are shown to hold for S(B*, S(Bp Bu) SBSa), S(BS By 4): 
S(BS „BŽ ,). Orthogonality relations are also shown for regular C-fractlons (ef. 
Amer. J. Math. vol. 68 (1946) p. 94). E E C(1/s) are regarded 

as generalizations of the approximants of a J-fraction (Bull. Amer. Math. Soc. vol. 
52 (1946) pp. 144-157), the above orthogonality relations reduce to the known rela- . 
tions 5(B,B,) =0, pág, S(B Ba) 740, p =g. (Received November 24, 1947.) 


133%. R. E. Fullerton. Integral distances tn Banach spaces. 


Let ze be an infinite set of points in a Banach space B such that |/z;—2/ is an 
integer for each + and j. If B is not strictly convex there exists such a set which does 
not lie on a line. If B is strictly convex, no infinite subset lies on a line unless all the 
points of the set lie on the line. (Received November 24, 1947.) 


134. Casper Goffman: New proof of a theorem of Saks and Sier- 
pinsks. 


A simple proof is given of the following theorem of Saks and Sierpinski: If fle) 
is an arbitrary real function on the closed interval [0, 1], there is a function ¢(x) of 
Baire class 2 at most, such that for every «>0, |(x)—f(s)| <e on a set of exterior 
measure 1. The proof given rests on the following lemma which seems to be new. If 
f(x) is an arbitrary real function on the closed interval [0, 1], «>0, and (x) a coa- 
tinuous function such that |6(x) —j(z)|<eon a set of exterior measure greater than 
1—« then for every y>0, there is a continuous function ¥(x) such that 
| y(x) ~o(x)| <a on a set of measure greater than ny Fae 8 | Pines 
of exterior measure greater than 1 — y. (Received November 24, 1947.) 


135. M. O. Gonzalez: On the solution of ordinary dtfferenital equa- 
tions of the first order invartant under contact transformattons. 


In the classical Lie theory it is shown how to construct a differential equation in- 
variant under a given group, and how to solve an equation when a group leaving the 
equation invariant is known. However, little is sald about the problem of determining 
the group for a given differential equation, which is by far the most interesting prob- 
lem. In the present paper, necessary and sufficient conditions for the existence of an 
infinitesimal contact transformation leaving a given equation invariant are de- 
termined along with the general form of the characteristic function of the group. It 
will also be shown’ how to reduce, by a proper change of variables, the infinitesimal 
contact transformation to a point transformation. This enables one to solve the trans- 
formed differential equation by Lie’s methods, Passing back to the original variables, . 
a new differential equation is obtained which combined with the original equation 
gives its solution in parametric form. (Received November 13, 1947.) 


136. H. L. Krall: On orthogonal polynomial solutions of certain 
differenisal equattons of orders four and six. 
Let p{x) represent the weight functions of the classical orthogonal polynomials of 


Legendre, Jacobi and Laguerre: 1, (1—«)*(1-+xY, e” respectively (in the Jacobi case 
assume of =0). The author studies the orthogonal polynomials having the Stieltjes 
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weight function p(x)d¥(x), where y(x) has a jump at the end or ends of the interval, 
and y(x) =x in the interior. These polynomials satisfy a differential equation of the 
form Die Dope (x) =M yalt) with r=4, and also with r= 6, By elimination, 
differential equations of the second order are obtained for these polynomials. (Re- 
ceived November 14, 1947.) 


137%. Norman Levinson: A simple second order differential equation 
with singular motions. 

Cartwright and Littlewood have announced the equation 2+&(2?—1)¢+2 
= bk cos A$ has singular motions. Here a simple proof for singular motions is given 
for 9-+p(7)9-+-y =c sin t where (7) is a polynomial and c constant. In (*)e& ad rae 
=b sin ż let «>0 be small and let ¢(x) =1, |x| >1, ¢(z) = —1, |x| <1. Clearly ( 
be solved explicitly. Certain families of solutions starting at t=x-++,|r—«/b Sie 
where $ is small, with x= —1 all eventually cross z=1 from above to below over a 
range in ¢ that includes t=2ux-}-+ and f= 2(e-{1)e-++ where |r—«/b| S2ke Each of 
the r intervals on x=1 then map into two others on x= —1, and so on. Therefore, 
there exists (Cartwright and Littlewood) a motion corresponding to any infinite array 
of (2# t1)r. Next let eh =r, — d(e), tom -etb sin ¢ where (x) =¢(x). Here 
z is x (*). Let P(x) be a polynomial such that P(x) —&(x) is small for |x| <6. Then 
the solutions (7, y) d eh=y—P(7), h= —on td ain $ are near (m1, x). If y=, 
this implies (y, 4) is near (x, t) and therefore the same mapping of r intervals holds 
for y as for x thereby giving singular motions for y just as for z. (Received November 
13, 1947.) 


138. R. J. Levit: A lower bound for the maximum absolute value of 
a real function on a finite set. 


Let Sa be a finite set of real numbers, xe <24 < +++ <2, and f(x) a function which 
is real and single-valued over S,and has the sth divided difference f(s, +++, xn) = fw 
In this paper it is shown that the maximum absolute value of f(x) over S, cannot be 
less than a certain number M, = M(f,; xe, > ++, ta). Results of this kind for the case 
of f(x) a polynomial bave been obtained by G. Pólya (Jber. Deutschen Math. Verein. 
vol, 28 (1919) pp. 31-40) and T. Tatuzawa (Proc. Imp. Acad. Tokyo vol. 15 (1939) 
pp. 253-254). A lower bound is found for the maximum abeolute increment, | f(x) 
—f(x,)|, also. Both bounds are in a certain sense “best possible.” If f(x) has a finite 
` derivative of order », the foregoing results yield a generalization of the mean value 
theorem for derivatives. A geometric interpretation of the bound M, is given, and 
various applications of the theory are made, (Received November 24, 1947.) 


139%. E. P. Miles: Am integral formula for harmonic functtons. Pre- 
liminary report. 


_ Let «EL on the surface e of a sphere of radius a about 0. Let U be the func- 
tion, harmonic in the interlor of S of g, given by the Poisson integral of 
ta | VU| | be the magnitude of the gradient of U. The author proves thet (1) 
Halve 0V m (1/42) J feJ folu(P) +«(Q |Mordoo/PO = Liz Qanx/2n +1) (24, 
[ (+e) \/ (6 —s0) 1] (AS wt 3B.) }, where As, Anm, and Bam are coeficients 
in the Laplace series for #. The equalities (1) are analogues for three dimension of 
similar equalities for two dimensions obtained by J. Douglas in his paper Solution of 
the problem of Plateas, Trans. Amer. Math. Soc. vol. 33 (1931) pp. 263-321. (Received 
October 24, 1947.) 
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140%. Harold Shniad: On the convextiy of mean value functions. 


Let a set of n distinct positive numbers a1, as,:-+, Gn (n22) be given and 
labeled so that a:<a,.< +--+ <a, Let Mi(a, &) denote the mean value function 
(2 >a4,)4', where (b) is a set of = fixed positive numbers with Xos &=1. The 
convexity and concavity of the functions Mla, Ẹ) and A(#) (=log Mia, &) are 
studied. If there exists a point $ such that a function g(t) defined on the range of reals is 
convex for t <f and concave for #>J, we say that g(#) is convex-concave. It is shown . 
that there exists a point #; such that A(t) [and therefore Mia, £)] is convex for i <h, 
that there exists a point h such that A(é) is concave for #>4, but that neither the func- 
tion A(é) nor the function Ma, £) is necessarily convex-concave. If & 21/2, then A(Ĥ 
is convex for all negative #; and if & 21/2, then A(?) is concave for all positive ¢. Finally 
it is shown that even if the condition -r w1 is removed, the zeros of the second 
derivative of A(f) are bounded. (Received November 21, 1947.) 


141. Otto Szász: On Tauberian theorems for generalised Lamberi 
series and integrals. 


Consider the integral transform Ia (f) = [*pe(tw)dA (u), where polz) mH raem, 
and A(x) is such that Js(f) exists for ¢>0. If A(x) is a step function with jumpe da 
at points M, then the transform reduces to Lø(f) = = > Gepe(.). In particular for 
Bm), pelr) —xe*/(1—6-*), aof) =f) andat] (1 —e*), A Tauberian theorem for 
this transform, when the coefficients are positive, was given by V. Ganapathy Iyer on 
using the general Tauberian theorem of N. Wiener. The author gives a Tauberian 
theorem for the transform I(t), when A(#) is monotone, by using the following 
theorem an closure: the sequence fe(m!)/in()), n=1,-2, <- -, —1<832, is closed in 
C(O, ©). He gives an elementary proof for.this theorem with the ald of Mobius’ 
inversion formula utilizing a remark due to J. Korevaar. In the generalization of a 
theorem af Hardy and Littlewood, however, transcendental methods are required; 
(Received November 15, 1947.) 


1424. Olga Taussky: A boundary valus TE E hyperbolic 
diferential equation arising in the theory of the ORUTO supersonic 
moiion of an aerofotl. 


A solution of the linearized equation for the velocity potential of a non-uniform 
supersonic two-dimensional motion is obtained in terma of the normal derivative along 
the aerofoil. The problem is treated as a Cauchy problem since the values of the 
potential along the aerofail can be eliminated by a reflexion. The expression coincides 
with a formula of C. Possio. The treatment is a generalization of a procedure used by 
G. Temple and H. A. Jahn in the case of harmonic motion. (Received November 15, 
1947.) ; 


143. H. P. Thielman: On commutative itii and functional 
equaitons. 

Two functions f(x) ae eT eT ae eae 
functional product f { g(x) } is designated by fg(x), or simply by fg. The product of ordi- 
nary multiplication of f(x) by g(x) is indicated by f(x) - g(x). Use is made of the nota- 
tion and certain methods and results of A. G. Walker's papers Commutative funcitons 
(Quarterly Journal of Mathematics vol. 17 (1946) pp. 65-92). A function f(x) is sald 
to be expressed in cananical form if f(x) =y ~ta (x), where a is a constant and ¥ 7 is 


1948] THE ANNUAL MEETING OF THE SOCIETY ` 283 


the inverse of ¥(x). A number of theorems are proved on the equivalence of canonical 
forms. The functional equation f[¢(z, ¥)]=f()-f(y) is considered with (s, y) 
om oly (x) +¥(y) ]. It is proved that all continuous solutions of the-given functional 
equation are of the form A¥®), where A is a constant. A number of generalizations of 
Cauchy’s functional equations found in the mathematical literature are special cases 
of the one considered here. (Received November 24, 1947.) 


1444. Alexander Weinstein: On ‘generalised axially symmetric poten- 
bal. 

Continuing previous investigation (Bull. Amer. Math. Soc. vol. 53° (1947) 
p. 59) it is shown that the generalized axially symmetric potential (r, y) 
myy exp (— |a] DIT bdi; q> —1/2, b>0, »=0, 1, 2, | +» , has a loga- 
rithmic singularity at the point x=0, y=}. The corresponding stream function is 
many-valued and has a branch which admits, for x>0, the integral representation 
ylz, y) m= yify exp (—2t) Tei (t) J eye (bt)dt. (Received November 20, 1947.) 


145%. Bertram Yood: Banach algebras of bounded functsons. 


Let B be the Banach algebre of all bounded complex-valued functions defined on 
a set S. The maximal ideals of B are shown to be in a natural 1-1 correspondence with 
the two-valued bounded additive set functions defined on the class of all subsets of S 
and with the maximal additive ideals of the Boolean algebra of subsets of S. Maximal 
ideals of subalgebras of B are investigated. A generalized Weierstrass theorem for 
such algebras is given. The theory is used to give a proof of Stone's theorem on the 
topological representation of distributive lattices. (Recetved November 24, 1947.) 


APPLIED MATHEMATICS 


1464. Garrett Birkhoff: Remarks on streamlines of discontinuity. 


Kreisel, Gilbarg and Rock have obtained the flow pattern for two-dimensional 
cavity motion past a flat plate, with a reentrant jet, at any cavitation number K. 
The present note relates the cavity drag D with the fluid density p, the jet cross- 
section A*, the jet velocity v, and the free stream velocity V, by D=ps(v+V)A”*. 
This is valid for two-dimensional or axially symmetric three-dimensional flow with 
reentrant jet, past any symmetric obstacle. If A is the obstacle cross-section, then 
“Cpom2i+K+(1+8)49A%/A; if K=O, this reduces to A*/A™(Cp/4. The general 
volocity relation across a streamline of discontinuity (“stationary alipstream”) is 
shown to be s%=As*-+-B, whenever the equations of state have the forma p= bp", 
p’ = k’f’* on the two sides of the slipstream. Using a formula obtained jointly with T. 
E. Caywood, the flow pattern for penetration of an incompreasible fluid of density p 
by a two-dimensional jet of density p’ is obtained as a special application, with B=0. 
Examples with Bs40, having circular and spherical alipstreama, are also sketched. 
(November 13, 1947.) 


147. H. E. Goheen: The critical radius of a heat-generating cylinder. 


Using methods similar to the heuristic methods described in his paper, A nos- 
rigorous suggestion for the solution of certain problems in keai generation, the author dis- 
cusses a problem in the design of cylindrical catalytic beds. The partial differential 
equation is d6/O¢—%w/dr3+(1/r)(du/ar)-+-e- in dimensionless variables. The 
initial conditions are at ¢=0, w=6o if r <a and #=6, if r>a. The problem is to de- 
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termine a critical radius A such that if a> A overheating occurs, while if a <A it 
does not. (Received October 29, 1947.) 


148%, M. Z. Krrywoblocki. On the boundary layer motion along a 
pertodscaly oscillating plane in compressible viscous fluid. 


The following assumptions are made: the fluid outside the plane at rest isin a 
periodically oscillating motion (or vice verea, the fluid is at rest and the plane in 
motilon). The flow outside the boundary layer is a potential flow. The following equa- 
tions were taken into account as concerning the two-dimensional motion in the 
boundary layer: two equations of motion, equations of continuity, state dnc.energy. 
The coefficients of viscosity and heat conductivity are assumed to be functions of the 
temperature only. The solutions ere presented as trigonometric series, in which each 
term may be found by the successive approximation method. By suitably chosen 
simplifications the nonlinear equations are transformed into linear partial differential 
equations of the second order with constant coefficients. The first two terms in each 
series were found, satisfying all the required boundary conditions. (Received Novem- 
ber 17, 1947.) 


149. P. F. Neményi and R. C. Prim: On helicotdal flow patterns 
of a perfect gas. 

Flow patterns for which the reduced velocity W satisfies the condition 
WXcurl W=0 are discussed with reference to those cases in which the streamlines 
are coaxial helices, The special case when the consecutive curls satisfy the same con- 
dition (curl WX curl curl W0, and so on) is discussed and leads to a solution in 
terms of Bessel function. The case when all helices have a common slope and the case 
when all have a common pitch are also analyzed and the connection of the latter 
case with the irrotational helicoidal flow of an incompressible fluid discovered by von 
Laue and Hamel is established, (Received November 20, 1947.) 


150%. S. S. Penner and Seymour Sherman: Heat flow through com- 
posite cylinders. 


A formal solution of the differentia] equation for a time dependent flow of heat 
through e composite cylinder is given. The composite cylinder is assumed to be 
thermally insulated at the outer boundary and to consist of a cylindrical core of one 
material, initially at the uniform temperature Te surrounded by a cylindrical shell 
of another material, initially at temperature rero, This work is based on OSRD Re- 
port no. 4963 (PB Report no, 50864) Ox the difusion of mitrogl ycerin in wrapped powder 
grains. The paper appears in the August number of the Journal of Chemical Physics, 
(Received October 7, 1947.) : 


e151. Harry Polachek: An extension of the method of least squares to 
systems of ordinary differential equaitons. 


The method of least squaresis extended to apply to problems in which the govern- 
ing relations are given in the form of a system of ordinary differential equations. In 
such problems, the experimental data may consist of three types of quantities: (a) 
roeasured values for the initial conditions to th= differential equations, (b) parameters 
entering in the equations, or (c) values obtained in the solution. The reduction of 
trajectory data is a good illustration of a problem of this type. A nonlinear system of 
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two second order differential equations is involved, which has no known solution in 
closed form. The experimental information to which this system must be fitted usually 
consists of the components of the initial velocities (Initial conditions) and the final 
range and time of flight (solution to the differentlal equations). The problem is to 
determine certain ballistic coefficients which appear as parameters in the equations, 
(Received November 20, 1947.) 


152. R. C. Prim: On the existence of Steady gas flow in plane iso- 
thermal streamline patterns. 


_ An imvestigation is made of the possibility of a steady plane flow of an ideal gas in 

the absence of body forces having a streamline pattern which can be mapped con- 
formally onto a family of parallel lines. Irrotationality of the gas flow is not assumed. 
It is proved that the only possible flows of this type are thoee having streamlines which 
are concentric circles, Eee a ee erees! straight lines, (Received Novem- 
ber 20, 1947.) 


153. L. V. Robinson: The solution of partial differentsal equations 
by defferenital operator methods. Preliminary report. 


It is shown how all linear partial differential equations, and some nonlinear ones, 
Bee eee involving exp (gD), where the g's are particular 
functions of x, y, £ , and where Dmd/ar, 38/27, 8/83, »» -+ In general these 
methods are simpler shan the usual ones, and Laplace transformations are not neces- 
sary to solve second-order linear equations. (Received November 21, 1947.) 


154. J. L. Synge: Canonical coordinates for an electro-magnetic field, 
Preliminary report. 

The author deals with an electromagnetic field in vacuo, and the basic idea Ís to 
present a relativistic theory without introducing a metric tensor or other structural 
tensor in space-time. The field is represented by two skew-symmetric covariant tensors 
Fan and Fos; these correspond respectively to the usual vector pairs (B, E) and 
(D, H). We can at once write down covariant Maxwellian equations Faa. t Fara 
+ Fre. =O (the comma denoting partial differentiation), and the same equations with 
a star, but six equations are still lacking to make the number of equations equal to the 
number of unknowns. The question discussed is that of the existence of coordinate 

(called canonical) for which Fm tFu Fy mi Fy F =i Fau F*=iFa, 
Fy, =i Fa, Fy mths. (The presence Of the factor à la duc to the imaginary character 
af the iourtheoordingse) The problem breaks (ito tea: pit the first is algebraic, 
and concerns the existence of coordinates canonical at a point; the second part in- 
volves questions of integrability. (Receivéd November 24, 1947.) 


155. C. A. Truesdell: The transport of vorticity. 


The mechanism by which vorticity is transported in the motion of continuous 
media is discussed in the light of a general kinematic theorem for the rate of change 
of the total vorticity of a finite volume. The general theorem is first applied to four 
kinematic situations, one being the infinite region treated originally by Poincaré for 
the special case of plane flow of an incompressible viscous fluid. It is shown that 
Polncaré’s theorem, if slightly rephrased, Holds in the three-dimensional motion of an 
arbitrary continuous medium. The general theorem is then applied to the discussion of 
diffusion of vorticity in a compressible viscous fluid. (Received November 20, 1947.) 
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156. A. H. Van Tuyl: The distribution of electricity on two neighbor- 
tng charged spheres in the presence of an outside posni charge. 

In order to study the general problem it is sufficient to consider three special 
cases. For this investigation, the cases chosen are the following: Two spheres at, unit 


potential when no outside influence acts, two mich spheres when the potentials are 
one and minus one, and two spheres at zero potential in the presence of an outside unit 


. - point charge. Without loss of generality, unity and b are taken as the radii. The 


charge densities are expressed as definite integrals whoee integrands contain elliptic 
functions, and with the aid of -hese integral representations the charge distributions 
are studied in the limit as the spheres approach contact. Denoting the distance be- 
tween the spheres by « Kirchhoff found that for two spheres of radius unity and 
potential unity, the charge density at the point of final contact is asymptotically 
equal to re exp [—3+%(2e/%)-1]. A similar result is found here for two spheres at 
zero potential in the presence of an outside point charge. Various expansions are found 
for the limiting charge densities, one of which is a generalization of some expansions 
given by Poisson, An application af the preceding results ls made to the study of 

circles of equilibrium in the limit. (Received November 20, 1947.) 


É GEOMETRY 
157. J. M. „Clarkson: An irreversible line transformatton. 


An arbitrary line } of space meets each of two generators kı, J belonging to the 
, same regulus X of a quadric suriace S. These lines hi, by each meet a ruled cubic surface 
C in three points at which there are tangent planes to C. These triads of tangent 
planes meet in two points which determine a line }’. The line V is called the trans- 
form of the line } under the line transformation T. The irreversibility of T, the order 
of T and the singular lines of T are discussed. (Recetved December 16, 1947.) 


158. N. A. Court: Skewly cevian teirahedrons. , - 


If a tetrahedron (T) = A'E'C'D' is inscribed in a tetrahedron (T) «ABCD and 
the lines 4A’, BB’, CC’, DD' form a hyperbolic group, the tetrahedron (T°) may be 
said to be showly cevian to, or for, (T). The lines 4AA”, BB”, CC’’, DD" passing 
. through the vertices of (T) and meeting the lines AA’, BB’, CC’, DD’ form a second 
hyperbolic group whose traces in the faces of (T) are the vertices of a second tetra- 
hedron (77) =A”B"” CD” which ia also skewly cevian to (T). The two tetra- 
hedrons (7%), (T’) may be saic to constitute a iwin pair of skowly corian teltrahedrons 
for (T). The feet of the twelve cevians of the four vertices of (7%) for the respective 
faces of (T) coincide with the twelve analogous points obtained for the vertices of . 
(T). Thèse twelve points lie on a quadric surface. The lines joining corresponding ~ 
vertices of a twin pair of skewly cevian tetrahedrons (7), (T°) form a hyperbolic 
group. The anharmonic ratio of these four hyperbolic lines is equal to that of the 
pencil of lines T’’(T’ABC) in zhe plane ABC. (Received November 17, 1947.) 


159. G. B. Huff: Déobhantine broblems in geometry and elliptic 
ternary forms. ` 

Several diophantine problems in elementary geometry are equivalent to the de- 
termination of the rational solations of the elliptic cubic C: as (st —s3) = bu(s} —x)). 
It is shown that any elliptic cubic with coefficients in a field & of algebraic numbers 
and possessing a certain configuration of eight points may be represented by C. The 


— 
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theory of C is developed by the methods of Hurwitz and Mordell. Certain non- 
existence theorems are proved when & is the field of rational numbers and applica- 
tions are made to the problems in geometry. (Received November 7, 1947.) 


160%. M. O. Reade: Extensson to manendi surfaces of a theorem of 
Lindelöf. 


Let f,(s) be analytic for |s| = ]%+-+40| <1 and continuous for |s| $1, Jai 2, 3, 
and let Di [f (s) | =0. Then the surfaces S:z;—= Rf (s) and S*:y, = If (2), j= 1, 2, 3, 
are adjoint minimal surfaces given in isothermic representation. Then an extension of 
a result due to Lindelof (4th Scandinavian Mathematical Congress, Stockholm, 1916, 

pp. 59-90) is the following theorem. If the boundaries of S and S* are Jordan curves, 
and if these curves have tangents at the respective images of s=e"%, then the map- 
pings from |s| $1 to S and S* remain isogonal—in the wide sense—for s =sh, Ap- 
plications of this extension are considered. (Received November 24, 1947.) 


161. E. B. Shanks: Homothetec CORTESE PEETER between Riemannian 
spaces of two dimenstons. 


Necessary and sufficient conditions (in terms of invariants) that there exist a 
homothetic correspondence between two Riemannian spaces of two dimensions are 
obtained. The sufficient conditions are deduced from a lemma which states the con- 
ditions for a to be a constant when two such speces have linear elements in the rela- 
tion Pu (w, ¥) ~e™g¢;,(%, p). The lemma makes it possible to state the necessary and 
sufficient conditions without the use of an arbitrary constant. (Recerved November 
20, 1947.) 


STATISTICS AND PROBABILITY 
162. A. C. Cohen: Generalszed I, functions. 


The relations I(t) = fpp(dt and 1,(t) = fel, (Edi, where y(t) is an unspecified 
frequency function characterized by parameters a, $, y,°--, define a set of functions 
which are related to the moments of a general class of truncated frequency distribu- 
tions. ¥(#) is defined over the range r QiQs, and ¢ is any value of ¢ within this range. 
If ¥(8) = (1/214 -PR these functions become thoee used by R A. Fisher (Introdsc- 
tion to mathemaiscal tablas, vol. 1, British Association for the Advancement of Science, 
1931, pp. 26-35) in connection with his solution of truncated normal distributions. 
Properties of the general J, functions are investigated, and it is shown how they might 
be employed in solutions of multi-parameter truncated frequency distributions. Dif- 
ferential and difference equations satisfied by these functions are developed for two 
cases in which ¥(é) assumes the forms y(i) =e and $(#) = (1 —#)7(1+-4) respectively. 
R. A Fisher previously stated similar results when ¥(f) is the normal frequency 
function. (Recetved November 14, 1947.) 


163% Aryeh Dvoretzky: On smoothing through repeated averaging. 
Preliminary report. 
Let {4a} (=O, +1, +2,-++) bea statistical distribution sequence, that i is, 


A20 ter ella aid Se Let k be a positive integer and put AW =A,, 


Amt? a(S nb e,y)/(24-+1). It was proved by E. Slutsky (Econometrica vol. 5 
(1937)) and by M. Faesi (Mitteilungen der Vereinigung Schweitzerischer Versiche- 
rungs Mathematiker vol. 40 (1940)) that under certain restrictions the points 


oad x Pa 
m 
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(#/m1, mA) approech, as m-—>co, the curve (*) 9 m (e/a go where 
k=3/(2k°+2h). Using simple results of the theory of probability it is easily estab- 


Jished that the above result subsists without any restrictions (other than 4.20, 
2 A.™1). ee ee a 


by Art = Bonar, with ay D1, Soe 0, provided we replace | 


kin (*) by 1/(2-16) 24 tx Moreover, {g} may even be an infinite 
ee een ee i ee 


by a sequence of sequences {gi}. ee ee eee 


of continuous functions, (Received November 24, 1947.) 


1644. Kenneth May: Varsatton of the probability of unfair electton . 


results. Preliminary report. — | 
The paper continues a previous study (Bull. Amer. Math. Soc. Abstract 53-9- 


346) by dropping the assumption of uniform distribution of outcomes in the districts. . 


ee oe ee ee ee ee 
-given by f. (x =0, 1,-- +, m where m=2x—1). Let y0 when m <m/2 and »=—1 
. when 2;>/2. PERE a ely ST SS 8 Then as the number of districts 
becomes large, the probability of an unfair result approaches P(w, ©) =1/2 
—(i/w) arctan {R/(1—RŅ1}, where R is the correlation coefficient of x; and %4. 


Consider the variation of R and hence of P(m, œ) with variations in the fẹ. R bas no — 


relative extrema in the region of interest. It attains an absolute maximum of 1 when 
for some k, pam fma ™ 1/2. Its abeolute minimum, 2mY2/(1m-+-1), is attained at the 
single point given by pom Pa=1/2(m+1), Pa 1=fa=m/2(m-+1), and all other ps 
equal to zero. With varying frequency distributions the probability of an unfair re- 
sult ranges from zero to a maximum which approaches 1/2 as m— œ, (Received 
November 17, 1947.) 


1654. G. R. Seth: Tke ocrtance of sequential estimates. 


Let Xy, Xa °°: be a sequence of chancé variables whose distribution depends 
~upon an unknown parameter £ and possibly also on a finite number of other param- 
eters, Assume that, the X's are either absolutely continuous or take only discrete 
values and let p(n, fa ++. xa, f) denote either the probability density or the 
probability. Lel a senpenta! proces be gives, end the chance variahle w be tte nnim 


ber of obeervations,. Let 6*(a1. ms, , fa) be an unbiased estimate`of ¢ and write 
dae peice. Fialy ee | a be the covariance between ġja and óm and 
[AW] = [hnt G, m, 2, 3,- o). Under certain regularity conditions and the 


linear independence cf ġa the author proves e0" (2u my ** * , Xa) BAH. This lower 
bound is not less than the lower bound K obtained by Wolfowitz (Ann. Math. 
Statist. (1947)). If and only if for some integer $ ($22) An»@0, then AUD EK, The 
latter is true, for exemple, in some very important Wald sequential tests. When 
(x1, Ta, +++, £a) is a biased estimate, that is, E[O*(x, my * ++, ta) ]—0-+0(6), then 
A0”) me Pora Zora MOLE) +8) /369 (6 (H0) +0) /d@). (Received October 23, 1947.) 


166%. W. R. Thompson: Direct probabsity Segtanial analysis. Pre- 


liminary report. | i 


The general subject of sequential analysis was broached elsewhere with illustra- 
tions of systematically associated apportionment (Biometrika vol. 25 (1933) p. 285; 
Amer, J. Math. voL 57 (1935) p. 450; Annual APHA Meeting, October 8, 1947). 
Als, it was shown that if i the unknown probability that æ, a random element of 
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U, be lese than a constant c, and if {x;} is a random sample of # observed values, 
only one of which may equal c, and a of them are above and b below; then, for0<p<1, 
I,(6+-1, n—b) Ple <p) S1,(w—a, o-+1). Thus if 0<p' sp’ <1 and a and £ are 
freed tolerable risks, then U may be clansified asin A, B, or Caccording as data shows: 
P(¢<p) Sa; Ple >p") SB; or otherwise, whereupon another observation is taken. 
This process wil end with U in either A or B for some # not exceeding a predeter- 
minable a» provided p’yp"’, Risks approximate a and 8, respectively, for decisions 
made at any stage, the acceptance numbers depending respectively on (p', a) or 
(p”, 8) only. These properties contrast favorably with thoee of corresponding prob- 
ability-ratio sequential tests. (Received November 17, 1947). 


TOPOLOGY 


1674. Mariano García and G, A. Hedlund: The structure of minimal 
sets. 


A minimal set M is a topological space X acted on by a transformation group T 
such that the orbit closure of every point of X coincides with X. Let M be a minimal 
set for which X is a compact metric spece and T is an abelian topological group. 
The subgroup G of T is relatively dense in T if there exists a compact subset C of T 
such that T=G-+C. The orbit closure under G of a point of X may or may not 
coincide with X. It is shown that the orbit closures under G constitute a continuous 
decomposition of X. Several of the possibilities with regard to the totality of decom- 
positions obtained by consideration of all relatively dense subgroups of T are analyzed. 
There is displayed an example of a regularly almost periodic point such that not all 
points in the orbit closure are regularly almost periodic. (Received October 23, 1947.) 


168%. W. H. Gottschalk. Transsoity and equicontinusty. 


A group of homeomorphisms on a topological space is called algebroscally (topo- 
logically) tramstites in case the orbit (orbit-closure) of some point of the space is the 
space. The following theorem is proved: If X is a compact metric space, if G is a topo- 
logically transitive abelian group of homeomorphisms on X and if H is the group of 
all homeomorphisms on X which commute with every element of G, then the follow- 
ing statements are pairwise equivalent: (1) H is algebraically transitive; (2) H is 
equicontinuous; (3) G is equicontinuous, (Recetved November 24, 1947.) 


169. W. H. Gottschalk and G. A. Hedlund: Dynamics of irans- 
formation groups. 


Let X be a topological space, T an abelian topological group, and f a continuous 
transformation of the Cartesian product XXT onto X. If s€ S and tET, denote the 
image under f of x Xi by xt. Assume that T is a transformation group acting on X in 
the sense that (a) xemx if <CX and s is the identity in T, and (b) (xs)# ~x(st) if 
sE X and s, IET. The semigroup Sin T is replete if, C being any compact set in T, 
an element (CT exists such that OCS. The subeet B of T is extensive if B intersecta 
every replete semigroup in T. The group T is recerrent at x if, corresponding to any 
neighborhood U of x, there exists an extensive set B in T such that xBC_U. The 
group T is regionally recurrent (nonwandering) at x if, corresponding to any neighbor- 
hood U of x, an extensive set B in T exists such that bÆ B implies U\Uby4 2. The 
group T is permessstile if it is locally compact and contains a compact generating 
system. In this paper the properties of recurrence are developed in detail and in par- 


£] 
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ticular it is shown that if X js metrizable and Ta departabis, E E T PE 
wise regionally recurrent, then the set of recurrent points is a G; set residual in X. 
' This is the topological analogue of the Poincaré recurrence theorem. (Received No- 
vember 24, dae, 


170%. S. T. Hu: Mappings of a norma space inio an absolute 
- getghborkood retract. 


sTheanthion gesievalinee Che theecemavon abea (Ava: of Math. vol. 41, p. 231, 
vol. 42, p. 459) to the mappings of a normal space into an ANR and to the homotopy 
type of compact ANR. The chief methods which he used are his fundamental beidge 
theorems. A bridge of a mapping f:X—+Y is a finite open covering a such that there 
exists a mapping ý of the nerve A into Y and a canonical-mapping ¢:X—+A such that 
¥¢ is homotopic with f. Every mapping of a normal space into an ANR has a bridge, 
and every refinement of a bridge is aleo a bridge. Further, for any two bridges of the 
mapping f, the mappings in the definition of bridge satisfy some homotopy relations. 
By means of the bridge operation and Cech cohomology theory, he carries out the 
said generalizations. (Received November 24, 1947.) ; ` 


171. F. B. Jones: Concerning non-aposyndetic continua. 


Let Af be a compact, metric continuum, A point p of M is sald to be a weak cut 
point of M if M —p is not strongly (continuum-wise) connected. It is shown that if M 
is not semi-locally-connected at any point of an open subset U of M, then U contains 
a weak cut point of M. Now suppose that Af is cyclic (that is, M contains no separet- 
ing point). G. T. Whyburn has abown that if M is semi-locally-connected, then M con- 
tains no weak cut point. The converse is not true. It is shown, however, that if M 
contains no weak cut point, then the set of points at which M is both aposyndetic and 
semi-locally-connected is a dense ere subeet (Greet) of M. (Received 
November 24, 1947.) ` 


1724. F. I. Meunier Decomposition of untiary representations f 
groups. Preliminary report. 

Wain von Nenian tiara poria ia dea en 
Hilbert speces and rings of operators it is proved that any self-adjoint family of 
bounded operators in a separable Hilbert space is generalized direct sum of irreducible 
families, that is, families which do not leave any proper linear closed subspaces in- 
variant. It follows that any unitary representation of a group is generalized direct 
sum of irreducible unitary representations, Corollary: If U is any faithful unitary 
representation of a locally compact group G in a separable Hilbert space then the’ 
irreducible components of U form a separating system of irreducible unitary repre- 
sentations of G. (Cf. Gelfand and Raikov, C. R. (Doklady) Acad. Scl. URSS. vol. 42 
(1944) pp. 199-201.) Also I. E. Segal’s existence of irreducible representations of 
operator algebras follows (Bull. Amer. Math. Soc. vol. 53 (1947) pp. 73-88). The 
above results are applied to a generalization of the Peter-Weyl theory to arbitrary 
locally compact separable groups. (Received November 25, 1947.) — 


173. A. N. Milgram: Isomorphasms of the semigroup of conisnuous 
functions on a bicompact Hausdorff space. 
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Let Sbea bicompact Hausdorff space and C the set of continuous functions defined 
on S. C is regarded as a semigroup under multiplication (that is, f: g(x) = f(x) - g(x) 
foreach x€.S). It is shown that two spaces with isomorphic semigroups are homeo- 
morphic, This is used to prove that if S is connected then the automorphisms e of C 
(that is, 1-1 mappings e of Con C such that of{f-g) =of-og) must have a particularly 
simple form. For each such automorphism e there exists a homeomorphism H of Son S 
and a continuous nowhere tero function p(x) defined for r& Sas of(x) = + [f(A (x) | p) 
where the sign + is the same as that of f(H(x)). (Received December 30, 1947.) 


1744. G. D. Mostow: On the extensibility of local Lie groups of trans- 
formations and groups of the plane. Preliminary report. 


Let G:R denote a local transitive Lie group of transformations (cf. Pontrjagin, 
Topological groups, p. 286) defined in an open set R of an #-dimensional manifold. 
If G is a global group and the transformations of G:.R are defined and transitive on all 
of R, then G:R is called a “global transitive group of transformations.” Theorem. 
Let G be a local Lie group and U. a Euclidean s-dimensional neighborhood. If 
a<5, G:U, can be extended to a global transitive group of transformations G: M. 
over a manifold Ma, that is, there is a local isomorphism between G: Us and G: Ma. 
H #25, the theorem is not true. Equivalent to this theorem is the following: Any 
(r—k)-dimensional Lie subgroup of a simply connected r-dimensional Lie group is 
closed, if &<5. All global Lie transitive groupe of transformations on (2-dimensional) 
surfaces are determined and also all surfaces on which global Lie transitive groups of 
transformations act. The surfaces are the plane, cylinder, torus, sphere, projective 
plane, mUbius strip, and Klem bottle. (Received November 15, 1947.) 


175. J. H. Roberts: Open transformations of Peano conitnua. 


Suppose that f(A) = B, where f is an open transformation (continuity is not as- 
sumed), and f is at moet k-to-1, for some integer k. Then if A is a Peano continuum 
which contains no continuum of condensation, and B is any compect continuum, it 
follows that B is actually a Peano continuum. This permits a strengthening of a 
theorem by Rhoda Manning (Duke Math. J. vol. 13 (1946) pp. 179-184). Other 
theorems are developed, with the aim of characterizing-all posaible compact con- 
nected images of a linear graph under at most k-to-1 open transformations. (Received 
November 24, 1947.) $ 


176. H. D. Ursell and L. C. Young: Remarks on the theory of 
prime ends. I. 


The beautiful theory of prime ends of a simply-connected plane domain D, con- 
ceived by Carathéodory some thirty-five years ago, has hardly been touched by sub- 
sequent advances in plane topology. For instance, their relation to the other comple- 
mentary domains of the boundary of D has not previously been studied. The results 
established by the present writers include: “I, Let X be a prime end of a domain 
complementary to the boundary B of D. Then there exist two prime ends Y, Z of D 
which together include each point of X.” “II. Let {D.} be the domains comple- 
mentary to a bounded continuum W and suppose given in W a system of subcontinua 
_ called ‘links,’ each of which meets at least 3 prime ends of the same or different 
domains Da. Then there exists an enumerable selection {Xs} of prime ends of the 
various D, and an enumerable selection {Ay} of the given links, such that every link 
of the given system meets at least one X or Ay.” Asa corollary, when links are single 
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points: “The boundary points of multiplicity not less than 3 of D lie on a certain 
enumerable selection of the prime ends of D.” (Received November 21, 1947.) 


177% H. D. Ursell and L. C. Young: Remarks on the theory of prime 
ends. IT. 


In a prime end, Carathéodory distinguished between principal points and sub- 
aidiary points. The authors distinguish further between two Aofees of a prime end 
(each half containing the principal points but not necessarily all subsidiary points) 
and obtain: “III. Let x, y be two points of e same half of a prime end of D. Then the 
boundary B of D contains a sequence {X,! of disjoint continua such that (a) the 
distances p(x, Ka), (7, Ka)—0 as n— œ; (b) given 3>0, there exist a» so that each 
subcontinuum C of B with both distances p(x, C), ply, C) 28 meets at most one K, 
where >ne” As an application of II it follows, for instance, that: “IV. Let (w) 
be a continuous vector function for win B whose values are points of Euclidean space, 
and suppose that ¢{w) is not constant on a certain prime end of D. Then B contains 
a sequence W, of disjoint continua, no two of which meet a same subcontinuum of 
constancy of ¢(w) in B, such that >), onc (6, a) = -+ ©.” This requires that whenever 
B is transformed continuously into a system whoee length (suitably defined) is finite, 
the prime ends are transformed into single points. A number of further results are 
also obtained by defining a certain “order of priority” of the points on each half of a 
prime end. (Received November 21, 1947.) 


178%. A. D. Wallace: Continua invartani under solvable groups. 


Let X be a Hausdorff continuum, Z a topological group and fa map of ZX into 
X such that f(x, ¢) =x (s the neutral element af Z) and f(s, f(s’, x)) m f(x’, x) (s, 8°CZ). 
Define s(x) as f(s, x) so that 3 is a homeomorphism of X onto X. It is shown that, if Z 
is salvable, there exists a prime chain (cyclic element when X is metric and locally 
connected) which is invariant under each element of Z. This had previously been 
shown when Z is Abelian or finite. (Received November 3, 1947.) 


179. A. D. Wallace: The fundamental group as a Galots group. 


Let X be a Hausdorff space satisfying certain local regularity conditions and 
which is compact. Let Y be the universal covering space for X of f the natural map 
of X onto Y so that f is a uniform local homeomorphism. Denote by C(X), C(Y) the 
ring of continuous real functions on X, F. Then f determines an idomorphiam of C(Y) 
into C(X). Let Ce be the image of C(Y). Finally denote by G(X) the Galois group 
of C(X) over Cy. Under rather stringent conditions it is shown that G(X) is an 
isomorph of the fundamental group of X. This result points the way toward possibly 
` interesting generalizations of the fundamenmal group. There does not seem to be an 
obvious and simple extension of this to the Hurewicsz groups. (Received November 3, 
1947.) 

J. R. KLINE, 
Secretary 


a 
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APPENDIX 


EXCERPTS FROM REPORT OF TREASURER 
December 15, 1947 


To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1947, with such comments as 
have become customary. 


Investmeni Portfolso 


On November 30, 1947, the market value of securities held for 
Invested Funds exceeded book value by $6,508, and the market 
value of securities held for Current Funds exceeded book value by 
$94. In view of these figures and of the large amount of U. S. Govern- 
ment bonds in the portfolio, the reserves held in accounts “Reserve 
for Investment Losses” and “Profit on Sales of Securities” may still 
be considered adequate protection against contingent depreciation 
in market value. | 

The following is a summary of the changes in security holdings 
made during the year. 


Acquired by Purchase: 
40 shares American Can Co. com. 
100 shares Crane Co. com. 
35 shares Radio Corp. of America cum. pfd. 
50 shares Union Oil of California $3.75 cum. pfd. 
25 shares Northern States Power Co. of Minnesota $3. 60 
cum. pfd. 
10 shares Bethlehem Steel 7% pfd. 
30 shares Aetna Insurance Co. cap. 
20 shares ‘Texas Co. cap. 
Sold or Recalled: 
100 shares Sears Roebuck and Co. com. 
30 shares Firestone Tire and Rubber Co. 44% cum. pfd. 
50 shares Tidewater Associated Oil Co. $3.75 cum. pfd. 


The investment portfolio, valued at market November 30, 1947, 
now includes Government bonds 36.7 per cent, other bonds 7.7 per 
cent, preferred stock 12.9 per cent, common stock 37.4 per cent, cash 
in savings bank 5.3 per cent. 


Income from Investments 


Income received during the year from investment of Current 
Funds amounted to $2,231, exclusive of $95 earmarked for Inter- 
national Congress. This represents a return of 2.8 per cent computed 
on average book value of investments. Income on Invested Funds 
amounted to $7,837, representing a return of 4.0 per cent. Total in- 
vestment income from all sources was $10,163, representing a return 
over 3.6 per cent. These rates of return are higher than in-1946. 

Income from the Henderson Estrate was $4,850; in 1946 it was 
$4,800. 

Changes in Net Assets 


Net assets increased by $2,655 during the year. In interpreting this 
figure, it should be noted that among the receipts is a net amount of . 
$3,225 for account of the Birkhoff Memorial Project. Except for this 
item net assets would have shown a decrease even though a bequest 
of $1,000 from the Estate of Mrs. J. I. Hutchinson is included among 
the receipts, as well as $1,903 net profit received from sales of 
securities during the year. Furthermore over $23,000 of assets repre- 
sent reserves designated toward the publication of six volumes (other 
than the Birkhoff Papers) which are in process, and whose cost is 
expected to be not less than $30,000. Difficulties in the printing in- 
dustry are the sole reason that substantial payments have not been 
made from these reserves. 


Decrease in Surplus 


Surplus account for the first time in many years shows a decrease 
of $6,878, and it has been necessary to draw upon savings accounts 
for funds to meet expenses. For this, heavily increased printing costs 
for Bulletin and Transactions were largely responsible, though addi- 
tional salary expense to meet increasing demands for clerical as- 
sistance played a part. Also, it became necessary to rent additional 
office space in New York, and finally, during the year the Rocke- 
feller Foundation felt obliged to discontinue their generous grants 
toward the expenses of the Policy Committee. On the income side, 
receipts from dues were somewhat more than in the previous year, 
as were initiation fees. A high volume of publication sales was main- 
tained, even though stocks of books have been undesirably short. 
But even with increased investment income the gains were not suff- 
cient to balance increased general disbursements. f 
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Mathematical Reviews 

For the second consecutive year, operation of Mathematical Re- 
views resulted in a deficit, this time of $5,782, although receipts for 
this account exceed expectations by some $2,700. Again, the heavily 
increased printing costs were a principal factor. A contract with the 
Office of Naval Research, Department of the Navy, negotiations for 
which are just being completed, is expected to provide funds accrued 
in the fiscal year 1947 which will wipe out this deficit. This contract 
is to cover the editorial expenses for Mathematical Reviews until 
March, 1949, 


I trust that these remarks may prove helpful to the Board in 
planning financial policies for the next fiscal year. 
Respectfully submitted, 
BENNINGTON P. GILL, 
Treasurer 


November November 
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BALANCE SHEET 
Assets 
30, 1947 
Cormenr FUNDS 
BO pes 4h An Sh aaiere- anne ee eae ET $ 16,315.50 
Investments... 0.0... 0c cee eee cee cece uence 70,559.50 
| $ 86,875.00 
OWN iio P E E E E TT $ 1,287.90 
Uiga sese ald PEE E EEE E EE E tees 194,987.15 
, | $196 , 275 .05 
TOTAL ASSETS. 6.3 sess diccd ences ses iass $283 ,150.05 
Taabslsites 
Currer Fuxps: 
Mathematical Reviews.......... 2.0... cee eeee $ 1,897.50 
Colloquium... s... ceeccceescebecuecceveeens 11,708.12 
Mathematical Surveys... .... cc. cece cee cence 3,734.70 
Symposia on Applied Mathematics............. 2,700.00 
Birkhoff Memorial Project... .........cceeeece 3,061.68 
International Congreme... 0... ccc cece erences 6,413.49 
Committes on Aid to Devastated Libraries N 1,320.50 
Poucy Comme sad<ciscavenias EAEEREN 
P Prize Funds and Other Special Funds Accumulated 
IET asor -A EE EET S E E EET 6,848.12 
Reprinting Funds........ 0... cece ee eee 6,165.74 
Sinking FUNG nesieme en gees aAa 1,044.54 
Profit on Sales of Securities................00.. 982 .60 
Misceflaneous...... 0. cece eee cece nce eenees 300.45 
Sarplus. .essessseeereessseeeseeeaesesrseoro 40,697.56 
$ 86,875.00 
InvestED Fumps: 
Endowment Fund Principal.......... Eene $ 71,000.00" 
Prize Funds and Other Special Funds........... 32 ,033 .22 
Lie Manbebip and ue ree kereye ET 3,407.61 - 
COUGGIIUM 52 al a A ERE oe 5,000.00 
. Mathematical Reviews LEIET EA E EA Pe eee 65,000.00 ° 
Reserve for Investment Losses... 0... ....0.0000. 4,385 .89 
Profit on Sales of Securities.......02.0..0...00000 _ 15,448.33 
$196,275.05 
TOTAL LIABILITIES. 0.4... ccc eee c een ence $283 ,150.05 





30, 1946 


$ 26,130.60 
60,837.08 


$ 86,967 .68 


$ 652.40 
192,874.73 


$193,527.13 


$280 494.81 


$ 7,389.34 
9,495.90 
1,796.87 


6,321.92 


47, 414. 73 


$ 86,967.68 


$193 527.13 
$280 494.81 





1948] THE ANNUAL MEETING OF THE SOCIETY 297 


SUMMARY STATEMENT OF INCOME 
AND EXPENDITURES 


1946-1947 
1947 
Recel ps mons 
GEIEHIRAL Recerrts: 

Dure—~Onrdioary Memberahips.........05 $21,628.19 

a eres 8 01163 

Inttitlon Fees... a... ene. raean eee 16195210 

Investment Income... 0. cece nce e eee saree 

seeaee eee ete F LE SE E SE r E E i n foe x 
oem eum manvneaanens L E E E E 1,500.00 
GENERAL Dumcrmmonerra: 
Secretaries. ....... PEATE n $10,596.01 
TYremmrer . wc ce cece enee Sateen eRe inate 1,469.34 
Officers’ Traveling... 0. ccc ccc cence weee 705.053 
Furniture and Fbrtures....... TNS 608.53 
Library Asmeeeoeana p@epen ne eavacead ePeennon 1,477 8&6 
Ponies Coane eee ere ere ree aces 2,452.14 
Conmittee.... assen ` 

Comunittes on Ald to Devastated Libraries. 2,068.22 747,72 
Rent-—Hdtitorkel Office... cc cee wees š 303.32 
CEE SE SE SE SE Sr -F S #8 a E r a a r r CHER ef ++ 63.33 
Total eeueeae ea eee er te eae eeaoaad eens $46 678.71 $18 427.50 


PUBLICATION: 
Bulletin. .... 2. cee iin ane tiaau 
Bulletin Reprinting.........0... heads 
Preseason cece: E E A 
Colloquium... u.a.. s. a E nae! 
Mathematical Revlews.. 2... cece cease 
Mathemetcal Lae ee eee 
Birkhoff Memorial Project. ....... canes 
Sympoalam on Mathematics..... 
American Journal... ....ccceeee se cea A 
Library Catalogue............. PUNAN acs 
Total ........ Sse EE teen eee ee 
Excess Cost of PubHeation.........; 
Orne: 


Mathematical Revhews.. 0.0.0.0... én 
Mathematical Sarweys 22.2... eee 
are on 
on to Devastated Li- 
DRT eo so eho sek nee ees 
Annals of Mathematics. ............ 
Total wisi tee vec se i i oe 
Difference........200-: or a rere 
Net Change in Assets... ne 


ASSETS NEARING OF YEAR... ccc ccc ce ncence 
AGBETE EMD OF YEAR... wwe ccc ere cca naunsee 


$28 251.21 


$3,179.61 $21,940.26 

846.51 486.11 

7,397.85 13,065.22 

1,517.05 1,492.38 

8,135.42 5,928.20 

19,817.73 25,309.57 

2,489.12 551.29 

3,228.32 163 .64 

93.15 9,26 
2,700.00 

2,150.00 

$49,401.77 $71,190.93 

$21,789.16 

$ 2,351.87 $ 3.60 
1,903.71 
141.21 

1,000.00 

2,000.00 

2,700.00 

1,500.00 

: 1,000.00 


$ 4,396.79 $ 8,203.60 
$ 3,806.81 


1946 
Racal pis menis 

$20,761.03 
951.54 
8,352.60 
1,139.72 
10/130.97 
290.79 
3,000.00 

$ 7,372.96 

1,200.37 

601.14 

1,473.46 

2,229.91 

"59 

41.20 

i 120.65 


$44,636.17 $135,669.84 
$90 , 966.33 





7,114.07 10,215.58 
1,541.68 
5\829.18 3,644.08 
17,365.28 23,613.28 
621.51 75. 
147.71 7.97 
2,500.00 
1,868.68 
$36,047.05 $60,351.12 
$24,304.07 
$1,267.91 $ 204.39 
1,023 


$2,358.77 $ 1,204.39 
$ 1,154.38 


: $ 7,816.64 
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BOOK REVIEWS 


Die Bewegungsgruppen der Kristallographee. By J. J. Burckhardt. 
(Lehrbticher und Monographien aus dem Gebiete der exakten 
Wissenschaften.) Basel, Birkhauser, 1947. 186 pp. 24.50 S. fr.; 
bound 29 S. fr. i 


The systematic study of the discrete space groupe and their ap- 
plication to crystallography dates back to Schoenflies (1891) and 
Federow (1892). Bieberbach in 1910 and Frobenius, with a simpler 
proof, in 1911 showed that there exist only a finite number of these 
groups having a finite fundamental region. Treatises listing the 230 
space groups and the corresponding point lattices have been written 
by P. Niggli, Geometrische Kristallozraphie des Diskontinuums (Leip- 
zig, 1919) and R. W. G. Wyckoff, The analytical expresston of the re- 
sults of the theory of space groups (Carnegie Institution of Washington 
Publication 318, 2d ed., 1930). Other contributions to the theory of 
space groups have been made by D. Hilbert, C. Jordan, L. Schlafli, 
H. S. M. Coxeter, W. Nowacki, A. Speiser, G. Wintgen, and others 
to whom references are given. The purpose of the author is to de- 
velop the theory of space groups systematically with primary empha- 
sis not on the geometric crystal classes but on the arithmetic theory 
of space lattices. 

Chapter I opens with a careful presentation of the fundamental] 
notions of vectors and matrices, and the particular properties of cer- 
tain orthoganal and integral unimodular matrices which represent 
the symmetry operations of a point lattice. The point groups are 
orthogonal in rectangular coordinates, but integral unimodular when 
referred to lattice coordinates. If +, x, a are p-dimensional column 
vectors, A is ay by vy matrix and E the unit matrix, then the general 
rigid motion y=Ax-++a is denoted by (A, a). In any of the 230 space 
groups G, the transformations (E, a) form the invariant abelian sub- 
group T of translations, and the quotient group G/T is isomorphic to 
a finite group Gp of integral unimodular matrices,’ called a crystal 
claas. 

Chapter IT contains a description and classification of the crystal 
classes—the symmetry groups of a given point lattice which leave 
fixed one lattice point. Two crystal classes are considered geometri- 
cally equivalent if one can be transformed into the other by a non- 
_ singular transformation. They are artéhmetically equivalent only if a 
transforming matrix can be chosen which is sntegral and unimodular. 
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Great stress is laid on this distinction. The 14 space lattices give rise 
to 32 ternary geometric classes, but 73 ternary arithmetic classes. 
The latter fall into seven systems as follows: 2 triclinic, 6 monoclinic, 
13 arthorhombic, 16 tetragonal, 15 cubic, 5 rhombohedral, and 16 
hexagonal. The author derives them first from the lattices and their 
geometric classes in a manner which generalizes to spaces of more 
than three dimensions, and then gives a simpler proof of the com- 
pleteness of the three-~dimensional classification, based on a study of 
the symmetry of the fundamental cell. A lucid diagrammatical repre- 
sentation of the crystal classes and their subgroups is shown on p. 72. 
Typographical errors appear on p. 39, matrix E in (2), and on pp. 
98-99 where in three equations (3) the expression xy/2 should read 


Chapter III is concerned with the derivation and classification of 
the 230 non-equivalent space groups having finite fundamental re- 
gions. Should no distinction be made between right and left-handed 
screw motions, this number would reduce to 219. Two space groups 
are to be considered equivalent only if they belong to the same arith- 
_ metic class Go. If, referred to lattice coordinates, the elements of 
Go are the integral unimodular matrices 4;, and if representatives of 
the # cosets of the space groups G with respect to T (subgroup of 
translations) are (Á; a,), then according to Frobenius a choice of 
origin for which > a;=m0 (mod 1) will imply that na; are integral vec- 
tors whose components can be chosen to lie between 0 and »—1. For 
each arithmetic class there is always the null solution a; «0, and there 
may be at most a finite number of other solutions of the Frobenius 
congruence A y-+<a,s0a; (where 4,4,=A)). For a given point group 
Go with matrices A; the two space groups given by (4. a,) and (A,, bi) 
are called equivalent solutions if and only if the congruences a;—6; 
ws (/}—A,)s have a common solution s‘for each +. It is clear then that 
if Go is reducible and contains the identical representation as a com- 
ponent, and if the corresponding component of a;— b, is P40, then the 
two space groups (Aj, a;) and (A. b.) are not equivalent. For exam- 
ple, the two plane crystal classes C; and C, are generated respectively 
by diag (—1, —1) and diag (1, —1). The former gives rise to but 
one group of motions (the null solution) but the latter admits 
also a second group containing a sliding reflection whose translation 
vector is either (1/2, 0) or (1/2, 1/2). Following the complete deriva- 
tion and classification of the 17 groups of motions of the plane (with 
finite fundamental region) arising from 13 arithmetic classes of which 
all except C,, Cs, and Cy, contribute only the null solution, a few 
simple space groups are derived immediately by adjoining the iden- 
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tity representation to Ge. The remaining space groups are then de- > 
rived in detail and classified within the rhombohedral, hexagonal, 
` monoclinic, rhombic, tetragonal, and cubic systems. 

The two final sections are devoted to the study of special families 
of space groups in # dimensions, such as those arising from the ies 
symmetric, and alternating groupe on # symbols. 

-The book is clearly written and self-contained, except in the sec- 
tion beginning on p. 91 where the ternary arithmetic classes are 
listed. Here the reader without previous knowledge of the notations 

of crystallography may have some difficulty reading the rather con- 
“‘densed summary of the 73 ternary arithmetic classes. The groupe of 
motions in the plane are illustrated by excellent figures, but no at> 
tempt is made to illustrate the 230 space, groups by drawings such as 
are given by Wyckoff. The emphasis in the book is clearly on the 
mathematical derivation rather than the pictorial representation of . 
the 230 space groupes. 

: l i J. S. FRAME 


Methods of mathematical physics. By Harold Jeffreys and Bertha 
S. Jeffreys. New York, Macmillan; Cambridge University Press, 
1946. 9+679 pp. $15.00. 


The book starts with a substantial chapter on real Variable— 
Dedekind sections, sequences, series, continuity, integration, mean 
value theorems. Chapters 2, 3, and 4 cover vectors, cartesian tensors, 
and matrices, and these are followed by chapters on multiple inte- 
grals and potential theory. Operational methods and their applica- 
-tions occupy two chapters, and a long chapter is devoted to numerical 
methods. A short chapter on calculus of variations brings us to what 
may be regarded-as the mid-point of the book, attained almost en- 
tirely without the use of complex numbers. 

The essential elements of the theory of functions of a complex 
variable are covered in two chapters. This opens up a wide field, and 
‘chapters follow on conformal representation, Fourier’s theorem, fac- 
torial (gamma) functions, linear differential equations of the second 
order, asymptotic expansions, equations of wave motion and heat 
conduction (three chapters), Bessel functions and applications, con- 
fluent hypergeometric functions, Legendre functions, elliptic func- 

tions. The book ends with explanatory notes, an appendix on nota- 
` tion, and an index. 

Each chapter has a set of examples, a stimulating collection culled 
from examinations of the Universities of Cambridge, London, and - 
Manchester. 
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It is obviously impossible to cover in a single volume, even a large 
one, all those methods of mathematical physics which a wide variety 
of readers might wish to see included. It is natural that authors 
should allow their particular interests to influence their choice of 
material, and one is not surprised to find in the book much of the 
contents of two short books by Harold Jeffreys—Operattonal methods 
in mathematical physics (now out of print) and Cartesian tensors. The 
authors admit that the choice of subject-matter has been difficult. 
Their stated intention is to “provide an account of those parts of 
pure mathematics that are most frequently needed in physics,” and 
they set themselves the general rule to include a method if it has 
applications in at least two branches of physics. They have not tried 
to give a detailed account of any branch of physics, regarding that 
as a matter for special text books. 

The authors’ style is crisp and at times rather condensed, but it 
expands as the occasion requires in a humorous, historical, or caustic 
vein. This gives the book a human atmosphere rare in mathematical 
publications, but naturally enough leads at times to statements 
which may arouse the antagonism of the reader; for example, the 
statement on p. 76 (footnote) that the reduction of a general force 
system to a force and a couple is the sort of thing that occurs only 
in examination questions! In most books with a scope comparable to 
that of the book under review, intrinsic evidence is present to show 
that the authors are either mathematicians or physicists; there is a 
rawness or incompleteness in the domain Jess familiar to the authors. 
In the present instance the authors have preserved a good balance. 
Physics is the goal, but the mathematics is handled with feeling and 
care. To quote from the Preface: “We maintain therefore that care- 
ful analysis is more important in science than in pure mathematics, 
not less. We have also found repeatedly that the easiest way to make 
a statement reasonably plausible is to give a rigorous proof.” 

Nevertheless the cloven hoof of the physicist peeps out from time 
to time, and is very much in evidence in the first few pages. Once the 
mathematical reader has found nests of intervals on p. 6 and a re- 
assuring epsilon on p. 7, he knows that all is well. But to reach this 
haven of rest he has first to weather a stormy sea. On p. 1 it is written 
that the formulae of algebra “may still be correct when we replace 
the letters in them by something other than numbers, and it is to 
this fact that the possibility of mathematical physics is due.” The 
authors do not have in mind here replacement by matrices or oper- 
ators, but rather replacement by the quantities of physics in which a 
unit of measurement is involved, for example, replacement of the 
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number 3 by 3 cm. “When a particular application to a measured 
system is made we naturally give the symbols their actual values in 
terms of the measures, which will include a statement of the units: 
_ but in the general theory. the unit is irrelevant. The symbols will 
then be said to stand, not for numbers, but for physical magnitudes.” 
Does this mean that when we write 6° =1-+x-+x9/2+ ---, weare to 
have in the backs of.our minds the idea that x stands for 3 cm. or 5 gm. 
rather than a pure number? Surely this is not an honest picture of the 
psychology of the modern mathematical physicist. If it is, we have 
traced to its source a subtle divergence of points of view which keeps 
mathematicians and physicists from enjoying a full measure’ of mutual 
esteem. It is a divergence which takes- place at the level of high . 
school algebra, and must be felt as soon as a student wonders whether 
he should write for his answer “x =3" or *“x=3 miles.” Venturing an 
opinion apparently in direct contradiction to that of the authors, it 
seems to me that the power of modern mathematical physics lies in 
the fact that it can and does formulate its problems in terms of pure 
numbers, Nevertheless, mathematicians should not dismiss the ques- 
tion of units as a storm in a teacup; a little experience with electro- 
magnetic units will reduce, the arrogant to a spirit of respectful 
humility. The best bridge between measured quantities and pure 
mathematics seems to lie in the formulation of a vector algebra ‘of 
measured quantities, as was once pointed out to me by Professor L. 
Infeld. On the whole, the authors should not be criticized for intro- 
ducing the matter, which is obviously of importance, but it is to be 
regretted that they did not deal with it more completely and satis- 
factorily. Confusion on an elementary level is the worst conunen 
of-all. 

A few small points may ‘be noted. ‘The juxtaposition of vectors, 
‘tensors, and matrices brings together a happy family group. As re- 
fresher material, it is excellent. But will the novice understand what 
a scalar is from the following: “Any physical measurement is the 
assignment of a single magnitude. Such magnitudes are called 
scalars” (p. 49), and “A scalar is a single quantity, the same for all 
axes” (p. 53)? What about the x-coordinate of a point? It is a scalar by. 
first definition, but not by the second. The definition of a scalar 
function of position on p. 82 is not as clear as it might be; we have 
merely to say that the function has at each point a value inde- 
pendent of the coordinate syatem, but the authors somewhat opece 
this simple idea 
- The statement following equation (21) on p. 109 is not- correct; 
the adjugate of an antisymmetric matrix @ is antisymmetric if the 
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order of a is even, symmetric if the order of a is odd. 

The index appears to be adequate; one misprint in it was acci- 
dentally noticed: Group velocity, for 477 read 479. 

The production conforms to the excellent standards of the Cam- 
bridge University Press. Those in whom the conservatism of pub- 
lishers engenders a deep rage will note with satisfaction that the 
historic Cambridge Press starts sentences with mathematical symbols 
(lower case!) and adheres to the practice (anathema to some pub- 
lishers) of cutting in figures on the right hand sides of both odd and 
even pages, so as to leave an unbroken margin. Very few misprints 
have been noticed, and they are not likely to confuse the reader. In 
places a dearth of commas forces a rereading, but this is no harm. 

The authors show good sense with regard to terminology and nota- 
tion, and are not afraid to make suggestions. In the case of a theorem 
bearing a hyphenated name (for example, Newton-Bessel) they make 
it clear that the second name is merely a label, and does not imply a 
division of priority. It is to be hoped that this practice may prevail; 
the creators of new theorems should welcome it: reference to the 
Smith-Robinson theorem would imply (a) that Smith has created at 
least two theorems, and (b) that Robinson vouches for the correctness 
of one of them. The word “limit” is overworked, and the authors 
suggest “termini” for “limits of integration.” For Hankel functions 
they use Ha,(x) and Hi,(x), the “a” and the “i” meaning respectively 
“superior” and “inferior” in reference to paths of integration in the 
Schläfli integrals; they use also Kh,(x) for Heaviside's function, equal 
to 2/x times the usual K, (x). 

The book assumes a knowledge of calculus, and might serve as a 
text book for students who proceed from that basis in the direction 
of applied mathematics or mathematical physics. One hesitates to 

E affirm or deny its merits as a text; so much depends in such cases on 
\ the establishment of a triple bond of sympathy between student, 
teacher, and author. Under favorable conditions it should work well; 
as for unfavorable conditions, let me requote the quotation from 
Oliver Heaviside which heads the chapter on Operational methods: 
“Even Cambridge mathematicians deserve justice.” 
J. L. SYNGE 


Applied Bessel funcitons. By F. E. Relton. London and Glasgow, 
Blackie, 1946. 7+191 pp. 17s. 6d. 


This text furnishes an introduction to those properties of the 
Bessel and allied functions which are of use in solving boundary value 
problems. The role of these properties in applied mathematics and ` 
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engineering is fully illustrated by numerous examples both in the 
text and in the exercises. Prerequisites for the reading of the text 
are some elementary calculus and a course in elementary (or possibly 
intermediate) differential equations. However, the author states (and 
frequently proves) those properties of differential equations which are 
used in the text. 

Essentially, the text treats four topics: (1) zeros and growth prop- 
erties of Bessel functions of the first and second kinds; (2) growth 
properties of related functions; (3) integral expansions of Bessel func- 
tions; (4) applications to ordinary and partial differential equations. 

After defining the error, gamma, and beta functions, the author 
discusses those properties of linear differential equations which are to 
be used in the treatment of the Bessel functions. Considerable em- 
phasis is placed on normal forms and zeros of second order equations. 
The cylinder functions C, (functions which satisfy a particular form 
of the Bessel differential equation) are defined by means of two re- 
currence relations. By means of these relations, the author obtains 
the structure of the zeros of the cylinder functions and then the nature 
of the graph of these functions. Further, various transformations of 
the dependent and independent variables which lead to cylinder 
functions are discussed. In Chapter IV, the power series expansion for 
the Bessel function of the first kind J, (J,=x*C,) is obtained. 
Some numerical values for the first zero of different integral J, are 
determined and Bessel identities involving Lommel integrals are 
discussed. Before attempting to obtain the second integral Y, of the 
Bessel equation for integral n, the author merely states various prop- 
perties of the indicial equation. Proofs of these statements will be 
found in texts on mtermediate or advanced differential equations (see 
Intermediate differential equaitons by E. D. Rainville, Wiley, 1943). 
Actually, the second integral of the zero order is obtained from the 
fact that (dC,/dn),~. is a solution of the zero order Bessel equation. 
The function Y, for integral » is obtained by a similar device. 

The properties of modified Bessel functions (imaginary argument) 
and the definitions of the “ber” and “bei” functions are studied in the 
latter part of the text. The first class of functions are related to the 
Bessel functions in the same manner that the hyperbolic functions are 
related to the circular functions. Hence, they can possess reros only 
at the origin and only the growth of these functions is discussed. This 
is done by use of the recurrence formulas. 

Various integral expansions for Bessel functions are furnished in 
Chapters IX and X. They include: (1) the well known relations be- 
tween integrals of the circular functions and the Besgel functions of 
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the first kind; (2) the Lipschitz and Sonine integrals for Bessel func- 
tions; (3) Weber’s discontinuous integral; (4) some asymptotic 
formulas for the various Bessel functions. 

Following each discussion of a type of Bessel function, the author 
furnishes an application to problems in applied mathematics. In 
particular, Chapter V is devoted to five boundary value problems 
whose solutions involve Bessel functions of the first kind. Of these, 
the following should be of interest to the engineer: (1) transverse 
vibrations of a non-uniform string; (2) stability of a vertical wire and 
deep cantilever beam. Again, in Chapter VIII, some applications to 
hydrodynamics (tidal motion), elasticity (buckling of a circular plate, 
vibrations of a disk), and heat conduction are given. In each case, 
the differential equation is solved by the separation of variables and 
then the appropriate Bessel functions are introduced in studying the 
solutions of the resulting ordinary differential equation. 

The reviewer feels that this book should furnish an excellent in- 
troduction to Bessel functions and their applications in applied 
mathematics. 

N. COBURN 


NOTES 


At the present time the American Mathematical Society has reci- 
procity agreements with the following societies: Deutsche Mathe- 
matiker Vereinigung, London Mathematical Society, Matematisk 
Forening, Société Mathématique de France, Swiss Mathematical So- 
ciety, and the Unione Matematica Italiana. In accordance with a reci- 
procity agreement, members of the Society may join any one of the 
organizations mentioned by the payment of one-half the annual dues 
of the organization. On the other hand, members of the organizations 
mentioned above (with certain restrictions as to residence) may be- 
come members of the Society and are required to pay only half the 
regular annual dues, namely five dollars. The Board of Trustees voted 
recently that, during the present drficult financial situation abroad, 
the usual initiation fee should be waived in case of persons joining the 
Society under reciprocity agreements. Further detaila may be secured 
by writing the Secretary of the Society. 

The Mathematical Association of America has announced the elec- 
tion of Professor Saunders MacLane of the University of Chicago as 
first vice president, Dean W. L. Ayres of Purdue University and 
Professor C. R. Adams of Brown University as members of the Board 
of Governors, and Professor H. M. Gehman of the University of 
Buffalo as secretary-treasurer. 

A conference on Topological groups and their represeniaitons was 
held at the University of Chicago on January 22-24, 1948. During 
the five sessions of the Conference fifteen papers were presented. 

The National Council of Teachers of Mathematics will hold its 
twenty-sixth annual meeting in Indianapolis, Indiana, on April 2-3, 


1948. = 
The French Academy of Sciences has announced the following ~ 


awards for 1947: Bordin Prize to Professor René Lagrange of the 
University of Dijon; Carrière Prize to Mr. René Goese of the Uni- 
versity of Grenoble; Dickson Prize to Mr. Charles Pisot of the Uni- 
versity of Bordeaux; Montyon Prize to Profeasor Daniel Dugué of 
the University of Algiers; Petit D’Ormoy Prize to Professor Henri 
Cartan of the University of Paris; Saintour Prize to Professor Hubert 
Delange of the University of Clermont-Ferrand; Thebault Prize to 
Professor Gaston Benneton of the Carnot Lycée. 
_ The Royal Society of London has awarded the Copley Medal to 
the late Professor Emeritus G. H. Hardy of the University of Cam- 
bridge for his part in the development of mathematical analysis in 
Britain during the last thirty years. 
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The Chauvenet Prize has been awarded by the Mathematical As- 
sociation of America to Dr. P. R. Halmos of the University of Chi- 
cago for his paper The foundations of probability which was published 
in the American Mathematical Monthly for November 1944. 

The Duodecimal Society of America has conferred the 1948 Annual 
Award upon Mr. H. C. Robert of Atlanta, Georgia. 

Associate Director Joseph Slepian of Westinghouse Research Labo- 
ratories has received the Edison medal for 1947 from the American 
Institute of Electrical Engineers. 

Professor William Findlay of McMaster University has retired 
with the title emeritus. _ 

Professor Hassler Whitney of Harvard University received in 1947 
an honorary doctorate of science from Yale University. 

Professor R. L. Wilder of the University of Michigan has been 
elected vice president of Section A of the American Association for 
the Advancement of Science. 

Professor Arne Beurling of the University of Uppsala will be a visit- 
ing lecturer at Harvard University for the coming academic year. 

Professor Henri Cartan of the University of Paris is a visiting lecturer 
at Harvard University for this term. 

Professor Alessandro Terracini of the University of Tucumán has 
returned to the University of Turin. 

Assistant Profeasor H. G. Apostle of Amherst College has been 
appointed to an assistant professorship in the philosophy department 
at the University of Chicago. 

Mr. L. C. Bagby of the Jam Handy Corporation has been ap- 
pointed to a professorship at the Lawrence Institute of Technology, 
Detroit, Michigan. 

Assistant Professor F. L. Celauro of Lehigh University has been 
appointed to an assistant professorship at Newark College of Engi- 
neering. 

Professor W. W. S. Claytor of Hampton Institute has been ap- 
pointed to an associate professorship at Howard University. 

Professor V. G. Grove of Michigan State College is a visiting 
professor at the University of Puerto Rico during the present term. 

Assistant Professor Rufus Isaacs of the University of Notre Dame 
has accepted a position as research engineer with the North Ameri- 
can Aviation Corporation in Los Angeles, California. 

Mr. P. B. Johnson of the University of Illinois has been appointed 
+ to an assistant professorship at Occidental College. 

Professor C. E. Love of the University of Michigan has retired. 
Mr. C. R. Morris of Indiana University has accepted a position as 
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mathematician with the National Union Radio Corporation, Orange, 
New Jersey. 

Professor Joseph Seidlin of Alfred University has been appointed 
Dean of the Graduate School. 

Professor Gerhard Tintner of Iowa State College of Agriculture 
and Mechanic Arts will be on leave of absence during the coming aca- 
demic year and will attend the Institute of Economics at Cambridge 
University. - 

Professor J..L. Walsh of Harvard University is on leave of absence 
during this term. 

Professor D. V. Widder of Harvard University will be on leave of 
absence during the coming academic year. 

The following promotions are announced: 

E. W. Anderson, Iowa State College of Agriculture and Mechanic 
Arts, to a research professorship in mechanical engineering. 

L. A. Aroian, Hunter College, to an assistant professorship. 

H. G. Ayre, Western Illinois State College, to a professorship. 

J. W. Beach, Iowa State College of Agriculture and Mechanic Arts, 
to an assistant professorship. 

F. E. Bortle, Iowa State College of Agriculture and Mechanic Arts, 
to an assistant professorship. 

A. T. Brauer, University of North Carolina, to a professorship. 

A. B. Brown, Queens College, to an associate professorship. 

C. L. Dolph, University of Michigan, to an assistant professorship. 

G. N. Garrison, Lehigh University, to an associate professorship. 

C. H. Lindahl, Iowa State College of Agriculture and Mechanic 
Arts, to an assistant professorship. 

Sallie Pence, University of Kentucky, to an associate professorship. 

J. Shibli, Pennsytvania State College, to a professorship. 

D. E. South, University of Kentucky, to a professorship. 

R. R. Stoll, Lehigh University, to an associate professorship. 

H. W. Syer, Boston University, to an assistant professorship. 

C. A. Truesdell, Research Department, Naval Ordnance Labora- 
tory, White Oak, Maryland, to the position of chief of the theoretical 
mechanics section. 

F. E. Ulrich, Rice Institute, to an associate professorship. 

The following appointments to instructorships are announced: 
University of Kentucky: Mise Elsie T. Church, Mrs. L. C. Cooper, 
Mr. D. L. Daly, Mr. D. C. Rose, Miss Genevieve Snider; Oregon 
State College: Misa Ella M. Sowder; University of Pennsylvania: 
Miss Jean B. Walton; Syracuse University: Mr. E. O. Allen. 

Professor Emeritus G. H. Hardy of Trinity College, Cambridge, 
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England died on December 1, 1947. He had been a member of the 
Society since 1915. 

Mr. G. E. Bulloch of the New Jersey Bell Telephone Company 
died on December 25, 1947. ` 

Professor Emeritus E. E. DeCou of the University of Oregon died 
on October 15, 1947. He had been a member of the Society since 1903. 

Mr. G. W. Evans, Berkeley, California, died on February 27, 1947. 
He had been a member of the Society since 1910. 

Dr. A. M. Harding, formerly president and professor of mathe- 
matics and astronomy of the University ọf Arkansas, died December 
24, 1947. 

Professor Emeritus Vladimir Karapetoff of Cornell University 
died January 11, 1948, at the age of seventy-two years. He had been 
a member of the Society since 1925. 

Dr. Jacob Westlund, formerly of Purdue University, died on March 
27, 1947, at the age of seventy-nine years. He had been a member of 
the Society since 1898. 

Professor A. N. Whitehead of Harvard University died on Decem- 
ber 30, 1947. 


NEW PUBLICATIONS 


Cotomso, S, See HUMBERT, P. 

Dovauass, R. D., and ZELDIN, S, D. Calcoubus and its apphicahions. New York, Pren- 
tice-Hall, 1947. 38-+-568 pp. $5.15. 

Gross, G. L. See Rosser, J. B. 

Hooce, W. V. D., and Pepor, D. Methods of algebraic geometry. Vol. I. Cambridge 
University Press, 1947. 8+440 pp. $6.50. 

Humspert, P., and Cotomso, S. Le calcul symbolique ai ses applications à la physique 
matkématiqus. (Mémorial des sciences mathématiques, no. 105.) Paris, Gauthier- 
Villars, 1947. 52 p. 150 fr. 

KELLY, T. L, Fendamenials of statsites. Cambridge, Harvard University Press, 1947. 
16+755 pp. $10.00. 

Kiss, S. A. Transformaticns on lattices and structures of logic. New York, 1947. 
104-322 pp. $7.50. 

LEJA, FRANCISZEK. Rachunek réanicrkowy i całkowy ze wstępem do równań rézni- 
cxkowych. Cracow, 1947. 84-300 pp. 

LICHNEROWICZ, A. Algèbre si analyses linéosres. Paris, Masson, 1947. 316 pp. 800 fr. 

NEWTON, R R. See Rosser, J. B. 

Prepon, D. See Hooor, W. V. D. 

Rrrr, J. F. Theory of functions, New York, Kings Crown Press, 1947. 104-181 pp. 
$3.00. 

Roer, J. B., Newron, R. R., and Gross, G. L. Mathematical theory of rocket 
flight. New York, McGraw-Hill, 1947. 8+-276 pp. $4.50. 

ScHILLINGER, J. The mathematical basis of the arts. New York, Philosophical Library, 
1947. 703 pp. $12.00. 

Selected iechotques of statistical analysis. Statistical research group, Columbia Univer- 
sity. New York, McGraw-Hill, 1947. 14-4473 pp. $6.00. 

Tables‘of the Bessel functions of the first kind of orders ten, eleron, and twelve. (Annals of 
the Computation Labcratory of Harvard University, vol 7.) Cambridge, Harvard 
University Press, 1947. $10.00. 

Tables of the Bessel funcions of the first kind of orders thertesn, fourteen, and fifteen. 
(Annals of the Computation Laboratory of Harvard University, vol. 8.) Cam- 
bridge, Harvard University Press, 1947, $10.00. 

VaIDYaWATHASWAMY, R. Treatise on set topology. Madras, 1947. 6+306 pp. Rs 
16-4-0. 

ZELDIN, S. D. See Doucuass, R. D. 
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ON RINGS OF ANALYTIC FUNCTIONS 
LIPMAN BERS 


Let D be a domain in the complex plane (Riemann sphere) and 
R(D) the totality of one-valued regular analytic functions defined in 
D. With the usual definitions of addition and multiplication R(D) 
becomes a commutative ring (in fact, a domain of integrity). A one- 
to-one conformal transformation f =¢(z) of D onto a domain A in- 
duces an isomorphism f—f* between R(D) and R(A):f(s) =f* [b(s) |. 
An anti-conformal transformation 


om (5) 


also induces an isomorphism: : 


f(s) = f*lee)]. 
The purpose of this note is to prove the converses of these statements. 


THEOREM I. If R(D) ts'‘tsomorphic to R(A), then there exists either a 
conformal or an antt-conformal transformation which maps D onto AL 


Tueorgm II. If D and A possess boundary points, then every s0- 
morphism between R(D) and R(A) ts induced by a conformal or an anit- 
conformal transformation of D onto À. 


Theorem I may be regarded as a complex variable analogue of 
theorems characterizing a topological space in terms of the family of 
its continuous functions. If R(D) is made into a topological ring by 
defining f,-+f to mean that f,(s)—>f(z) uniformly in every bounded 
closed subset of D, then Theorem ITI implies that, except for a trivial 
special case, every isomorphism between R(D) and R(A) is of neces- 
sity a homeomorphism. 

To prove the theorems we consider a fixed isomorphism between 
R(D) and R(A). It takes a function f(s), s&D, into a function f*($), 
(EA, aset SC R(D) into a set SYC R(A). Let'c be a complex constant. 


Presented to the Soclety, November 2, 1946; received by the editors May 27, 1947. 

1 After this paper was completed the author learned about a closely related un- 
published result which was obtained by C. Chevalley and S. Kakutani several years 
ago. Chevalley and Kakutani proved that if to each boundary point W of B there 
exists a bounded analytic function defined m B and possessing at W a singularity 
then B is determined (modulo a conformal transformation) by the ring of all bounded 
analytic functions. The author is indebted to Professor Chevalley for the opportunity 
of reading a draft of the paper containing the proof. 
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For the sake of brevity we denote the element of R(D) corresponding 
to the functions f(s)mc (or the element of R(A) corresponding to the 
function g({) =c) by the letter c. We call a complex number rational 
if its real and imagmary parts are rational. 


LEMMA 1. Either s*=1 and for every rational complex constant 
rirt=y, or = —4 and r* =F. 


The proof is clear. 
Lemma 2. If cts a constant, so ts c*. 


Proor. If c is rational the assertion is contained in the preceding 
lemma. Irrational constants c are characterized by the existence of 
the inverse of the element c—r for every rational constant r. 


Lenia 3. All elements of R(D) are constants if and only if D is the 
whole complex plane including the ean at infinity. 


The proof is clear. 

Lemmas 2 and 3 contain the proof of Theorem I for the case when 
D is the domain 0S s| Sœ. In what follows we consider only 
domains possessing boundary points. Without loss of generality we 
assume that neither D nor A contains the point at infinity. We 
also assume that t$; the case s* = —4 can be treated in the same 
way. 

We denote the set of all functions belonging to R(D) and vanishing 
at a point aED by I.. The set [a CR(A), a EA, is defined similarly. 


LEMMA 4. There extsts a one-to-one mapping zs! =o(s) of D onto A 
such that IS = Tyee): 


Proor. Every element of R(D) generates a principal ideal (f), 
that is, the set of all elements of the form fh, AC R(D).(f) is said to 
be a maximal principal ideal if (f) ¥R(D) and if (f) C(g) ¥R(D) im- 
plies that (f) = (g). It is clear that (f)*=(f") and that (f*) is a m. p. 
ideal if and only if (f) is. Hence Lemma 4 is an immediate consequence 
of the following lemma. 


Lemma 5. (f) is a m.p. ideal if and only tf (f) =I.. 


PROOF. J, is the principal ideal generated by the function s—a. 
I 2,C(g)#R(D), then g(s) must possess zeros in D. Since 

—a=g(s)h(s), hER(D), g(a) =0 and gEl,. On the-other hand, if 
f(s) has no zeros in D, then (f)=R(D), and if f(a) =f’(a) =0, or if 
f(a) =f(b) =0, axb, then (f) is contained in and different from the 


~ 
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principal ideal generated by the function s—a. It follows that (f) is 
a m.p. ideal if and only if f(s) ~(s—a)e, aED, hE R(D). 


Lexma 6. For every point sE D, f(s)" =f*[b(s0) |. 


Proor. If c is a constant such that f(s) =c, then c—f belongs to 
Ia 80 that c*¥—f* belongs to Isua and f* [6(x0) | =a ¢*. 
The following two lemmas are immediate consequences of Lemma 6. 


Lemma 7. If CD and f(s) ts a rattonal number, then f(s) 
`c f* [p (20) |. 


Lemma 8. If f(s) ts untoalent in D, then f*(t) is untvaleni in A. 


Lemma 9. Let f(s) be a unioalent function defined in D, let f(D) be 
the image of D under the transformation w= f(z), and let W bethe 
(finite) limit of a convergent sequence of distinct rational points {w,} 
belonging to f(D). W is a boundary poimi of f(D) if and only if there 
exists a function g(s)CR(D) such that g[hk(w.)|=n, klw) being the 
function inverse to w=f(s). 


Proor. If W is a boundary point of f(D), choose an entire 
function F(Z) such that F[(W—w,)!|=n". The function g(s) 
= F{[W—f(s)|-!} satisfies the conditions of the lemma. On the 
other hand, if W is an interior point of f(D), W =f(a), o €D, and for 
every g(s) ER(D), lim glh(w,) | exists and is finite. 


LEIA 10. Let f(s) be a untoclent function defined in D, so thai f*($) 
is a untoaleni function defined in A. The domains f(D) and f*(A) are 

Proor. It follows from Lemma 7 that the rational points belonging 
to f(D) are identical with the rational points belonging to f*(A). f(D) 
ig the set of all limit points of its rational points, except those limit 
points which lie on the boundary of f(D). A similar remark applies to 
f*(A). But Lemmas 7 and 9 imply that if a sequence of rational points 
from f(D) converges to a boundary point W, W is a boundary point 
of f*(A). 

Lemma 10 contains the proof of Theorem I for domains possessing 
boundary points. 

The proof of Theorem II depends on the following lemma. 


Lexma 11. If D possesses boundary points, then c*=c for every 
comstant c. 


We prove this lemma in several steps. Let B be any domain. By 
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m[B] we denote the set of all zoma niea d such that the, 
translation Z=3-+-d maps B onto itself. 


~ Lmaa 12. For every univalent funciion fER(D) and for every con- 
stant c the difference c—c* belongs to m|f(D) |. 


ProoF. The function fi™f-+c¢ is univalent in D, and the functions 
f* and f* =f*-+c* are univalent in A (Lemma 8). By virtue of Lemma 
10, f(D) is identical with f*({A), and f(D) is identical with ff (A). But 
a translation by c takes f(D) into f;(D) and a translation by —c* takes - 
fi (A) into f*(A). Thus the tranalation by c—c* leaves f(D) invariant. 


Luma 13. If D possesses finite boundary points, then there exists a 


` úmivaleni function fER(D) such that m[f(D)] is a discrete set. 


~ 


_ Proor. Let f be a fixed univalent function defined in D. The set 
m|f(D) | is closed and a modul, that is, it contains dı — d: whenever it 
contains dı añd'd}. Assume that m [f(D) ] is not discrete. Then it either 
contains all points, or all points of a straight line. If W is a finite 
boundary point of f(D), every point W+d, dEm|[f(D)], isa boundary 
point. It follows that the boundary of f(D) contains a finite straight 
segment S. Let Z (w) be the function which maps the domain exterior 
to S conformally onto [Z| <1. The function g(s)=Z[f(s)] is uni- 


valent and bounded in D. It follows that m[g(D) | contains only the 


point 0.. 

Now we can prove Lemma 11 under the hypothesis of Lemma 13. 
Let fER(D) be univalent and such that m[f(D)] is discrete: For 
every positive number t set.f,=if. By Lemma 12 the difference c—c* 
belongs to m[f;(D) |, that is, the number (c— e”) /t belongs to m f(D). 
It follows that c—z* =0.3 

It remains to establish Lemma 11 for the case of the whole finite 


‘plane. 


LEMMA 14. If D is the domain |z] <œ and A the domain lg] <0, 
then cy © implies ao. 


Proor. Set f(s)=s. Then f*(t) is univalent in A, that is, f*(s) 
=At+B, A, B=const., A0. For this f and for »=c, Lemma 6 
yields c*=Ag(c) +B. Hence c+ whenever ġ{ca)-—> 0. But Ca—> œ 


3 An alternative argument was suggested to the author by C. Loewner. Assume that . 
c—ct mre, ryt0. It is easy to see that for any univalent f and for any domain D 
satisfying the hypothesis of Lemma 13 there exists a (finite or semi-infinite) straight 
segment S whose interior points belong to f(D) and whose end points are boundary 
paints of f(D). By a linear transformation we can achieve that S be the semi-infinite 
seginent s=, ¢>0. It follows that c—c* does not belong to s[f(D)]. 
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implies the existence of a function g ER(D) such that g(c,) ia rational 
and g(c.) œ. By Lemma 7, g*[¢(c,) | ©, from which it follows that 
b(n) ©. 

In order to prove Lemma 11 under the hypothesis of Lemma 14 we 
note that the transformation c—c* is an automorphism of the com- 
plex field. This automorphism is continuous by virtue of Lemma 14. 
Hence c* =c, for we assumed that +* 4. 

Lemma 11 being established, Lemma 6 yields the following lemma. 


LEMMA 15. If D possesses boundary points, then f(#0) =f*[b(z0) | for 
every ED. , 


This lemma would contain Theorem II if we would know that ¢(s) 
is analytic in D. To show this we select for f the function f(s) =s. 
Lemma 15 shows that ¢ is the function inverse to the univalent 
(analytic) function f*. | . 

In the statement of Theorem I the ring of aH analytic functions can- 
not be replaced by the subring B(D) of all bounded analytic func- 
tions defined in D, even if B(D) is treated as a normed ring (with 
[Lf] =1.u.b. | f(s)|), and the isomorphism between B(D) and B(A) is 
required to be norm preserving.* In fact, let D be the domain [sl <1, 
and let A be the domain 0 < |s| <1. The normed rings B(D) and B(A). 
are identical.‘ 

Neither is it possible to replace R(D) by the linear space L(D) of 
all analytic functions defined in D, even if L(D) is considered to be a 
topological space (with the topology defined above) and the iso- 
morphism between L(D) and L(A) is required to be a homeomorphism. 

In fact, let D be the domain 0<r<|s| <1, and let Dı and D; de- 
note the domains |s| <1 and |s| >r, respectively. Every function 
fEL(D) admits a unique Laurent decomposition: f(s) = g(s) +A(s)/s, 
gEL(D,), hE L(D,). It is easy to see that fa—f if and only if g,.—¢ 
and h,— A. On the other hand, the linear subspace of L(D,) consisting 
of all functions of the form hA(s)/s, AC L(Ds), is topologically iso- 
morphic to L(D,), and L(Ds) is topologically isomorphic to L(D,). 
It follows that Z(D) is topologically isomorphic to the direct sum of 
two spaces L(D,). Thus L(D) considered as an abstract linear topo- 
logical space is independent of r. 


SYRACUSE UNIVERSITY 


3 Asa matter of fact, every isomorphism is. 
4 Cf., however, footnote 1. 


THE CENTER OF A JORDAN RING! 
N. JACOBSON 


If A is an arbitrary associative ring we can symmetrize and anti- 
symmetrize the multiplication defined in A to obtain two non- 
associative rings. We set 


(1) {ab} = ab+ bc, [ab] Sapa 


and call the former the Jordan product and the latter the commutator 
or Lie product of a and b. If we use {ab} as product in place of the 
originally defined ab we obtain the Jordan ring A; determined by A. 
Similarly the Lie ring %ı is obtained by using [ab] in place of ab. 
Naturally if A has characteristic 2 then A; A. It is customary to 
exclude this case from consideration but in most of our discussion 
we shall not find it necessary to do so. Clearly {ab} = {ba}, [ab] 
«= — [ba]. Also we recall the following well known identity of 
Jacobi’s: 


(2) ~— [[ob]e] + [cla] + [[ca]o] = 0. 


If Ris any non-associative ring one defines the center of R to be the 
totality of elements c that commute, 


t 


(3) COE 46, 

and associate, 

(a-b)-¢ = a- (b-c), (a-c)-b = a- (c-b), . 
(c-a)-b = c. (a-b), 


with all a, b in R.? It is known that the center is a subring of &. 
Clearly thia subring is associative. It is also known that the center 
of a simple ring is either 0 or a field. It is easy to see that the middle 
condition in (4) is a consequence of (3) and the other conditions in ' 
(4). Also it is clear that if R is commutative then the first condition 
of (4) characterizes the center. , 

We consider now the centers ©; and ©; respectively of A; and %ı. 

Received by the editors May 6, 1947, and, fn revised form, July 3, 1947. 

1 I am indebted to A. H. Clifford for a number of valuable conversations on the 
subject of this note. 

3 See Jacobson, Siructwre theory of simple rings without fimilensss assumptions, 
Trans. Amer. Math. Soc. vol. £7 (19-45) p. 239, or T. Nakayama, Uber sinfache distribu- 


tins Systeme unondlicher Range, Proc. Imp. Acad. Tokyo vol. 20 (1944) p. 62 for this 
definition and for the -esults quoted in this paragraph. 
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First let cE G. Then by (1) and (3), 2[ca]=0. By (4) and Jacobi’s 
identity, [[ca]b] =0. Hence : 
(5) , aca] =0, — [[ca]d] = 0 
_ holds. It is also easy to see that these conditions are sufficient that 
ce €. 

Next let c@G;. We introduce the Jordan assoctator 

A(a, b, c) = {{eb}c} — {aj bc} } 

and we can verify that 


(6) A(a, b, c) = [[ca]b]. 
Hence 
(7) [[ca]b] = 0 


ig a necessary and sufficient condition that ¢©@,;. Thus we see that 
€:C@,. If we denote the center of N by ©, cE Cif and only if [ca] =0. 
Hence CCEC. 

Let cEĢ; and a, b, d be arbitrary in A. Then [[c, ab]d]=0. Since 
[c, ab] = fea]d + alch] 
we obtain ' 
(8) [ca] [ba] + [ad] [cd] = 0. 


This simple relation has a number of interesting consequences. In the 
first place if we set d=c’, a second element in G;, we obtain [ca] [bc’] 
-+ [ac] [cb] m0. If we use the fact that [cb] EG this reads 


(9) [ca] [c’b] + [d]ie] = 0. 
It is easy to see that this implies l 
(10) [[c’, alb] = 0. . 


Thus cc’E@;. It is clear also that if 2[ca]™0 and 2[c'a]=0 then 
2[cc’, a] =0. Hence we have the following theorem. 


THEORRY 1. The Jordan center Gj and the Lie center ©; are (ordinary) 
subrings of A. l 


If we specialize d =a and b =c successively in (8) we obtain 
(11) [ca] [bal] = 0, [ca] [cd] = 0. 
In particular 


~ 


(14) 
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(12) [ca]? = 0. 
This implies the following theorem. 
THEOREM 2. If A is an associative ring whose center © contains no 


en renee erence ney a oeneern ee 
&. = 


For if cE&;, [ca |?=0 for any aC&. Since [ca]C€ this implies 
that [ca]~0. Hence cGG. ` . 
: It is easy to sée that if a ring contains a nilpotent element in its 
center then it contains a nilpotent two-sided ideal. Hence we have the - 


following corollary. 


COROLLARY. i ioina lai kasni allie besdi tani ea 
ats Jordan center ©; coincides with the ordinary center. 


It is clear from Jacobi’s identity that if cGG@, then [[ab]c]=0 for 
all a, b. Thus c commutes with every commutator. Clearly the ele- 
ments that have this property form a subring 8 of A. It will be shown 
in a forthcoming paper by Kaplansky that if X is a semi-simple ring 
then $ = @.* Thus Kaplansiky’s result has both a stronger hypothesis 
and a stronger conclusion than our Theorem 2. The following ex- 
amples will serve to illustrate these results. 


EXAMPLE 1. Let & be the ring of triangular matrices 


ait * 


(13) 
0 as 
with elements in a field &. It is easy to see that © is the set of scalar 


matrices. Hence €;=@. On the other hand it can be seen that ¥ is the 
set of matrices » ~ 


a0---0 $ 
0 
0 
i ği a = 
EXAMPLE 2. Let A be the set of triangular matrices for which 
On, Oy +: - Aa =a, Here € is the set of matrices of the form 


3 Added in prodf. This paper has now appeared: Sows -cutomorphisms of rings, Duke 
Math. J. vol. 14 (1947) pp. 521-527. 


N 
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(14) and ® is the set of matrices of the form 
a ‘0...0 y B 
e 8 


(15) 


Finally @; is the subset of B of the matrices of the form (15) in 
which e=(). 
We derive next another property of the element c in @;. If a, b, d 
are arbitrary in 4, 
[[ca, bJd] = [(a[cb] + clos], d], 
= [ad][cb] + [cd] [od] + c[[od]a]. 
If we interchange a and din (8) we see that 


[ad] [cb] + [cd] [ob] = 0. 


$ 


Hence 
[[ca, b]a] = c[[ab]a]. 


The mpleakotat | loeb a adala py aobis idane 
obtain finally [[ab]cd] = c|[ab]d]. Thus 


(16) cl [adja] = [[ca, b]d] = [[a, b]d] = [lab]cs]. 


This can also be written in the following form in terms of the asso- 
ciator A(b, 4, a) = [[sb]a]: | 


(16) cA(b, d, a) = A(d, d, ca) = A(cd, d, a) = A(b, cå, a). 


In the remainder of this note we consider rings UÙ that are subrings 
of a Jordan ring of the form &;. By the enveloping (associative) ring 
of U in A we mean the subring of A generated by U. If © is the en-- 
veloping ring of U clearly U is also a subring of the Jordan ring &. 
Hence we can suppose that Œ = A. 

If c is in the Jordan center @;(U) of U then [[ca]b]=0 holds for 
all a, DE U. Since U is a Jordan ring 


[[e, {ab} Ja] = 0 


for all a, b, din U. Also we have [c[ab]]=0 so that [[c, [ab] ]d] =0. 
Hence by addition 
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(17) | l 2[{c, ab]d]| = 0. 


We shall assume now that the ring A contains no element that has 
order two in the additive group. Then by (17), [[c, ab]d]=0 for all 
a, b, din U. As before this leads to the relation (8) and to its conse- 
quence [ca|*=0. On the other hand since [[ca]b]=0, [ca] commutes 
with every b in U. Hence it commutes with every b in the enveloping 
ring A. Thus [ca] is in the center € of A. This shows that if some 
[ca] =0 then the center of A possesses nilpotent elements. Hence we 
have the following theorem. 


THEOREM 3. Let A be an associative ring that has no elements of order 
2 and that has no nilpotent elements (340) tn tts center. Let U be a sub- 
ring of the Jordan ring A; such thai the enveloping ring of Wis A. Then 
the Jordan center ©,(11) coincides with the totality of elements c of U 
that commute with every a in U (or im X). 


A. A. Albert has recently studied the structure of the subalgebras 
U of a Jordan algebra A;, A a matrix algebra ©, over a field ®.4 In 
the course of this study he has defined the center of U to be the 
totality of elements c such that [ca|=0 for all a in U. We shall show 
in an example that Albert’s definition is unsatisfactory for arbitrary 
Jordan algebras since it is not invariant under isomorphism. On the 
other hand it will also be shown that in the case of simple algebras 
over a field of characteristic 0—and this case is the only one for which 
Albert uses his definition—Albert’s center coincides with the Jordan 
center as defined in the present paper. We remark that Theorems 2 
and 3 give other cases for which this identity holds. In all of these 
cases Albert's definition can not lead to any difficulties. We con- 
sider now the following example. 

EXAMPLE 3. Let A be the algebra over $ that has the basis 21, 8% 
such that s,s;—0. The Jordan ring A; has the basis zı, z with the 
multiplication table 


= { sis: } = 0, { 5182} wm 0, TA œw 0, 
Let B be the algebra over ® that has the basis Z;, Za, Z, with the 
multiplication table 
Zi =Zi=Zi=0, ZZ = -ZZ =Z, Z= ZZ = 0, 
Zt, = ZZ = 0. 
Since any product of three Z’s is 0, 8 is an associative algebra. We 


1 On Jordan algebras of linear transformations, Trans. Amer. Math. Soc. vol. 59 
(1946) p. 540. 
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have the Jordan multiplication table 
{ZZ} = 0, {ZZ} = 0, {ZZ} —.0. 


Hence U% (Zi, Z3) ia a subalgebra of 8; isomorphic to W,;. The totality 
of elements of A; that commute with all the elements of A; is W, it- 
self. However, the elements Z; and Zs do not commute with all the 
elements of ll. Evidently the Jordan center of A; is Ay. 

We shall now consider the Jordan center of any simple Jordan 
algebra with a finite basis over a field of characteristic 0. At firat we 
consider any associative algebra A over a field ®. As before let A; de- 
note the Jordan algebra obtained from A by using the operations 
a+b, aa for ain and {ab} =ab-+ba. If U is a subalgebra of Y; it is 
clear that the center @,(11) is a subalgebra. Let c©@@,(U) and let a 
be any algebraic element of U. Then there exists a polynomial 
@(\) #0 in [A] such that ġ(a)=0. Since [ca] commutes with 
a, |c, a*] =ka* [ca]. Hence 


(18) 0 = [c, ¢(a)] = ¢’(a) [ca] 


where $’(A) is the derivative of the polynomial g). We assume next 
that c is algebraic and that a is arbitrary. Then a asimilar argument 
shows that if YA) is a polynomial not equal to 0 such that W(c) =0 
then ` 

(19) v(e) [ca] = 0. 

We suppose now that A= $., of characteristic 0. Let U be a 
simple subalgebra of %,. Then it has been shown by Albert that U has 
an identity e.* Evidently e is in the Jordan center @,(U). Hence 
@,(1) 0 and it follows that @;(U) is a field. Since ea -+4 aema, e?=6/2, 
If we set ¢’ = 2e then (6°)? =e’ and (¢’a+ae’)/2 =a. Hence í 

6'a/4 + eae’ /2 + ae’ /4 m (e'a + ae’) /2 
and g 
a = (d'a 4 ad)/2 m eae’. 
It follows that ¢’a—a=ae’. Thus ¢ acts as an identity for all the 
elements of U and therefore for all the elements of the enveloping 
algebra Ç of UL 

Suppose now that c€@,(1J) and that (A) is the minimum poly- 
nomial of c regarded as an element of €,(11). Then if pA) =A" 

5 Albert (loc. cit., footnote 3) uses the multiplication a b= {ab} /2. Clearly an alge- 


bra is simple relative to the dot multiplication if and only if it is simple relative to 
{ }. Moreover, if e' is an identity relative to -, then e=e’/2 is one relative to { }. 
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yA" + oe +Ye; ; 

(20) fefmtnifcpr tt e HTa t Yue = 0 
where {c}" is defined inductively by {c} ={{c}, c}. Since 
{c} = 2e, (20) yields . . , Í 

-m v1 =» ; Ya- era = 

(21) c 5 tie. pa tet, 4 7 —¢! 0. | 

Thus if YA) = 2-"y(2A) then ¥(c) =0. Since €U) is a separable field, 
H'A) is prime to (AÀ): Hence Yo) is prime to ¥(A). It follows that 


Yai 
2-1 





¥(c)-= = mom + (m= 1) owt. -+ g 

has an ordinary inverse E A Hence by (19), [ca] =0 for all a. 

This proves the following theorem. B 
THEOREM 4. Lei A = P, the ring of nXn mairices over a field of char- 

. adtertsttc 0 and let. U be a simple Jordan subalgebra of Aj. Then the 
center of U coincides with the totality of elements c of U that commute in 

the ordinary mulitplication with every a in U. l 


Tas Jouxs Horxors Unrvarairy 


- ON PRIME POWER ABELIAN GROUPS 
YENCHIEN YEH 


G. A. Miller in two papers [I], 2] has discussed the number of - 
subgroups of prime power abelian groupe. He has obtained a formula 


concerning the number of cyclic subgroups of a given prime power -' | 
abelian group G, and proved some theorems relating to subgroups of 


special types. He predicted there that the general formula for the 
determination of the number of subgroups of any type could be ob- 
tained without difficulty except complexity of calculations. In this 
paper, however, we get the general formula with a method thoroughly 
independent of his approach, and it seems that our method i is some- 
what simpler than his would be. 


Leena I. If G is a prime power abelian group of order pitit. tee 


type (kı, ka, > >, ha), where the k's are arranged in ascending order of 
magnitude, then the number of cyclic subgroups, of order p* in G is 
l E, p> — 


n pes ` 
p-1 | 

(1) | 

where d= Bhat <b 

; pasion Two cyclic subgroups of sales p* are called isomers in 

G if a generator of one group is the product of an element in G of | 

order less than p* and a generator of the other group. 


The number of elements of order not greater than p* in G i is easily 


seen to be 


pome, d 


“a 


a defined asin (1). From Lemma 1, the number of elements of order p* 
is ' à 


pr — ee E 
pemn anhe. pp — 1) = = (p _ Dee en es ; 


Fe 
‘Hence ae E of ‘elements of order i than pis 
pis gma — 1) pD OHE a D 


i 


Received by the editors Febriary 12, 1947, and, E revisod formi, Apeil 21, 1947. 
Be Monbar in bric keisraer to thio he cea or tieead DE the pape 
2 [1, p. 259]. We state this here as Lemme 1. 


~ +. 923 
X i ` 
T. Ve 
+ = 
oo. 
if 


N 


~~ 


324 YENCHIEN YEH {April 


A cyclic group S of order p* contains p*“ elements of order less than 
p*, hence corresponding to a given generator g of S there exist just 
p*" elements of order p*, each of them is the product of g and af ele- 
ment of order less than p* in S. We have therefore the following 
lemma. 

LEMMA 2. Every cyclic subgroup of order p* has 

piers (Ite 
pe 

isomers in G (including itself). 

It is clear that the product of two cyclic subgroups of order p* is a 


group of order ~* if and only if these two cyclic subgroups are not 
isomers. 


xa pmi) (h—1)t+e 


THEOREM. Let G be the prime power abelian group as in Lemma 1. 


2) him ham ooo m hm D Aa E O Aaa D 
> hartar mpa E m barar my ; 
where mtmt -+-+m,=mSn are m postive integers not greater 
than ka, with ky, <hr Sky (1, 2,--+-,m; ko=0). Then the num- 
ber of subgroups of tybe (2) is given by 
= ' - ™ 
(3) PT ome — )/ Ie - 0 
z 1 i 


pml yml 


where 


H m eee ET, E 


1 m Z 
E E 


fmi poof} 


Proor. We prove this by induction. For m = 1, 


Hanan DaDa De 
pO 


Ih (ete — 1) = pr — 1, Tll@-)=~-1,- 


t=1 pm] pæl 


(3) reduces to (1), the theorem is therefore true by Lemma 1. 
Assume it to be true for the integer m, then the number of sub- 


~ 
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groups of type (2) is given by (3). Let kwp: be a positive integer less 
than 4, the number of cyclic subgroups of order p*=*+! ig 
pyre — 1 
p-i 


where ky, Simti Sawa From Lemma 2, every cyclic subgroup 
of order p**+ has ) 


: Part1 
pTI) H, ba >° kps 
z—6 


p Twt) (artt DH 


isomers in G, ‘hence there are 
pmi 
z= 


sets of isomers of order p*™=+! in G. With the same reason, we see that 
the number of sets of isomers of order p*«+! in a group of type (2) is 








pood pD wtr 1) / p (a1) Cwrt 1) e o = M 
J] p-1 
. (Fati = 0, since Ampi < An). 
Now, let G* be a subgroup of type (2) in G, let Sy, Ss, © +, Su be M 


cyclic subgroups of order p**+! in G* such that no two of them are 
isomers in G* and, a fortiori, no two of them are isomers in G. The 
product of G* and any cyclic subgroup S in G, which is an isomer of 
a certain 5,, is a group of order less than 


wit 
p's om Dike 
Prom | 

The number of such subgroups S is easily seen to be 

pn — 1 

fn 
(when mn — Pye, this represents the number of all cyclic sub- 
groups of order p*=+! in G; when m>”—pr.41, subgroup of type (2) 
does not exist at all). With the exception of these cyclic subgroups, 
the product of any cyclic subgroup of order p*=+! (in G) and G* is a 
group of order p°, type (Ai, fa, >- +s Am, Ati). 
_ On the other hand, every group K of type (Ai, Aa, ©- +, ha, Amit) 


contains p™*=+1 subgroups of type (2). One can find the proof of this 
in [2; p. 366]. Or, using directly formula (3) (since the theorem is 


` 





pen) (hati IH 
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assumed to be true for the integer m), we have here 


H = $ (m +2 — ri — 2h — 1) , l ri 
f1 x z 8 
i 
+> (mi tome too Hmm) 


PODEN timp T N tangy EEE 
ml , 
+ Mha + hma) l 
= — MaMa Beri, — 1) — mlm + ma) kmita — 1) — ce > 


' 2 i 1 ‘ 
-O (R — Me) Ube = 1) b= (mich os tome = e) bh 


- 


r—1 : 
a D h(n thet my F +++ + Meha) 
pmi pi 3 


1 1. 
— the 11 Baa a A 


$ 
` 


= M Aati 
and -~ E , i ; | ? 
Tose 9 / Iie- 
fom]: p=] pl 
hence the result. l 
Now let H; Ha, ---, Hy (N = p™et:i) be the N subgroups of type 
(2) in K, let ` 
K=<H,XL, (y = 1,2,---, N) 


where L, is a cyclic subgroup of order p**+ with generator h. In 
every H, there are p™«+ elements of order not greater than'p4s+, 
SAY gri gi, °° +, Sew. Lhe Nelementshg,,(u~1,2,---+,N) generate 
N different cyclic subgroups Ly, Dna, +++, Lyn of order p***+ such 
` that : , 


H, X Lay = H, XL, = K ' (™=1,2, N). 
Hence every group of type (Ji, ha, - ++, Ae, Am1) can be obtained - 
by p™=+ cases of direct production of two, groups of type 
(hy, Aa, + > >, ha) and (kapi) respectively. The number of subgroups 
of type (Ai, As, + + +, As, Amis) in G is therefore ° 


¢ 


@ 


7 
E] + 
- 
Coad + 
~ 
4 
a 
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preen Sira 1 _ $" — 1 
„i BrEA pri) (imti) [pmr 
ġ—1 p-1 
mò ph trti 
wx Ra $ Q i D, flere D (het tee 
pei l 
(4) pene etl — 1 ey 
= Ra p mirit (1) ) CHIE a (1) 7) 
: p-1 b 
i To a a 
m Rati a b = 2 hy, 


where Re denotes Formula (3) for subgroups of type (2), Ræ- denotes 

the same formula for subgroups of type (A1, +) -e e, Ay, Bagi). . 

When Aat" he, every group.of type (Ai, As, + +, hw Ampa) Contains 
PEE pits 





- pol ` 
subgroups of type (hs, hy, + +s, tn)» so it can be obtained by 
pati — 1 ge prt — 1 - i 
` o o eee pae e PUL pinima r 
Ae 3 PS oe p—i 
cases of direct producen, Hence instead of (4) we have 
~ nae mti — | SSE 
R.’ AR BA permenon ree a 
$—i , 1 
paete paese 1 
m Ra - PAH AD aD Comet A CO -25/3 
prH 1. ; k : 


we RE - 
. 
? ~ 


` m Rapu 
which represents Formula (3) for subgroup of type (hi, Aa, - 


hm, Bes), When hati he. 
The theorem is therefore proved by induction. 
1. G. A. Miller, Number of the subgroups of any abshian group, Proc. Nat. Acad. 
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SYMMETRY OF ALGEBRAS OVER A NUMBER FIELD 
SAUNDERS MacLANE 


1. Introduction. If the field N is a finite normal extension of the 
field k, and if K is a normal subfield with NDK Dk, a fundamental 
theorem of Galois theory asserts that every automorphism A of K over 
k can be extended to an automorphism of N. As Teichmüller in [7]? 
and Jacobson [6, p. 36] have shown, the development of a Galois 
theory for a simple algebra A with center K leads naturally to a 
related question: can a given automcrphism A of K be extended to an 
automorphism of the algebra A ? In the event that all automorphisms 
A of a finite group O of automorphisms of K are so extendable, we say 
that the algebra A is Q-normal. Since any total matric algebra over 
K is Q-normal for any Q, it follows that any algebra A similar toa 
Q-normal algebra is Q-normal, and hence that *Q-normality” is a 
property of algebra classes. Furthermore, if & 1s the subfield of all 
elements of K invariant under each automorphism à of Q, any simple 
algebra B with center & yields a scalar extension Bx with center K 
which is Q-normal. The algebra class of any Bx (that'is, the algebra 
classes obtained by scalar extension from k) may thus be termed 
irivially O-normal. The further investigation of these properties thus 
raises the problem: are there any algebras which are Q-normal but 
not trivially so? 

If KDk are p-adic fields, Kdthe [5] has shown that every algebra 
class over K may be obtained by scalar extension from &, so that in 
this case all Q-normal algebra classes are trivial. If K is an algebraic 
number field, he shows that there are algebra classes over K which 
cannot be obtained by scalar extension. If Q is cyclic, and if K is an 
algebraic number field, Deuring [2] showed that every Q-normal 
algebra class is trivially Q-normal. By using three-dimensional co- 
cycles, the same results may be preved for Q cyclic and any field K 
(Teichmüller, op. cit. p. 149 or EFilenberg-MacLane [3, Corollary 
7.3]). In case Ọ is not cyclic, the answer to our question apparently 
depends on the arithmetic properties of the field K. In case K is an 
algebraic number field, the algebra classes can be described com- 
pletely by the usual arithmetic invariants (cf. for example, Deuring 
[1, chap. VII]). Using these invariants and. the above facts about 
the cyclic case we obtain in Theorem 3 a complete description of the 

Presented to the Society, September, 5, 1947; received by the editors June. 20, 
1947. 

? Numbers in brackets refer to the bibliography at the end of the paper. 


328 


SYMMETRY OF ALGEBRAS OVER A NUMBER’ FIELD 329 


group of nontrivial Q-normal algebra classes over a number field. In 
particular, the existence of nontrivial Q-normal algebras follows (§5), 
for Q a four group and K a suitable field. In view of the poasibility, 
of describing Q-normal algebras by cocycles [3, 7] this also shows that 
there exist three-dimensional cocycles of Q in K which are not co- 
boundaries. 


2. Invariants of scalar extensions. A simple algebra B with center 
an algebraic number field & has for each finite or infinite prime divisor 
p of k (that is, for each' valuation of &)-a rational number (B/p) 
(mod 1) as local invariant. It is known (cf. Deuring [1, p. 119]) that 
the mapping l 


B->{.--,(B/p),-++} 


yields an isomorphism of the group of algebra classes over k into a 
subgroup of the direct sum of groups of rational numbers o(p) mod 1, 
with one summand for each p. The isomorphic image consists of those 
elements {p(p)} in the direct sum such that: . 

(1) only a finite number of p(p) are #40 (mod 1); 

(2a) if p is a real infinite prime divisor of k, 2p(p) m0 (mod 1); 

(2b) if p is a complex infinite prime divisor of k, p{p) 0 (mod 1); 

(3) Di»o(b) 0 (mod 1). 

(The third condition expresses the reciprocity theorem in terms of the 
invariants of an algebra.) 

Consider Q, a finite group of automorphisms of the algebraic num- 
ber field K, and &, the subfield of elements of K invariant under Q. 
Each prime divisor p in k has S=S(p) factors Pa ---, Pain K, 
and these prime divisors P; of K are all conjugate under automor- 
phisms of Q. The complete field Kp, of K in the valuation associated 
with P; is a finite extension of the complete field kp. The degrees 
[Kp,:2,] of these extensions are equal, fori=1, -- +, S. This degree 
M(p), called the local degree of ~, satisfies 


(4) M(p)S(p) = n = [K:k]. 


For any algebra B over k, the scalar extension Bx to K has as invari- 
ants 


(5) i (Bx/P:) = M($) (B/9), : P| $ 


(cf. Deuring [1, p. 113, Theorem 4] or Köthe [5, Theorem 3)). 
We introduce the integers 


(6) s=g.c.d.S(), m = ].c.m. M($), over all ġ. 
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Then (4) gives n=sm. 


Lemma. The algebra class of A over K can be obtained by scalar ex- 
A I E E ey ener a 
snvarianis (A/P) of A satisfy ike conditons 


(i) | (A/P) m (A/P) for P, P! conjugate over k, 
(ii) X (m/M($))(A/P) = 0 (mod 1), Pl p, 


where the sum ts taken over all p of k, using some one factor P in K for 
each b. 


Proof. First suppose that the class of A ia that of Bx. Then 
(A /P)«(Bx/P) (mod 1), and condition (i) follows from (5) above. 
After choosing some rational number (A/P)/M(p), the invariants of 
B must be 
(7). (B/f) = (A/P)/M(p) + i(9)/M(¢) (mod 1), P| 4, 
for suitable integers +(~). Since 2(B/P) mQ (mod 1), summation of 
(7) over all p and multiplication by m gives (ii). ; 

Conversely, given an A which satisfies (i) and (ii), use (7) to define 
the invariants of a prospective algebra B. Such an algebra will exist, 
provided only that >°(B/p)=0 (mod 1). By (ii), 3°(4/P)/M(p) is 
a rational number with denominator m. By suitable choice of integers 
ilb), the (finite) sum > 4(p)/M(p) can be made equal to the negative 
of this quotient. The algebra B which thus exists has (Bx/P) (A/P) 
by (5) and (7), hence the class of A is obtained by scalar extension. 


COROLLARY. If Q is cyclic, condition (i) of the lemma may be 
-Proor. Let à be a generator of the cyclic group Q. The Tchebo- 
tareff density theorem (Hasse [4, p. 133]) shows that there is a prime 
ideal p in k which has its decomposition group in K generated by X. 
This prime p is then unramified and undecomposed in K; hence 
M(p) =n and m=n. Thus m/M(p) = S(), and in this case condition 
(ii) reduces simply to the condition (3) which must be satisfied in 

any event by the invariants of A. 

3. Conditions for O-normality. 

THEOREM 1. The central simple algebra A over K is Q-normal if and 
only if, for every automorphism AEQ, the algebra class of A can be ob- 


tained by scalar extension from an algebra class over Ky, the subfield of 
elements of K fixed under À. 


af 


1948] SYMMETRY OF ALGEBRAS OVER A NUMBER FEID . 33331 


The proof does not require that K be a number field. In case A is 
obtained by scalar extension from an algebra B over Ky, the auto- 
morphism À can clearly be extended to Bx and hence also to the simi- 
lar algebra A. This gives the required Q-normality. Conversely, the 
Q-normality of A implies that A is normal for the cyclic subgroup 
generated by A. But, by the result quoted in the introduction, every 
cyclically normal algebra class is trivially such, so that the algebra 
class of A can be obtained by scalar extension from Ky, q.e.d. 

The condition for normality over a number field now takes the fol- 
lowing very simple form. 


THEOREM 2. The algebra A ts Q-normal if and only sf tts invartants 
satisfy the condition (A/P)=(A/P') (mod 1) for every pair of prime 
divisors P, P’ of K conjugate under Q. 


Proor. Assume that A is Q-normal. Given conjugate divisors P, P’, 
select a AGO mapping P into P’. By Theorem 1, the algebra class 
of A is obtained by scalar extension from an algebra By over Ky. 
Since à maps P into P’, P and P’ are both factors of the same prime 
divisor p, in K,. The condition then follows from the corollary in §2. 
The converse proof is similar. 


4, The group of normal algebra classes. 


THEOREM 3. The group of O-normal algebra classes over K, modulo 
the subgroup of those algebra classes which are trivially Q-normal, is a 
cydic group of order s, where s=g.c.d. S(p) ts the greatest common 
divisor for all p of the numbers S(p) of distinct prime factors in K of the 
prime divisors p of k. To calculate s from the S(p), tt suffices to consider 
only the finite primes (that is, the prime ideals) of k. 


Proor. Consider first the last remark. An infinite prime divisor 
Po has S(p,.) =n factors in K unless »em0 (mod 2), pe is real, and its 
factors P,, in K are all complex; in this case S(p.) ="/2. By the 
Tchebotareff density theorem, there then exists a prime ideal P in K 
with cyclic decomposition group of order 2, so that S(p) =n/2 for 
P|, and S(p.) may be omitted in forming the g.c.d. 

For each Q-normal algebra A, define 


J(A) = m}, (4/P)/M($) (mod 1), P| p, 


a 


where P is any one selected factor of pin K. Since ms =n, 
sJ(A) m 2, (A/P)[»/M(p)] = D1 S(p)(A/P) m È (4/P) = 0, 
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hence J(A) is a rational number with denominator a factor of s. 

Conversely, let t/s be a given rational number, where ¢ is an inte- 
ger. Since s is the g.c.d. of the S(p), we can find a finite number of 
finite prime divisors pı, ---, pe with integers w, such that 


fs ma Dy be (Ps): p * 


In particular, >> (u;/s)S(p,) m0 (mod 1); hence there exists an alge- 
bra A with invariants 
(A/Pi;) = m/s for each P;, with P.;| pi. 


By construction, A has equal invariants at conjugate divisors, hence 
is Q-normal by Theorem 2. Furthermore 


J(A) = mÈ ui/(sM (p:)) m (m/sn) 2, S(p) 
m fon / m im/ms wa t/s (mod 1). 


Thus J(A) may be any rational number with denominator s. 

Therefore J is a homomorphic mapping of the group of Q-normal 
algebra classes onto the rationals with denominator s, mod 1. By the 
lemma, the kernel of this homomorphism is precisely the subgroup of 
trivially Q-normal algebra classes; hence the theorem. 


5. Construction of examples. By Theorem 3, the construction of 
nontrivial Q-normal algebras requires only the construction of a nor- 
mal algebraic number field K over some k with s>1. For example, 
it would suffice to have K with the four group as Galois group such 
that every prime divisor in & has at least two (and therefore either 
2 or 4) prime divisors in K. In other words, one must find a K in 
which the factorizations =P‘, p= P?, and p= P are impossible. In 
the third case, the Galois group of K over k would be the group of the 
local extension K,/k,;, which is cyclic, and not the four group. There 
remain only the ramified cases p= P', p= P’. 

Consider K = R(13"3, 17"), where R is the field of rationals. By 
considering the possible inertial groups of a ramified prime, it follows 
that any.ramified prime must be ramified in at least two cyclic sub- 
fields, and hence that 13, 17 are the only (finite) ramified primes in 
K. But 13 has two distinct factors in R(17?) and hence in K, while 
17 has two distinct factors in R(13”"%), and hence in K. Thus in both 
cases p=(P,P;)*, and s==2 for this feld. There thus exists one non- 
trivial Q-normal algebra over this field. A similar result holds for 
R(2"?, 17/2), and so on. l 
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DETERMINATION OF ALL CLASSES OF POSITIVE 
QUATERNARY QUADRATIC FORMS WHICH 
REPRESENT ALL (POSITIVE) INTEGERS! 


MARGARET F. WILLERDING 


1. Introduction. It was apparently known to Diophantus and first 
proved by Lagrange [8]? that the form x?-+-y*+-s!+ 4? represents all 
positive integers. Examples of other integral forms 


HED P =x gx? -+ by? + è -+ dw} 


which represent all positive integers were first obtained by Jacobi 
[4], Liouville [9], and Pepin [13]. Ramanujan [14] proved that there 
are only 54 sets of positive integers a, b, c, d, such that (1.1) repre- 
sents all positive integers. Dickson called all such forms universal [3]. 

Among the 54 universal forms of type (1.1) the form a al . 
+144? has the largest determinant, 112 [1]. 

It is of interest to ask what would be the largest determinant of the 
universal form if we should allow cross product terms. If we should 
consider forms whose cross product terms may have odd coefficients 
then the value of the determinant may not exceed 861 [17], and is of 
that order of magnitude. If, however, we should consider only the 
so-called “classic” forms, that is, forms whose cross product terms 
have necessarily even integral coefficients, then we find the value of 
the largest determinant of such universal forms is, remarkably 
enough, again 112 [15]. 

The number of universal forms without cross products, whose 
coefficients are arranged in the order of increasing magnitude, is 
equal to 54 [2]. Since such forms are reduced forms we may rephrase 
this result to say that the number of classes of forms which are 
equivalent to a form without cross products is equal to 54. 

Pursuing this idea further we may ask what is the number of classes 
of classic universal forms, or extending still farther the set of ad- 
missible forms, we may attempt to determine the number of uni- 
versal classes of non-claasic integral forms. In the last case this num- 
ber is very large as one can see from the work of Morrow [10]. How- 
ever since in the case of classic forms the upper bound for the de- 
terminant is small (112), one should expect that the number of pni- 
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versal classes of classic forms would not be large. It is of interest, 
therefore, to determine this number exactly. 
Employing an extension of the method of Ramanujan we find: 


THEOREM 1. There are exactly 178 classes of universal classic postive 
quaternary quadratic forms [18].* 


2. General theory. It was shown in [13] that every classic uni- 
versal quaternary quadratic form is equivalent to a quadratic form 


4 
(2.1) feddsont> Gijzizy = s1 + (aa, %3, T4) 
a d, rmt ! 


where the ternary form ý (xs, x3, x4) is a reduced positive ternary form 
of determinant less than or equal to 112. 

Jones’ table [6] of these forms shows that there are 1046 such forms 
and gives the first rough upper bound for the number of classes of 
classic universal quaternary quadratic forms. 

To obfain the exact count of the number of universal classes ane 
must examine each one of these 1046 forms. Many of these forms are 
eliminated immediately by showing that they do not represent some 
small integer. Forms which pass these tests are scrutinized more care- 
fully and submitted to more powerful number theoretic tests for prov- 
ing universality. To prove the remaining forms universal it was 
necessary to use three somewhat different methods. 


3. Tests for universality: Method 1. The first method proceeds 
essentially as follows. We complete the squares in the form (2.1) by 
multiplying f by a suitable integer # in such a way that if F= nf repre- 
sents all positive integral multiples of #, then f represents all positive 


' ` integers. 


Let S be the regular or almost regular ternary section of F which 
represents all positive multiples of # not of a certain form Q, Q being 
the arithmetic progression associated [2, 6] with S. We write 
F= S+. Now if it can be shown that for every integer of the form 
Q, S represents Q—cxy for a suitable value of x, and the given value 
of c, then F represents Q and therefore every positive ji multiple 
of n. Hence f is universal. 


4. Tests for universality: Method 2. In case the form yw in (2.1) 
is a regular ternary form [16] one may proceed very much as in the 
first method. Since y is regular it represents all positive integers not 


? A table of these forms may be found in a more complete version of this disserta- 
tion deposited in the American Mathematical Society Library. 
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of a certain form Q, Q being the arithmetic’ progression associated 
[2, 6] with y. Now if it can be shown that for every integer of the 
form Q, represents Q—x;, for a suitable value of x, then f repre- 
sents Q and all positive integers. 

5. Tests for universality: Method 3. In some forms due to the 
irregularity of ¥ or the ternary sections of the corresponding F form, 
or because the representation of positive integral multiples a:n of n 
by F=nf does not insure an integral representation of a by f, uni- 
versality is tested by a different method. 

In this method two ternary forms 5; and $ are obtained by the 
substitution «= Hy where H=[h,,|,4=1, 2, 3,4;j7=1, 2, 3. 

By referring to a table giving the -generic characters of such 
ternary forms [11] or by computing the generic characters in the 
cases of the improperly primitive forms it is possible to determine 
whether or not the ternary sections 5; and Ss are in a genus of one 
class. Since such forms are regular [7], it may be concluded that 
S; and S are regular. í 

The progressions associated with S, and S, are compared [16]. If 
the integers excluded by the progressions for $, are represented by Sy 
and those excluded by the progressions associated with S+ are repre- 
sented by S, it follows that f represents every positive integer. 
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QUADRATIC FORMS OVER FIELDS WITH A VALUATION 
WILLIAM H. DURFEE 


1. Introduction. The problem of the representation of a number 
by a quadratic form and of the equivalence of two such forms has 
been solved by Hasse [2, 3, 4, 5]! for the case where the coefficient . 
field is the field of p-adic numbers. In this paper we consider the prob- 
lem more generally for forms over any field with a non-archimedean . 
valuation subject to the restriction that the field is complete with ' 


respect to the valuation and that its residue-class field has char- oe 


acteristic not two. A complete solution is not obtained except under’ 


certain further restrictions described below, but the general problem °° 


is shown to be reducible to the case where the forms in question have ~ 
unit coefficients, and to be equivalent to the corresponding problem’ l 


- < , previously studied by the author [1] for forms over valuation rings. 


It is also shown that a form with unit coefficients represents zero if - - 
and only if the image form over the residue-class field CEDE EG l 
zero, and similarly for the equivalence of two such forms. , .. 

In the latter part of the paper we obtain a complete selytion fees 
forms over certain special fields. The Hilbert norm residue symbol is 
. introduced and conditions are given under which the Hasse function 
c(f) is invariant. With its aid the necessary and sufficient conditions 
of Hasse, expressed, however, in an improved form due to Pall [7], 
for the representation of zero and the equivalence of two forms over a 
p-adic field are shown to apply more generally to forms over any com- 
plete field with a valuation for which the residue-class field ia finite 
and has characteristic not two; for example, the field of formal power 
series over a finite field of characteristic not two. We give a new. 
proof of the invariance of c(f) which is shorter than that given by 
Hasse. 


2. Definitions and notations. Let f=)" aye; be a quadratic 
form whose coefficients a,; are in an integral domain D. Let D’ be 
any integral domain containing D and m any element of D. f is said 
to represent mover D' if there exist a, in D’ (¢=1, 2,+--,), not: 
all zero, such that > a:jc;aj=m. If m=0, f is called a sero form over 
D’. Let gm > *bigy.y; be another form over D. f is said to be equivalent 
to g over D’, written fœg, if there is a linear transformation 
T; =m 2a Pid (=i, 2,° t3 n), Py in D’, which carries f into £ 
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and such that the inverse transformation exists and has all its coeff- 
cients in D’. When explicit mention of D’ is omitted it will be under- 
stood to be the same as D. The order na of f will be denoted by #(f). 

It is easily shown [9, Theorem 15] that if D is a field the problem 
of the representation of a nonzero element by a form of order n is 
equivalent to the problem of the representation of zero by a form of 
order #+ 1. In view of this and since we shall be working for the most 
part with fields we shall consider only the latter problem. 

We shall assume that all forms used are nonsingular. When we write 


| f+g for the sum of two forms it will always be understood that f and 
‘g have no variables in common. 


_ Im this paper we shall take D to be either a field K with a non- 
‘archimedean valuation V ‘which is complete with respect to this 


„ - Valuation and such that the characteristic of the residue-class field 


K is not two, or its valuation ring R. Thus we can assume all forms 
symmetric, that is, a,;—a,; for all + and j, and each equivalent to 


_ some diagonal form [1, Theorem 1]. (For an exposition of the general 


‘theory of valuations see [6, chap. 2] or [8, chap. 10].) 
Use will often be made of Witt's cancellation theorem [9, Theorem 


" 4] which says that if f, g and A are forms over a field of characteristic 


not two, then f+g&f+hA implies gk. This was extended by the 
author [1, Theorem 5] to forms over the valuation ring R. 

The form (x}—24)+(4—aD+ +++ +(*3.1—-) will be denoted 
by Hy. Then Ai&aH, over the field K for any nonzero a in K [9, 
p. 34], and Witt showed that every zero form f could be expressed as 
fozf*-+H, where f* is either vacuous or a nonzero form unique to 
within an equivalence [9, Theorem.5]. If fH, we shall call f a 
totally sero form. We shall frequently omit the subscript on H when 
there is no ambiguity about its length. 


3. Forms over flelds with a valuation. We shall now suppose that 
the domain of coefficients of our forms and transformations is the 
field K. & will denote the homomorphic image in K of the element a 
of R. i 

DEFINITION. If & is an even integer, by f&g-+-H, we mean f&g+ Hy 
if k>O, fxg if k=0, and g&f+A_, if k <0. 

LEMMA 1. f~ eA n+ay) af ana only tf fS=g-+ Hana): 

Proor. Suppose nf) anle). If f—g=Aainaay, then 

f- et eft Hm Sg + Anyyince 


Cancelling an Hs. from each side gives us the desired result. Con- 
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versely, if fp +H then 
f= SET Hayy—aco) ad e Hai—aie) T Hnes) = Aada) 
A similar argument disposes of the case n(f) <n{g). 


LEWA 2. If f= YY avd, ai in K, is a sero form with Y3 aol =0, 
which has no sero subform, then Vah = Vajog for al i and j. 


Proor. None of the æ, can be zero since f has no zero subform. Re- 
arrange the terms of f so that ` 


ag 4 3 a 4 
Vaya = Viras = ++: = Vaa, < V artir S-°°S Vana 
Then , y 


V (aya T dsan +. ee yeep) = V (Grp10r4 a E is Gnat) > Vaa. 


Let b=aya3+ - ++ +a? (b exists since we must have r22 for f to 
be a zero form). Hence V(1+day'ay*)>0 and V(bay'ay7) =0. This 
implies that the equation i 


yi + bar lær? = = 


over K has the solutions +1 which are distinct since the character- 
_ istic of K is different from two. By the Hensel-Rychlik theorem the 
equation we ‘x77=0 has a solution § in K and therefore 
a;(a48)?+-a,a3+ --++aa?=0. Since f has no zero subform we 
must have r=n. 

DEFINITION. Let a and b be nonzero elements of K. Then a and b 
are congrueni, written amh, if there isa unitu of R such that abu. 

DEFINITION. A diagonal form tap? will be called a unti form if 
Va;=0 for all ¢. 

DEFINITION. A form of the type F 4ibıfı where b;94b, for i=4j and 
each feis a unit form, is called a standard form. 

Every nonsingular diagonal form over K is equivalent to a stand- 
ard form under transformations of the type x, b.y, and a rearrange- 
ment of terms. 


THEOREM 1. A standard form f= $ 3., aif; over K is a sero form if 
and only tf ai least one of the fi 4s a sero form. 


° Proor. Suppose f ie a zero form. Let g be a zero subform of f which 
does not contain a proper zero subform. g may possibly be f itself. 
Write g as g= > a,g;, where the a; are certain of the a, and each g; 
is a subform of some f, such an f, contributing only the one sub- 
form g;, if any. Let g,= > ajith, Vaj,~=0 for all j and k: ‘Then 
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$a, > ah) =0 for some ay in K. By Lemma 2, V(a,na3) 
= V(deGnic%,) for each j and m. Therefore a,@a.. But, since f is a 
standard form, this can happen only if m =j. Hence g must be a sub- 
form of some aif; and this f, will be a zero form. The converse is ob- 
vious. 


COROLLARY. A standard form f= > 1_,a,f, over K is a totally sero, 
form tf and only if each of the f: is a totaly sero form. 


Proor. By the above theorem at least one of the fa say fi, is' a 
‘ zero form and therefore mfia fi tH. Since fH&Hay we have . 
afi+Hit > af, =H.. Cancelling an Hs from each side leaves us 
afi+ zaf. >H. By repeating the argument we have eventually 
fı Hayo for all ¢. 

In certain important cases, such as p-adic fields, p an odd Brine: 
K has the property that ax*+ by* represents 1 whenever Va= Vb=0. 
When this is true we have the following simple criterion for the repre- 
sentation of zero by a given form f. 


THEOREM 2. If K has the property mentioned above, then the diagonal 
form f represents sero tf and only +f t contains a binary subform ax*+by" 
wih —aba square in K or a ternary subform ax*+-by'-+cs* with ambet., 


Proor. By transformations of the type x, =d,y, and by a rearrange- 
ment of terms we can express f in a standard form fc } 3b,f,. lf f is 
a zero form, then by the preceding theorem some f,, say fı, is a zero 
form. If fı is the binary a’x*+-5'4*, we must have —a’b’ a square and 
hence if ax*+ 67° is the corresponding binary subform of f, —ab is 
also a square. If fı has order greater than two, it has a ternary sub- 
form arite t e with Vc,<0 which by our assumption on K 
represents zero. Since the bic; have equal values the corresponding 
coefficients of f are congruent to each other. Conversely, if —ab is a 
square for some binary subform ax?+ by of f, this binary, and hence f, 
will represent zero. If the ternary subform g=ax?+dy"+cs* has 
aembec, then b=au,ci and c=angcy for some units “, and ta, and 
hence ga(x?-+ uyt + 4s"). Since the ternary in the brackets repre- 
sents zero 8o does f. 


THEOREM 3. Lei f= > ‘taf, and g= > ibg; be equivalent standard 
forms over K. If for a given a, there ts a b; such that a,exb,, then thas bj 
ts unique and f,u,g; +H, where u; is the unit defined by b;~a,0u;. 
If there is no such b,, then f, 2H, and similarly tf, for a given ba, by 
ar for alll, then gH. 


Proor. If there is a b; such that a;mb,, it must be unique since the 


+ EY 
as * £ Te 
. i pa i - , 
` 


. ~ + 
iS 7 * ` 
` bd S. 
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? ty t E *s : > t x = = 


- 


relation of congruence is transitive. Rearrange the terms of f and g 
so that a;b, (i= 1, 2, ---, £), myáb; (4, j >t). Then, using Lemma 1, 


Hf — gD alle og) +E afit E dats 
7 t Hi 


By -the corollary to Theorem 1, h- dug œH- (i=1, 2,7,9, 
fie =—i+1,---,7), gH Gmt+i,---,s). By Lemma 1 
fang tH Suig +H (orf, sy fey t). 

„As a converse of this theorem we have the following theorem. - 


`. THEOREM 4, Let f= Stash and g= 9 'byg, be standard forms over 
a f ts equsvalent to g if | e a 

-O Parf). Ling), ' 

| (ii). amb; implies f:=ug +H Aayy—ats, where uz ts the unti defined 
a by ati, 

(i) for a given au, aiyéby for al j implies fay, oid fr a given 
y bm barha for all l implies gH aup 


PROOF. F the terms of f and g ao that mg 


x 2,18), aps (6, j>). Then 
Ji S uig: + Hag, acs) G- Lan. -«+ 8, 
f= Hagop and gy Anis, l l (5, j > $). 


r t i j 
> tifi = > (Gss8 F BiH ay.) —n(9,)) -+ > GAs.) 
1 1 ` +1 ` 


t r t i 
x F bs + L Hayy + È Hace, - 
1 1 1 


IR 


a i t 
bigi + a bHan + 2. b;H—acs,) 
1- l 


bigi + 2 biH ace;) 


IR 


5 
` 


>> bigi + È bÈ bate 


For fields K in which it is cial to tell whether or not any two 
given elements dre congruent, Theorems 1, 3 and 4 reduce the prob- . 
lem of the representation of a given element in K by a given form and 
of the equivalence of two forms to the case of unit forms. In an 
earlier paper [1, Theorem 4] we performed a similar reductiom for 
forms over valuation rings. We shall now show that the two prob- 


~ 
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lems are equivalent by proving (Theorem 5) that two unit forms are 
equivalent over the field K if and only if they are equivalent over the 
valuation ring R. 

First we extend to forms over valuation rings some of the ele- 
mentary properties of forms over general fields. 

If f and g are forms over R, then fœg will mean that f is equivalent 
to g over R, while fg will stand for equivalence over K. 


Lemma 3. If f= > "a, Var=Va;20 (al i, j), represents sero” 


over K, and b is any element of R for which Vb= Vay, then fbyi — by 
+b(ya Yu ++, Ya), Where $ ts a quadratic form over R. Hence f repre- 
sents b over R. 


Proor. Let > aa?=0, a; in K. We can assume that Va;20 for 


ka 


all ¢ and that some a,, say a1, has Væ, =0. Since f is a zero form, some - 


other æ, say œs, must also have Vas =0. The transformation over R 


ay ™ qii ty = af, + k (i =-2,3,-+-+, #) : 


_ is unimodular and carries f into 
(1) weg 251), Gass + >, ayt. 
imt i= 


Next apply the unimodular transformation 


w= sp, web diaas, Mes (i = 3, 4, < +3 9) ` 
j=ł 


which takes (1) into 


, $ 2 2 a 
(2) bos (22; + ; : ws — 2 >; oats + bla, We ttt, Wx), 
Ar Grs j=l é 








where œ is a form over R. The unimodular transformation 








b 2-a , 
0 = 2w, + —r m — —r Dae, yam (§ = 2,3,---,n) 
F Gya Grr jmt 
carries (2) into 
(3) l bons + los, Vi ttt, va). 
Finally the unimodular transformation 
neyt ys, men, nmg  (i=3,4, >,a) 
will take (3) into byi — bato, e fy Yn). 
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Lemma 4. If f= Drag, Va; = Va;20 (al 4, J), represents over K 


any b for whick Vb= Va, then f represents b over R and fœbyi 
+W(y2, Ya +++, Ya), Where Y ts a quadratic form over R. 


Proor. 'Let 2 aœ =b, a in K. Then $ ap — bs is a zero form 
over K, and by Lemma 3 


2 3 2 2 2 
>, ax, — bs = by — bs + Yn ys, °° >, Ya). 
ton 1 
By Witt’s theorem for forms over a valuation ring we can cancel 


— bs" from each side giving us f~byi t+ (ys, Yc Ya). 


THEOREM 5. Two nnt forms are equivalent over K ond only ithe 
are equivalent over R. 


Proor. The condition is obviously sufficient. Let the two forms be 
f= Das and g = > biti, Va; = Vb; = 0 for all ¢, 
tm foun] j 


and assume fS¢g. We shall use induction on the order n of f. The 
theorem is true for unary forms. Suppose that it is true for forms of 
order n— 1. Since f represents a; over R, g represents a, over K and 
by Lemma 4 


2 2 a 
E= Gt + Dim 
i=? 


for some ¢;. Since the values of corresponding terms are invariant 
under a transformation over R [1, Lemma 2], Vce;=0 for all 4. Ap- 
plying Witt’s cancellation theorem for forms over a field we have 


= 2 = 3 
Yan) ar 
in? ind 
which with the induction hypothesis gives us 
San DY ar. 
t= 4 tuna 2 


From this it follows that fg. 

We shall now show how the equivalence of two unit forms and the 
representation of zero by a unit form are connected with correspond- 
ing problems for related forms over the residue-class field. 

Iffisaform > taxi over R, then J will stand ane eee 
over the residue-class field E. 
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THEOREM 6. If f and g are unst forms, then fg over K if and only 
if fox? over R. 
A proof of this theorem is given in [1, Lemma 1 and Theorem 2]. 


THEOREM 7. A unit form f is a sero form over K if and only if fis a 
sero form over K. 


Proor. Let f= > tayd, Va;=0, for all ¢. If f is a zero form over K, 
then there are a, in K (¢=1, 2,---+,), not all zero, such that 
>.4a,04=0. We can assume that Va,20 for all ¢ and that some a, 
say æn has Vo, =0. Then > 427=0 with a,>40. 

Conversely, suppose that f is a zero form over X. Then there are 
&, in.K (¢=1, 2,---,), not all equal to 0, such that J ag =0. 
Suppose that Va;=0 (¢=1, 2,---,9r) and Va,>0 for+>r, where a; 
is an antecedent in R of &. Since not all the a, are zero, r & 2. There- 
fore Vma? tat ` - +a) > Vaai, and as in the proof : 
Lemma 2 there is a nonzero ĝ in K such that a;(ai$8)*+a,a3+ - 

+a =0. Thus f is a zero form over K. l 


COROLLARY. If the unt form f SPETA over K any min K for which. 
Vm>min Vaj, where Fach =m, then f is a sero form over K. 


Proor. Let Vo,=min Var. Then J asata) =a m. Vay m) >0 
and hence J äp is a zero form over K. 


4. The Hasse function. The problem of nee when a form 
represents zero and when two forms are equivalent was solved for 
the p-adic case by Hasse. He made extensive use of the Hilbert norm 
residue symbol. We shall show that his results do not depend on 
having a p-adic field for a base but can be extended to any complete 
field with a discrete valuation whose residue-claas field has char- 
acteristic not two, and having the property that the product of any 
two non-square units is a square and that ax*+6y'=1 has a solution 
whenever a and b are both units of R. An example of such a field is 
the one obtained by completing with respect to any one of its valua- 
tions the field of rational functions over a finite field of characteristic 
not two. 

DEFINITION. If ax?-+ by’ is a form over K with a and b not zero, we 
define the function (a, b) to have the value 1 or —1 1 according as the 
form does or does not represent 1 over K. 

It is obvious that (a, b) (bd, a),.(a, —a)=1 and that (a, b) =1 if 
a or b is the square of an element in K. 


LumMa 5. Let a and b be non-squares. Then 
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G) apd implies (a, b) = a 

Gi) andi, b41 implies (a, b) —1 if and only ¿f —ab is a square. 

PROOF. Let fmax'?+5y?—s%. If cb, the only possible standard 
forms of f are lat — s) +3(°), (0° —s*) +4(2") or a(x) +b) + (— 32°). 
By-Theorem 1 if f is a zero form, at least one of the bracketed sub- 
forms must be a zero form. But this is impossible for each of the three 
possibilities. Hence (a, b)=—1. 

If ai, and b541, the only possible standard forms of f are 
a(x tba Tiy) + (—s*) or a(x?) +06") +(—*). If —ab is a square then 
j is a zero form. Conversely, if f is a zero form, then the first of the 
above possibilities for a standard form is the correct one and, by 
Theorem 1, x?+da—1y" mus- be a zero form, implying that —ad is a 
square. 

From now on we shall assume tkat the valuation of K is discrete 
with the integers as the value group. ? will denote an element whose 
value is one. 


LEMMA 6. The product rue (a, 0)(a, c) = (a, bc) holds for all nonzero 
a, band cin K tf and only <f the product of every two non-square unts 
4s a square and Va= Vb=0 implies (a, b) =1. 


ProoF. Suppose that, for all nonzero a, b and c, (a, 6)(a, c) = sla bc). 
If a or b is a square, (a, b)=1. Hence let a and b be two non-square 
units. Chose # such that V!=1. Since Va=V6b=0, tga, thd, tanh 
and, by Lemma 5, (é, a) = (i, b) = (ta, b) = —1. The product rule gives 
us (4, b) (ta, b) = (a, b) 1. Also (t, a) (t, b) = (t, ab) =1, and since triad 
we have by Lemma 5 that ab is a square. 

Conversely, suppose that the product of two non-square units is a 
square and that Va= Vb=0 implies (a, 6) = 1. If (x1, Yı 1) is a solu- 
tion of ax?+by'—s9=0 and (x2, y3, 1) a solution of ax?+cy'—s?=0, 
then (x1—23, Vij, 1—axıx:) is a solution of ax’+dcy'—s?=0. It is 
well known [9, p. 39 | that if a form represents zero with some zero terms 
in the solution, then there i3 a solution in which none of the terms is 
zero. Thus (a, b) = (a, c) = 1 implies (a, bc) = 1. Suppose that (a, b) = 1 
and (a, c)= —i. If (a, 6c)—1, then by the case just discussed, 
(a, bc) (a, b) = (a, c) = 1, a contradiction. Hence (a, dc) = —1. Similarly 
(a, b)= —1 and (a, c)=1 imply (c, bc) = —1. Suppose finally that 
(a, b) = (a, c)™ —1. Then a, b and c are non-squares. In view of our 
assumption that Va = Vb=) implies (a, 6) =1 we need consider only 
the following cases: 

Case 1. Va=0, Vb {= Vc=1. 

Let b=ty, ciw, where Vi=1. Then Vo= Vw=0 and (a, be) 
= (a, ow) 1. : 
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Case 2. Va=1, Vb = Ve=m0. 

bc is a square and (a, bc) =1. 

Case 3. Vam Vb=1, Vc=0. 

Let a = iu, b= iy. Then Vu = Vo=0. (a, b) = — 1 implies by Lemma 5 
that —ab and hence — uv is a non-square. Therefore —svc and —abc 
are squares and by Lemma 5 again (a, bc) =1. 

The case Va=1, Vb=0, Vc=1 is treated similarly. 

Case 4. Va = Vb= Vem. 

Let a=iu, b=to, cmtw. Then Vum Vo=Vw=0. As in the pre- 
ceding case (a, b) =(a, c) = —1 implies that —uv and — uw are non- 
squares. Hence ow and bc are squares, and (a, bc) =1. 


This establishes the product rule. 


THEOREM 8. If K is a fintte field with p™ elements, p an odd prime, 
then the product rule (a, b)(a, c)=(a, bc) holds tn K for al nonzero 
a, b and c. 


Proor. The nonzero elements of K form under multiplication a 
cyclic group of order p™—1. If # is a generator of this group, the 
p" elements of K can be listed as 0, 4, 7, °° -, 9? ~1=1. If an odd 
power of # were a square, then §!7 would exist in K and we should 
have jP = 9 for some 4, 1S4S5"—1. This implies that 7= 7 and 
hence that 24m1 (mod p*—1), an impossibility, since *—1 is even. 
Thus K has exactly 1+(p"—1)/2 squares and the product of two 
non-squares of K is a square. Using Theorem 7 we see that the 
product of two non-square units of K will be a square. Suppose now 
that Va= Vb=0, and consider dx?-+y'=1. x*, and hence ax?—1, 
takes on 1+(p"—1)/2 different values as x runs through all values of 
K. Similarly so does —}y*. Two of these must be equal if we are not 
to have "+1 different elements in X. Therefore a%?+-5'=1 has a 
solution in K which obviously is not (0, 0). Hence by Theorem 7 
axi+ by? = 1 has a solution in K. From Lemma 6 it follows that the 
product rule is valid in K. 

We shall now assume that not only is the valuation of K discrete 
but also that the product rule holds in K. Under these two assump- 
tions it is possible to obtain a complete set of criteria for the repre- 
sentation of zero by a given form and for the equivalence of two forms 
in terms of the Hasse invariants. The conditions are the same as 
those for forms over the p-adic numbers as given first by Hasse [2 and 
3, Theorem 2] and recently in a more convenient form by Pall [7]. 

For any nonsingular diagonal form f= $ tap? we define the func- 
tion, with the values +1, 
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c(f) tas iG dii, d,), 


where d; ™= aif, * - - a if i2 i and de= 1. This function was introduced 
by Hasse, his definition, though different, being equivalent to ours. 
It is easily shown that if f and g are diagonal forms with no variables 
in common that 


(4) olf + 8) = Adl Lel, 
~ where | f | ia the determinant of f, and for any nonzero m 
(5) (mf) = (m, (— 1D] fe). 


THEOREM 9. If f and g are equivalent diagonal forms, then c(f) =c(g). 


Proor. Replacing any coefficient a in f by ac for any nonzero c 
obviously does not change c(f). If we interchange two adjacent 
terms of f, say the jth and (j+1)th, the only change in the expression 
for c(f) will be to replace (—dj-4, d) (—d;, d) by (—dpi, Dy) 
-(—D,, dpa), where Dj=ayaz ++ + G;40;11. If we use the relation 
D,=d,a;,:4;'1, it is easy to show that these two products are equal 
and hence that c(f) is unchanged. By transformations of these two 

„simple types we can express f and g in their standard forms: f&f1 + tfs, 

g&gitiges, where V(#)=1 and the forms f; and g; have unit coeffi- 
cients, and have c(f)=c(fitéa), c(g) =c(lgitigs). If fi, fa, gi, gi all 
exist, then c(f,) =c(g,) =1 (¢=1, 2) and by (4) and (5) 


ef) = (fa + ifs) = lfs)(| fal, | ef) 
= (t, (— Da] paN fal, a 
= (f (— prema] ENL l A, 
-E m elg + iga) = (8, (— DDA] g|] gl, #9, 
where r and s are the respective orders of fı and g}. By Theorem 3, 
assuming without loss in generality that r&s, we have Aint, 
g:f,+H,. (since the valuation is discrete we can take uj;=1 in 
Theorem 3). Let h=|Hy.|=(—1)¢7, Then |g] =[AlA, a! 
œ| fı| k and 
o(g) = (r, (— 1st] fa [HI| fa | h, 2°), 
since s—r is even. If r =s, this will still be correct, though H does not 
exist, provided we take kai. c(f)c(g) = (t, (—1)”)(h, t) where 


ym [rr + 1) + (s+ 1) + (s — r)(s + 1)]/2 m (er — s)/2 (mod 2). 
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If r, and hence s, is even, then so is y and c(f)c(g) =1. If r is odd, 
c(f)clg) = (i (— 1) 


which is unity since »+(s—r)/2 is even. If any of fi, fs, g1 OF gs are 
non-existent, a similar argument can be used to show that in these 
cases too c(f) =c(g). 


THEOREM 10. A-form of f order n is a zero form tf and only åf for 


n= 2, | —|f| is a square, 

n= 3, c(f) = 1, 

n=4, c(f)=1 or |f| ts mot a square, 
ne 5, aways. 


PRooF. n=2: Let f = axi + aa. If f is a zero form, then (x,y*)" 
cu — di a, and — Ifl 18 a square. Conversely, if —|f| is a square, then 
X= (—G1d_)'", xy=a; is a zero of f. 

n=3: Let fmaxitas+a ye. A short computation shows that 
c(f)=(—aiay, —aia:). If f is a zero form, let £, 7, ¢ be a solution of 
f=0. We can assume §+40. Then x=n(a,£)—!, y=¢{(a,6)—? is a solu- 
tion of - 


(6) = Gilat? = 8163% = 1, 
Conversely, if c(f)=1, then (6) has a solution and hence so has 
ayh + Ogg = — 0,2}. 


n=a4: Let f =q tait ataa. We can assume Vane or 1. 
Suppose f is a zero form. If Va,=0 for all 4, then c(f) =1. If, for some 
4; Va,>40, then by Theorem 1 either some binary or ternary subform 
with coefficients of like value must represent zero. In the former case 
let f=fitys. If both the binary subforms fı and fı represent zero, then 
JH, and c(f)=1. If fı is the only binary representing zero, then 
— |f| is a square while —|f;| is not a square. Hence |f| is not a 
‘aquare. Returning to the other possibility let g be the ternary sub- ' 
form representing zero. By the preceding case for »=3, c(g)=1. If 
fmaxt+g, then, by (4), cf) =(a, |f|)e(g) = (a, |f|). If cf) ™1, then 
|f| cannot be a square. Conversely, suppose c(f)=1 or |f| is not a 
square. We can assume that f has a standard form f&¢f,+#s, where 
frebxit+deg and fe=byd tbe, Vb;—0 for all ¢, since any other 
possible standard form for f would imply that f had a ternary sub- 
form with coefficients of like value which would by Theorem 2 repre- 
sent zero. Using (4) we have c(f)=(t, —bab,). If c(f)=1, then, by 
Lemma 5, —bbı is a square, and so f and hence f is a zero form. 
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|f| =(—bıb)(— bsb). Lf |f] is not a square, then either —dib: or 
— bs, must be a square implying again that f is a zero form. 
n2,5: Since f must contain, a ternary subform with coefficients of 
like value, it is a zero form by Theorem 2. 


THEOREM 11. Two nonsingular forms f and g of order n are equiva- 
lent if and only if |f| =| g| and c(f) =c(g). 


Proor. We have already shown the necessity of these conditions. 
Suppose now that |f| œ|g| and c(f)=c(g). We use induction an n. 
The theorem is true for #=1. Suppose it true for forms of order »—1. 
Write f as f=ax'+/’, where a is the leading coefficient of f and f’ isa 
form of order n—1. Using (4) we have 


c(f — ax) = (— a, — | F] e(f) = elg — ae’). 


Since f—ax' represents zero, we have by Theorem 10 that so does 
g—ax? for any ». g then represents a and can be written gœax +g’, 
where g’ is a form of order #—1. By (4) 


c(f) = (— 1, a)c(f’) (a, P|), c(g) = (— 1, a)c(g’)(a, |g | Ji 
Therefore c(f’) =c(g’) since [f"| & | g | . By the induction hypothesis 
f'&g’ and hence fog. 

Since the product of two non-square units is a square, every unit of 
K is equivalent either to 1 or to some arbitrary but fixed nonrsquare 
unit p. Also px?-+-y,’, since it represents 1, is equivalent by Lemma 4 
to <*-++-". Thus every form f of order » is equivalent to 

2 2 2 2 2 2 2 3 
(7) ai rst ss + teach an, + ba t bt bs thee $e, 
where a and 6 are 1 or ». 

THEOREM 12. Expresston (T) ts a canonical form for f. 

Proor. We need to show only that two different expressions of 
form (7) are inequivalent. Let 

yty bya tae H ty H tat bia ter 
be another form of this type. Hf they were equivalent, we could 
cancel like terms and get l 

ax + tbra X aly F ED Ya 


Theorem 3 now implies that a =g’ and b =b”, 


‘N 
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DARTMOUTH COLLEGE 





RELATIONS BETWEEN HYPERSURFACE CROSS RATIOS, 
AND A COMBINATORIAL FORMULA FOR PARTITIONS 
OF A POLYGON, FOR PERMANENT PREPONDERANCE, 

AND FOR NON-ASSOCIATIVE PRODUCTS 


TH. MOTZKIN 


This note improves, in two respects, the results of §3.6 of my paper 
The hypersurface cross ratto.! There it is shown that the number c, 
of independent hypersurface cross ratios that can be formed of 2# 
forms in # variables is 2 for n=2, 5 for n=3, and 14 for n= 4. The 
proof employs the relations between cross ratios obtained by some 
simple permutations of the forms; let R be the set of these relations. 
It is remarked that the cross ratios of 2# — 1 forms in # variables, and 
of 2n—1 forms in #— 1 variables, are connected by the same relations 
as the cross ratios of 27 forms in » variables, as far as these are con- 
sequences of the relations R, a “perhaps void restriction.” We now 
prove that cs = Csa,./(n+1), and that the restriction is in fact void, 
so that a complete knowledge of the relations between the crosa 
ratios of 2n—1 forms, of 2n forms, and of 2n-++1 forms in » variables 
is obtained.? The corresponding theorems for generalized intersections 
and one more variable are established at the same time. 

The same facts hold for a general clase of function ratios, which in- 
cludes hypersurface cross ratios and generalized intersections as very 
special cases. The number c, of independent function ratios has a 
simple combinatorial meaning, and appears also as the number of 
partitions of a polygon by non-intersecting diagonals into triangles, 
or of a cyclically arranged set into non-interlaced subsets, as the 
number of possibilities of never losing majority (in an election or a 
game*), and as the number of different products of given terms in a 
given order, in a non-associative multiplication. For the combina- 
torial formula, seven proofs are given, six extended to generalizations.‘ 


Recetved by the editors September 16, 1946. 

1 Bull Amer. Math. Soc. vol. 51 (1945) pp. 976-984. 

2 For forms of a sufficiently high degres. CI., on the otber hand, for 5, 5 and 6 linear 
forms in 2, 3 and 3 variables respectively, §§3, 4, 5 of The pentagon in the projective 
plane, with a comment on Nopter’s rule, Bull. Amer. Math. Soc. vol. 51 (1945) pp. 985—- 
989. 

3 Or for drops falling on a board one-half of which is supported, and similar physical 


‘For an eighth proof cf. P. Erde and I. Kaplanaky, Sequences of plus and mimsus, 
Scripta Mathematica vol. 12 (1946) pp. 73-75 (for [f(s, *) P, read f(s, sfinti, +41), 
or permit only diagonal moves; in (4), read mS). I have made use of oral remarks 
by A. Dvoretzky (in 2.3-2.5) and E. Jabotinsky (in 1.1). 
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1. The main theorem. 1.1. Let F be a function of # arguments 
(variables, points, polymonials) that is (1) almost symmetric (F be- 
comes F or —F for every permutation of the arguments), and (2) 
such that the Cr,,, functions of any # from among 2n arguments 
Gu, Gn, Grn, Gr, °° *, Gai, Gag are independent. We then define the 
functton ratto of the n pairs of arguments, in the given order, as 
G= J [Flam +++, Garn)’, where p= (= Den, and the product extends 
over the 2* posible systems r1, - * -, fa. We shall prove: 

The number of independent function ratios that can be formed of 
2n arguments ts Cann/(#+1). 

Obviously, the relations between the function ratios do not depend 
on the particular function, except possibly for the influence of the - 
factor —1 affixed to F and hence to G. 

1.2. Further, the same number and relations are obtained in two 
more cases: one of the arguments is allowed to be a symbol $ or q, 
- defined as follows. For a symbol p, every F involving p is +1, and in- 
dependence is only supposed to hold for the Csa_1,, functions of any 
n from among the remaining 2# —1 arguments. For a symbol q, again 
every F involving q is +1, while in every other factor F of a function 
ratio, the argument paired with g in the definition of that function 
ratio is omitted (and possibly replaced by a factor —1); here F is a 
function of »—1 arguments, and the Cy.—1,.-1 functions-of any »—1 
from among the 2#—1 non-symbolic arguments are supposed to be 
independent. 

1.3. In particular, the function F may be the resultant of » forms 
in # variables, or the intersection of n general hypersurfaces in the 
projective #-space over an algebraically closed field, for forms and 
hypersurfaces of a sufficiently high degree (if a symbol q occurs, re- 
place every # by n—1). That in these cases the resultants (and the 
intersections, considered as resultants with an additional linear form) 
are independent, will be shown separately.’ 

1.4. We consider the influence on G of three kinds of simple per- 
mutations of the arguments. (1) If two arguments of the same pair 
are interchanged, then G becomes 1/G. (2) If two pairs are inter- 
changed, then G becomes +G. By (1) and (2) there belongs, to every 
division of the arguments in pairs, essentially one function ratio. 
(3) If two arguments of one pair and a third argument are permuted 
cyclically, then the product of the three function ratios obtained is 
easily seen .to be +1, even if one of the arguments is a symbol $ or q. 
It follows that from among the ratios belonging to divisions with »— 2 


ee eg ene perenne Bull. Amer. Math. Soc. vol, 
54 (1948) pp. 360-365. 
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fixed pairs, any one is determined by the two others. 

1.5. Let the arguments be represented by 2” points on a circle. A 
division D in pairs is then symbolized by # chords. It has a number 
c of crossings (pairs of chords intersecting within the circle). Choose 
two chords P and Q forming a crossing and express the function ratio 
of D by the function ratios of the other divisions D’ and D’’ with the 
same remaining #—2 chords. A chord of D that crosses P and Q 
crosses either both new chords P’ and Q’ of D’ or neither of them; 
a chord that crosses just one of P and Q crosses exactly one of P’ 
and Q’, and a chord that crosses neither P nor Q crosses neither P’ 
nor Q’. Hence the function ratio of D can be expressed by the function 
ratios of divisions with numbers c’ and c’’ of crossings, less (by an odd 
number) than c, and ultimately by the function ratios of divisions with 
no crossing. It remains to be shown that the number of these divi- 
sions is Cys,./(#-+1), and that their function ratios are independent: 

1.6. The independence of the function ratios belonging to divisions 
with c=0 follows from the independence of the functions F, if we show 
that these function ratios can be so arranged that each involves a 
function F that occurs in none of the preceding function ratios. 

Let 1, -- - , 2n be the points in their order on the circle. Arrange 
the sets of n numbers, and the corresponding functions F, lexico- 
graphically. Among the functions forming a given function ratio there 
is a last one involving the greater number of every pair. Now arrange 
the function ratios with c=0 according to their last function; it then 

remains to vertfy that each of them is determined by its last function. 

>` For a given F, let k be the first point involved. In a division whose 

last function is F, k must be paired with a smaller number, and k—1 

with a greater number. Hence if c=0, then k~1 and $ must be paired. 
Omit both, and repeat the procedure. 

A symbol p or q should be denoted by 1. The point paired with q 
remains till the end of the procedure. 

1.7. Of the N = (2n) /n!2* divistons of 2n potnis on a circle into n 

pairs, N-2*/(m+1)1=Cas,n/(n-+1) are without crossing. 
~ For Jet the number of divisions without crossings be ca. We wish 
to express Casi by Ci, * * * , Cn. Let A be one of the 2n+2 points. The 
point A must be paired with a point B for which the number of points 
on either arc AB is even. If the arcs bear 2j and 2k points, besides 
A and B, then j+—=n, and there are cyc, divisions without crossings 
containing the pair AB (put co= a= 1). Hence we have the recursion 
formula cw = Y ccr It follows that the series y= > cax* satiafies 


* The series is convergent until x’ =0, that is, for |x] <1/4=lim ca/cap1 (in 2.1 for 
|x| <G— 1)**/F), but we need it only for formal operations. 


`Y 
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the equation y!=(y—1)/x, whence 2xy=1—(1—4a)¥2=1— $ (1/2 
-(—1/2)- +++ + (3/2—n)(—4x)*/nl=2 ’ Cins.. 1x"/n, so that 

Ca Can a/ (+1) = Conjtn/(2n+1). For large values of n we have 
Caw ABB By 2, 

1.8. The same recursion formula holds also for the number c, of 
partitions of a convex polygon of »+2 sides, by non-intersecting di- 
agonals, into triangles. Indeed, a fixed side of a polygon of #+3 sides 
belongs, in a partition as required, to a certain triangle; after choos- 
ing the triangle there remain two polygons of j7+2 and k+2 aides, 
with j7+k =n, to be divided in the same manner. Herej=0,-+-,n, 
co 1. Hence, the value of ¢, is again Cy,,4/(#-+1).7 

If, for a regular polygon, congruent or symmetric partitions are 
considered as equal, then the numbers 1, 1, 2, 5, 14, 42, 132, 429, 
1430, 4862, 16796, 58786, -- + are reduced to 1, 1, 1, 1, 3, 4, 12, 27, 
82, 228, 783, 2282, - - - , which are ~c,/2n. 

There is no natural one-to-one correspondence between the parti- 

tions of a polygon and the divisions with no crossings. For the latter, 

‘the numbers of types of congruent or symmetric divisions begin with 
1, 1, 1, 2, 3, 6, 12, 25,- - and are ~c,/4n. Congruence and sym- 
metry are defined for an equally divided circle. The circle itself is 
determined by the set of all partitions with no crossing. Indeed, for 
every pair on the circumference there are (#—1)? pairs that appear 
together with the given pair in at least one partition, while for a pair 
that separates 2j from 2k points, jJ+k =n —1, the corresponding num- 
ber is j7-+&?< (# — 1). 

1.9. The recursion formula holds also for the number c, of different 
products of n+ 1 factors, in a given order, in a non-associative multi- 
plication: every product of #-+-2 terms is obtained by multiplying a 
product of j-+1 and a product of k+1 factors, with j+k =n, j=0, 

, %, Com 1. Hence again c= Cia a/(n+1).! 


2. Generalizations. 2.1. To determine the number c, of divisions 


T This and some more general results, including the formula for ca in 2.2, were ob- 
tained in a series of papers from Euler until Cayley, Om ihe partitions of a polygon, 
Proc, Landon Math, Soc. vol. 22 (1891) pp. 237-262; Collected Mathematical Papers, 
vol. 13, pp. 93-113. Cf. the references given in Rowe and Taylor, Nots om a geo- 
metrical theorem, Proc. London Math. Soc, vol. 13 (1881-1882) pp. 102-106, to which 
the Catalogus of scientific papers 1800-1900, Royal Society of London, 1908, pp. 86 and 
437 adds papers by Binet, Faure, Grunert, Kirkman, and Liouville. 

t This was perhape first remarked by Paolina Quarra, Calcolo delle poreniesi, 
Torino Atti vol. 53 (1918) pp. 1044-1047. The connection with the result of Gummer 
(see footnote 11) was noted by J. H. M. Wedderburn, Ths functional oquation 
g(x") = 2oce-+[e(x) Ë, Ann. of Math. (2) vol. 24 (1923) pp. 121-140, on p: 121. For 
these references I am indebted to the referes. 
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without crossings of J points on a circle into n /-tuples, choose again, 
for a fixed point from among (#+1)/ points, the -tuple containing 
the point. There remain arcs with jJ,---, j# points such that 
jt +++ +jpen. For the first arc, taere are c} divisions (co= 1), and 
so on. The recursion formula obtained, ¢ajyi= Joc et: Cj, Corre- 
sponds to a function y= )ocyx* with y'=(y—1)/x. By Lagrange’s 
formula for implicit functions? we have .¢,=Ci,./(¢—1)#+1) 
= Ciett.a/(in+1). For /=2, this is a second (leas elementary) proof 
for the evaluation of 1.7. 

2.2. The same recursion formula is obtained for the number of 
partitions of a convex polygon of m=(i/—1)#+2 sides, by non-inter- 
secting diagonals, into polygons of /+1 sides (polygons with other 
values of m cannot be so divided). To see this choose, for a fixed 
side, the adjacent partial polygon, end proceed as before. _ 

Yet, though it might seem so at first sight, c. is not connected with 
the number of independent generalized function ratios of the form 


G = [| Plain, - ++ , Sere)’; rp dee, bp welt ga 1,1 > 2: 


The latter number is, even for a fixed division into -tuples, equal to 
the number, of independent ordinary function ratios. Indeed, every 
generalized function ratio can without difficulty be expressed as a 
product of powers of ordinary function ratios, and vice yersa. 4 

2.3. If the J» points on the circle are denoted in order by 1, --: in, 
then every division without crossing may again be uniquely repre- 
sented by its last term: the set N ccmprising the greatest number in 
every -tuple. As in the case of /==2, the smallest number of N forms 
an /-tuple together with the $ =]—1 preceding numbers of the com- 
plementary set Af, and so on. 

Not every set N of # numbers from among 1, - --, In is the last 
set of a division without crossing, for the procedure of omitting the 
smallest number of N, together with its predécessors, cannot always 
be repeated until no number is left. This can be done if and only if 
k times the number n(#) of numbers belonging to N, from among 
1,---,? (S/n), is not more than the number m(#) of numbers be- 
longing to the set M of the kw numbers outside N. The number c, 
can, therefore, be interpreted as the number of possibilities for a 
candidate M in an election, who ultimately obtains k times as many 
votes as his adversary N, to have, during the whole time of the 
counting, at least k times as many votes as N. Since 1, - - - , In con- 


* Goursat, Cours d'analyse, 5th ed., vol. 1, 1927, p. 427. 


8 Pélya and Seegd, Aufgaben und Lehrsaiss aus der hoheren Analysis, vol. 1, 1925, 
part II, problem 211. 


r 
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tains Cts, sets of # numbers, the probability of “perpetual pre- 
ponderance” iB ¢./Cin,g™1/(kn+1). If an additional number 0 is 
‘prefixed and M (getting kn-++1 of is-+1 votes) is required always to 
‘have more than & times as many votes as N, the probability is 
Caf Cintia = 1/(in+1). 

2.4. Generally, for M with m =kn-4-r and N with s votes, we shall 
prove the probability of the last-mentioned kind of permanent pre- 
ponderance to be r/s, where s=m-+n=In-+r is the total number of 
votes.!! This includes a third proof of the special case k =r =1. 

For any given arrangement of the votes, let u be the smallest num- 
ber such that r ($) = m(t) — kn (t) >0 for every >u. Then r(u) $0, and 
the vote #+1 belongs to M and adds 1 to r(u). Hence r(u) Q0. 
Changing the arrangement of the first u votes alters neither this fact 
nor the characteristic property of u. For every fixed #>0 there are-k 
times as many arrangements beginning with a vote for M as there are 
beginning’ with one for N. On the other hand, for every arrangement 
beginning with a vote for N we have u>0. The latter arrangements 
have the probability n/s, hence there remains for «= 0 the probability 
t1—nfsaer/s. 

For &=1, the first moment of equality of votes may be considered 
instead of the last moment, which leads to a fourth proof of 1.7. 

2.5. The significance of the value r/s is given by the theorem: 

Of every s arrangements that are obtained from each other by a cyclic 
permutation, exactly r show permanent preponderance. 

In case not all the s arrangements are different, they fall into pe- 
` riods of different arrangements; every period contains the same num- 
ber of arrangements with permanent preponderance, so that alao r/s 
of the different arrangements have permanent preponderance. 

To prove the theorem (and hence 1.7 for a fifth time), let the votes 
for M and N be arranged cyclically. Neither a vote v for N nor any 
of the & preceding votes is the beginning of an arrangement with 


n For k= 1 this is the “ballot problem,” formulated and solved, by formula (3) of 
§2.7 of this note, by Bertrand, Solution d'un problème, C. R. Acad. Sci. Paris vol. 105 
(1887) p. 369. Ibid. pp. 407, 435, and 440, E. Barbier gave, without proof, the prob- 
abilities r/s of 2.4, and r/s of 2.6 for the set of al arrangements. Barbier may have 
proved his first result, and the second one for s >ka, if it holds for s=—In, by the above- 
mentioned formula (3); I do not see how he could prove the second result for s =. is. 

For further history, and for related theorems, see A. Dvoretzky and Th. Motzkmn, 
A problem of arrangements, Duke Math. J. vol. 14 (1947) pp. 305-313; to the different 
independent formulations of the ballot problem mentioned there, edd P. Franklin, 
Amer. Math. Monthly vol. 25 (1918) p. 118, problem 2681, solution by C. F. Gummer, 
ibid. vol. 26 (1919) pp. 127-128, and H. D. Grossman, Scripta Mathematica vol. 12 
(1946) pp. 223-225. 
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permanent preponderance. From v go backwards until, on the arc 
covered, the number of votes for M is k times that for N, which must 
happen; for example go as long as the number of votes for M is at 
most & times that for N: when stopping it will be exactly k times. To 
every vote v for N there belongs such an arc A, of forbidden begin- 
nings; and to every vote for N on A, there belongs an arc contained 
in A,. Outside the maximal arcs of forbidden beginnings there remain 
obviously no votes for N and 7 votes for M. Each of them 1s good, 
since the first vote v disturbing the preponderance of M would be for 
N, and A, would include the given beginning.” 

2.6. It is easy to see (still for s&n) that if, from an arc A,, we de- 
lete every partial arc A,-, o’s“r, then there remains only the vote v, 
together with $ votes for M, and that for each of these votes v is the 
first vote that disturbs preponderance. Since the deleted votes can be 
divided into groups of / consecutive votes, the probability Is/s for 
non-preponderance is equally distributed among the possible re- 
mainders, after division by }, of the number of the first vote that dis- 
turbs preponderance: 

Of every s2,ls arrangements that are obtained from each other by a 
cyclic permutation there are exactly n for which the number of the first 
voie disturbing preponderance hes a piven value mod l. 

2.7. Instead of r(t) =<m(#)—2n(t), other functions of two or more 
non-negative integers m, #, +--+, not all of which are 0, may be re- 
quired to remain positive. Let the given function be m—f(n), and let 
fu,z be the corresponding number of possibilities. Obviously (1) 
fu =O for mSf(n), while for m>f(#), (2) dun=1 if mn =0 and (by 
classification of the possibilities according to the last vote) (3) Da,» 
De eit pets if mn >O0. (Similar equalities hold for more than two 
variables.) By (1), (2), (3), $a, is uniquely defined. There is pm,a=0 
if mSf(n’), n’ Sx, so that f(n) may be supposed to be an increasing 
function. Subtracting a constant from m, or adding unity to m, we 
may also suppose f(0) = 0. 

The expression Gan Cuta n(m — kn)/ (m+n) = ces kCnin—im 
fulfils (3) and qm,0= 1. For an integer k, qa„,a™ 0, s0 that the pw.» be- 
longing to f(n) =kn equals ga,. for mgkn, a fourth proof for 2.4 and 
a seventh proof for 1.7. This proof, the proof in 2.4, and the cycle 


™ Another (for 1.7 sixth) proof of the “cycle theorem”: The arrangement 


w-tl,+++,4,1,°° +, # shows permanent preponderance if and only if (1) r(f) >r(w) 
for every i> #, and (2) r(x) <r(f)-+-+ for every <u. Let ¢90 be the minimum value of 
r(t) for é¢—m0, 1, +++. Put r(x) —q =b; by (1) and (2) we have p <r, and # is the small- 


est value such that r(#) >¢+-$ for every i>. To every non-negative p <r corresponds 
a value of #; hence there are r such values. 
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theorem 2.5 with ita two proofs remain valid for preponderance 
m—~-kn—k'n’— -+- >0 over more than one adversary. 

For general f(n»), the expression Qe..™=@0Cupnmt1Cmtn—tm 
-+ +++ +a, which fulfils (3), can be made equal to p.,, for meaf(n) 
by putting a>™1 and, after determination of di, +--+, @x—-1, choosing 
a, such that qm,» =0 for the greatest integer mS f(m). The law for the 
characteristic sequence of integers p, Gi, - > - is not known even for 
the simplest functions except kn with integral k (and related func- 
tions, as max (kn —c, 0) or min (kn, c), c>0). 

2.8. Another generalization wanted is the number of mixed parti- 
tions, that is, of partitions of a convex polygon by non-intersecting 
diagonals into polygons of } sides, where } is not restricted to a single 
value. The simplest case, partition-into triangles and quadrangles, 
has the recursion formula Cay = 6,6. > CCrlx—1-3-» for the num- 
ber ca of partitions of an (#+2)-gon. The corresponding series 
y= Liat” fulfils the equation y—1=xy?+25%. The oer 


Co, * begins 1, 1, 3, 10, 38, 154, 654, 2871, 12925, 59345, 
with beta/0u-221/5= mm 5.4.13 
If lis allowed to take all values 3, 4, - --,andif POR and PQR’ are 


consecutive vertices of the given and of a partial polygon, then clas- 
sification of the partitions according to the position of R’ gives the 
formula Capi ™ bicat beet +--+ +bepico with com, where bay is 
the number of partitions with R= R’. By omission of Q in the latter 
and possibly connection of P with R we see that b,,:= 2c, for #>0, 
while b =1. Hence we have Ca41 Coa +2(CiCn-1-+ * -> +a). There 
follows (y—1)/x=2y!—y, 4ry=x— $f Cin n(x?—6x)*. The values 
of co, » > are 1, 1, 3, 11, 45, 197, 903, 4279, 20793, 103049, 518859, 
+, with Curt) Cy 93-2 = 5,83. 

The numbers of types of congruent or symmetric partitions of a 
regular polygon begin with 1, 1, 2, 3, 9, 20, 73, 

2.9. The number c, of divisions of # points on a Arde into sets of } 
points without crossing may also be generalized to different values of 
l, but with other results than for partitions of polygons. For J/=2 or 
3 we are led to y—1 =4%y?+-2353. The sequence c, begins 1, 0, 1, 1, 
2,5, 8, 21, 42, 96, 222, 495, 1175, «++, with Ca41/ca—2.61. For J=1 
or 2 we have y-1=xy+2x%y?, and the sequence c, begins 1, 1, 2, 4, 
9, 21, 51, 127, 323, 835, 2188, 5798, 15511, ---, with a ratio tending 
to 3. . 

If all values /=1, 2,--- are allowed, then the numbers of types 


4 This and the following three limits are obtained as reciprocals of the (unique) 
absolutely least x with «=O, 


+ 
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of congruent or symmetric divisions begin with 1,.1, 2, 3, 6, 9, 
24, - - - . The divisions themselves may be classified, for a fixed point, 
according to the next point in the same subset. We obtain once more 
the recursion formula leading to Ca Caa,./(#-+1). 
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INDEPENDENCE OF RESULTANTS 
TH. MOTZEIN 


In this note it is proved that the resultants of m forms, of a suffi- 
ciently high degree, in n variables are independent functions of the 
coefficients of the forms. The proof demands some lemmas on ir- 
reducible manifolds, and on monomial manifolds. A monomial mani- 
fold is defined by equalities between monomeals, that is, products of 
powers of the coordinates. 

In the evaluation of the number of independent hypersurface cross 
ratios and generalized intersections given in two other notes! I have 
assumed the above theorem to be true for 2n—1Sm3 2n-+1 and, in 
the case of intersections, where one of the forms is supposed to be 
linear for 2n—-2SmS2n. 

The resultant r=r(a1,- ++, Ga) of n forms a, of positive degree ds 
in # variables x, within an (algebraically) closed field is uniquely 
defined as an irreducible polynomial in the coefficients of the forms 
such that r= 1 if a, is a power of x, andr =0 if and only if values xy, 
not all of them 0, exist for which all a,=~0. The resultant is almost 
symmetric, that is, it becomes r ar —r if the forms are permuted. The 
resultant is multiplicative in the sense that if a form a, is a product 
of forms, then r is the product of the resultants obtained by replacing 
ay by each of its factors.? 


THEOREM 1. The Cy, resuliants thai can be formed of m forms 
“di, ° °°, Gm In n variables are independent functions of the coeffictents 
of the forms, provided that the degree dy of a, exceeds a bound depending 
only on k and n. 


Received by the editors September 16, 1946. 

1 The hypersurface cross ratio, Bull. Amer. Math. Soc. vol. 51 (1945) pp. 976-984, 
$3.6, and Relations berrosn kypersurfoce cross ratios, and a combinatorial formula for 
- partitions of a polygon, for permanent preponderance, and for nom-astociaties products, 
Bull Amer. Math. Soc. val. 54 (1948) pp. 352-360. 

3 All these properties af the resultant are well known. Cf. also $1.1 of the before 
mentioned note The kypersurface cross ratio, l 
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We shall prove the theorem for dy & Cyi,.-1. Thus di, ---, da are 
arbitrary. . 

We have to show that there is no algebraic relation fulfilled by 
every system of Cy.. values attained by the resultants of m forms 
of the given degrees. We say more shortly that almost every system 
is attained: generally, a subset P of a set Q will be said to include 
almost every-element of Q if every algebraic relation fulfilled by ail 
elements of P is also fulfilled by all elements of Q.* 

As forms, we choose products of linear forms, the first » of which - 
shall be powers. That for such products almost every system of values 
of the resultants is attained is trivial if mown or if n=l and will be 
supposed true for m—1 if m>n>1.. 

Choose, accordingly, Gi, © © * , Gw-1 80 that the )=C,_1,, résultants 
formed by these products of ree forms have the desired values; 
these values qi, ' - © , gq are restricted by the possibility of the choice 
and are, furthermore, required to be different from 0. Still gi, ---,@% 
can be almost every system. There remain ¢c™Cy1,,.-1>1 resultants 
f1,°°°,7,. involving Gm; they are the coordinates of a point r in the 
affine space S of c dimensions. We show that: 

(1) The points r corresponding to all a, of degree one, and to the 
chosen 4i,:°-,@n-1, form a set (r) “defining” (see below) an ir- 
reducible algebraic manifold R that contains, for every k=1,°--,¢ 
a point with r,=0 and no other zero coordinate. 

(2) For every such set (r), almost every point of Sis a product of 
c pointa (or any given number greater than c of points) of (r). 

Here the product of two points rı, +», reand Sı ** *, Se 18 the 
point 71S +++, fos. From (1) and (2) follows by the multiplicative 
property of the resultant the existence, for any given dw œc, and for 
almost every system of numbers 71, --+-, fe of a product a. of da 
linear forms for which the values of the resultants are r1,+°°, Te 
Now if there should hold a relation between the values qi, ° **, Œ 
fu © * +, r. attained, then for every qi, - © > , g there would be a rela- 
tion between fı * ° *, fa except for those qi, --:+, gq for which the 
latter relation becomes 0=0; but that would give one or more rela- 
tions between qu °°°, Q 


3 Not, as usual in algebraic geometry, if the complementary set Q—P has less 
dimensions than Q, which, for an irreducible manifold Q, is a stronger condition 
(presumably also fulfilled in our case). By “the present definition P may even, for 
irreducible Q and if points with coordinates outside the given field are admitted, be 
a single point (a “general point” of O). Compare the three further definitions of 
“almost every”: except a set of xero measure, or density, or except a finite set. 

Not every system of values need be attained by a system of independent poly- 
nomials, for example (x, xy) is never (0, 1). 
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To prove (1) we remark that since no resultant of » forms from 
among Gi, °° * , Om-1 Vanishes, no point x1, +: -+,x, of the projective 
(#—1)-space annihilates more than n— 1 of theae forms. Hence n—1 
forms cannot vanish for all the paints of a straight line; therefore, 
being products of linear forms; they vanish for the points of a finite 
set Sa. Clearly no two sets S; and S+ have a point in common. Hence 
there exists, for any Sn a hyperplane da= 0 through one of its points 
that does not pass through any point of the other sets, which is 
equivalent to saymg that r,=0 for the given $ and only for that k. 

The irreducibility of the algebreic manifold R defined by the set 
(r) follows from (3), taking Q as the affine n-space itself.‘ 

The smallest algebraic manifold R containing all points of a given 
set (r) is called the manifold defined by (r); obviously, almost every 
point of R belongs to (r).* In particular, if (r) consists of all the points 
whose coordinates are the values of c given polynomials fı, ---,f,in 
the coordinates b, ---, ba of a point of a given manifold Q of the 
affine #-space, and if a set (q) contains almost every point of Q then, 
to the points of (q), there still corresponds a set containing almost 
every point of R. For any additional relation for the points of R can 
be read as a relation restricting the points of QO. 

(3) If Q ts irreducible, then R ts irreducible too.® 

For assume a polynomial F(r;, ---,7,) to vanish for every point 
of R. Then G= F(f,, ---,f,)=0 for every point of Q. If F is a prod- 
uct FiF, then also G=G,Gy, and either Gi or Ga, say Gi, vanishes for 
every point of Q. Hence F,=0 for every point of (r) and therefore 
also for every point of R. 


i It can even be shown that (r) and R are identical. Indeed, every resultant 
ry is a form fs of positive degree gy in the coeficients bı, - - -, bs of the linear form 
dm. Instead of fy=r, we write homogeneously refy=ribe?. This is an algebraic cor- 
reepondence between the whole projective s-space ae ees eee 
projective c-space, the equations of which are obtained by eliminating be »»-, ba 
from the equations of the correspondence. This manifold consists of the (c— ieee 
sional part r»=0, corresponding to all systems with b,=0, and of a manifold R. Now 
all f,~0 only if bym - ++ mh, =O; otherwine there would exist a hyperplane through 
one point at least of each set Sy, whereas ths » sets S, defined by any s —1 from among 
the forms G, °+ +, Gs, which are powers af linear forms, are single points not ón a 
common hyperplane. Hence to every pomt of R with rẹ»40 there corresponds a system 
be -+ +, by with be»tO; chat is, the nonhomogeneous coordinates of the point are 
values attained by the resultants belonging to a linear form am, 

$ By two theorems of Hilbert, every algebraic manifold in a space over a closed 
field may be given either by a finite system of equations or by all its points with co- 
ordinates within the field. 

§ The example fi =b, mbh shows again that not every point of R is necessarily 
a point of (r). Other examples are given in footnote 7. 


i 


1948] INDEPENDENCE OF RESULTANTS 363 


We shall use the symbol (Q, R) for the set of all points (qu © ++, qa, 
Tttt, ra with (@,°++,g@) in a given set QO of bspace and 
(r1, °°, Te) in a given set R of c-space. Evidently, if Q and R are 


algebraic manifolds, then (Q, R) is also an algebraic manifold. 

If Q is defined by (q) and R by (r), then ((q), (r)) defines (Q, R). 
For if F(q, r) =0 for every point of (q) and every point of (r), and if g 
isa point of (q) (here we admit only points with coordinates in the 
given field), then F(q, r)=0 may be considered as an equation for r; 
ince it holds for every point of (r), it holds also for every point of R. 
Now if r is a point of R, then F(q, r) =0 for every point of (q), hence 
also for every point of Q. 

(4) If Q and R are irreducible, then (Q, R) is also irreducible. 

For let F(q, r)=0 for all points of (Q, R). For every q in Q this is 
an equation for r; all these equations together are fulfilled by the 
points of an algebraic manifold E of c-space, which contains R. If 
F= FF}, then every point of E must, because of the irreducibility of 
Q, belong to at least one of E; and F4 (defined similarly). Since R is 
irreducible and contained in E, R is contained in at least one of E: 
and Es Q.E.D. 

The produci OR of two algebraic manifolds Q and R of the same 
affine space is the manifold “defined” by the points gr with q in Q 
and r in R.” Now QR is obtained from (Q, R) by the formation of 
products, that is, of special polynomials: hence by (4) and (3) we see 
that: 

If Q and R are irreducible, then OR is trreductble,* 
and that QR can be defined already by almost every point of Q and of 
R. In particular, if Q is a product, OR can be defined by those points of 
Q which are products of points of the factors of Q. Hence the multi- 
plication of manifolds is associative. 

The assertion (2) can now be written R*=S. To see that this im- 
plies R™! æ ... = S note that already Ry = Sr = S provided that R 
contains a point r with no vanishing coordinate. But if it did not R 

1 The product OR may contain exceptional points not of the form gr. The point 
xzmymj is, for example, exceptional for the line ymx+1 as Q and the hyperbola 
x+y=xy as R, or for sy-+2 mw 4x-+-24 as Q=R; in both cases OR is the whole plane, 
If, for two points of Q and R with homogeneous coordinates ge, ---,gandrea++*, fe 
there is never qem s+ > =gy,™(, ee ee and the 
points p of QR are given by pe: + ++ cpemgere: + ++ ige; otherwise, however, the 
teeter eciuaclana acer fulnlledl by eveep qcin er chavepace: An ean fon this) clan: 
but without exceptional points, is ry=1asQ=R=OR (=R, as defined in the sequel). 

* If the field of the coefficients of the equations is not closed and if paints with 


coordinates outside the field are admitted, then (Q, R) and OR may be reducible. An 
example is the field of rational numbers with z*=2 as O=R and «= +2 as OR. 
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would be decomposable into its (nonvoid) intersections with r, 
ma), +++, r=? 

It therefore remains to be proved that R*e=S. Neither this con- 
clusion nor the suppositions of (2) specified in (1) are affected if R 
is replaced by R/r, where r is a point of R with no zero coordinate. 
Hence we may suppose that R contains the point 1 all of whose co- 
ordinates are 1. 

A monomial relation is a relation rf: - - - -r*=1 with integral ex- 
ponents. It may be written as an equation with non-negative expo- 
nents. If the coordinates of the points g and r satisfy the equation, > 
the same is true for gr. 

If r, is a factor of one of its sides, then the equation is fulfilled by 
no point with r,=0 and all other coordinates different from 0. Hence 
the only monomial relation satisfied by all points of the manifold R 
of (7) is the identical relation 1 =1 (h= -+-- =h,=0). We may express 
this by saying that the monomial closure R of R is S, where the mo- 
nomial closure of a set is the manifold defined by the monomial relations 
fulfilled by all points of the set. 

The assertion (2) is therefore, in virtue of (5), a consequence of : 


ae 2. If an irreducible mcntfold R of c-space contains 1, then 
R 16 


The theorem follows by remarking that R contains every power R* 
and that R*! contains R* and has more dimensions than R* as long 
_ as R’ R. To see this it will be enough.to show that R?¥R if RR, 
whence it follows that (R®!~R4 if Rè R. For if the irreducible 
manifold R¢+!, which contains R¢, had the same number of dimen- 
sions, it would follow that Ré= Rei=Rittm ... m RM, 

But if R?=R and R is irreducible and contains 1, then obviously 
R= R°, where R? is the multiplier manifold defined by the points r 
ea ala Since we shall presently see that R°=R!, we have : 
“R = Jil 


“AOT A erode ene auch pant ne power ca since every power is 
contained in ry ++: - re=mQ). 

iW iocs ever proce oia et R folie tim cioabesial veletious debating Fe we 
have Mw Ñ, Ret) on oH oe . >s. wa fe 

For a manifold Rr “proportional” to R, the (Rr)}i = Rri, d&c, are disjoint 
and either periodic (if a power of r is a pcint of K) œ all different. In the latter case 
they do not exhaust Ry, which must also contain Rre (possibly multiplied by roots of 
unity) for fractional d. 

1 More generally, the product OR of two irreducible manifolds has more dimen- 
sions than R, except if Q is either proportional! to a submanifold of R?’ or contained in 
qo > ++ -ge™0, For if q and g' are points of Q without rero coordinates, then OR has 
certainly more dimensions than R unless qR mg'R, or R(g/q’) =R. 


; 
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Finally, why, for every algebraic manifold R, is there always 
R’ = R5? Let R be given by a system of equations of the form 2 Cpr - 
=0, where the p, are monomials in r;,---, 7, with non-negative 
exponents. The product Rs of R and a point ,---, Se with no zero 
coordinate is then given by the corresponding equations > ¢,p,0,=0, 
where c, is formed from s;,---, Ss in the same way as p, from 
11, °° *, fo The equations may be written > d,co,=0, where all o,, 
for the given s, have different values. If Rs=R, then the points of R 
fulfil the equations 2 da= 0, > d.o,™0, DU d,.o%=0,---. Since the 
Vandermonde determinant of the ø, is different from 0, this implies 
that every d, separately equals 0. If R was given from the outset 
by shortest equations, then the f, belonging to the same equation 
must be equal; and the equalities between them form a system of 
monomial relations whose solutions without a vanishing coordinate 
are the points s with Rs =R. If Rs=R for an s with some zero coordi- 
nates, then the corresponding coordinates of every point of R vanish 
and R?’ is given by monomial relations between the other coordinates. 
Being: given by monomial relations, the multiplier manifold R? is a 
monomial manifold and equals its own monomial closure. 
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ON THE SUM OF CUBES 
E. ROSENTHALL 


Large capital letters A, B,- + - (without or with subscripts) will 
represent integers of the quadratic number field Ra(p) where 
p= (—1+(—3)*)/2. Small latin letters a, b, - - - represent rational — 
integers, and the conjugate of a number X is denoted by X. 

The object of this paper is to give a method for obtaining the com- 
plete rational integer solution for the diophantine equations of the 
form 


(1) 


pab, m > 3. 


rhs 


This equation with m even, m=2n, can be written as )1.1(X¢ 
+X )XX,=0 where 


(2) Xi = syu + pliu- — Sn) 


and thus the problem of solving (1) in this case is reduced to that of 
finding all the integers x,;, X; satisfying the equations 


(3) a Y nX: X: = 0, 

1 
(4) Oo naty, (i= 1,2,- , n) 
and (2). When m is odd, m=2n—1, we solve the system (a) consist- 
ing of (3), x. Xa = Zn and (2), (4) for#=1, 2,---, 2-1. 


The resolution af these two systems hinges on techniques de- 
veloped by E. T. Bell [2],! being equivalent to the resolution of a 
system of multiplicative equations and a system of linear homo- 
geneous equations in Ra in which the number of unknowns always 
exceeds the number of equations. 

In solving (1) the following equations appear: 


(5) Tayı + taya + -e + tan = 0 
in which the x;, y: (¢=1, 2,-+-,%) are 2m independent variables; 
(6) Onti + +++ + Gur, = 0 (i = 1,2,-++,m Sn — 1) 


in which the # independent variables x; are to be solved in terms of 
the coefficients i; 
Presented to the Society, September 17, 1945; recelved by the editors June 23, 
1947. 
1 Numbers in brackets refer to references cited at the and of the paper. 
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f (7) A, By, = + ee e Ay 1 By iCy-1 
in 3(m—1) independent variables A,, Ba ‘Ci; 
(8) PiAiA1 = piAsdy = +++ = DAA, 


in which the p,, A; are independent variables. 
The solution [5, p. 20 (13)] of (5). is 


1 ao~r 
xj ™ Gii, yia — Jabi t D tubis 
fuel j1 


for +=1, 2,--+-+, with the convention that a sum in which the 
lower limit Roni the upper is vacuous. Note that there are 
(n?—n)/2 free parameters bj,» and #+1 free parameters a, a;. 

If the system (6) is of rank m then its complete solution [3] in 
determinantal form is written down as follows. Let e; be the de- 
terminant obtained by deleting the jth column from the matrix of 
the coefficients of the system consisting of (6) and the equations 


Cuts t Cita tb ++ F Cinte m O (¢=1,2,---,n—-m-— 1) 
in which the c, are arbitrary rational integers. Then 
(9) : zy m (—) iee Gj = 1, 2,°°°, ) 


where # is an arbitrary integer and e= (61, 6, °° ©, Ca). 

The system (7) is recursive and can be ee conpleiiy by the 
algorithm of reciprocal arrays [1] since the integers of Ra(p) form a 
principal ideal ring. System (7) is equivalent to the equations 

: A, BL, wa Ay-1B,y—1C a1 (4 =a 1, pA aar fa 2): 
The solution ef the typical equation is 
Ai m Ap Boal, Ån = Anut 
B; via Dokak a, Bei saad Dab a, 
Ci = Gna a, Ca Go kBaCu. 


Then the values of Á. are equated, also those of B,_1, and those of 
C,-1. The resulting three systems are each of the type (7) with n—2 
in place of #—1. By repetitions of the process the solution of (7) in- 


volving (#—1) m31! free parameters Ki, Ka, + > +, Kia- is obtained 
in the form 
Ay > KiKa Kw-1)); Bı = Kwv,(K, +--+, Kw), 


Ci = KsO(Ky- >>, Kev) 


\ 
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where each of &,, Ya, O; is a monomial in 3*-?—1 of the parameters 

Kı, Ka, + + © , Kew) each occurring only once in a particular %,, W;, ©; 

and 

KKK: (Ku ++, Kay) ¥iKa ++, Kan) O(Ky ++, Kw) ; 

= KiKa: Koi 
 fort#=1,2,+-+,#-~—1. 

- The resolution of (8) is also recursive. This system is equivalent 
to the »—1 equations ~,AwA, = piAA; (i = 1,2,---,8— 1). The 
solution [4, Theorem 1] of the typical equation is 

= aV aV ba = Ailaln, ` 
Ape Sa Unb, As = SaUnVis, 


Then the values of p, are equated and alao those of A, which yield the 
two independent systems 


(10) bibani æ kaa Ean 

. and | 

` (11) | SaU ave = Sai Uaa Va 
for#—i,2,--+,-—2. 


System (10) i is of the type (8) with s—1 in place of #; system (11) 
is of the type (7) and its solution is therefore 
Sa = Bi®(Ka-++, Key), Un = K&K +++, Kin), 
l Vas K,84K1, e, Kw) 
for#=1,2,--+,#—1. 
Hence all integral solutions of (8) are given by 
A; = Ki SEL, A, = Kı%ıK YK :®;, 
pi = k-KR:0,ð,, pa = bilan, 
with the condition (10). ; i 
The process just applied to (8) is now repeated on (10) which will 
yield parametric expressions for tn, La similar to those for pa A, 
respectively subject to systems of the type (10) and (11) with #—1 
replaced by n—2. We note that this process must finally yield the 
solutions in the form 
(12) A; = KE; ti = dM iM; 


where the E: and also the M; are products of integers of Ra(p); all 
the E, and also all the M, are o= course not independent but they 
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are each independent of K. 
The resolution of (3) now follows. Applying (5) to (3) yields 


i—i a—i 
j—=i P j=l 


for 4=1, 2, , 9. 
Hence we must now solve the system of equations 


X, X, = aa; (i = 1,2, A). 
„The solution of the typical equation is 
Xi œ pA Bo Go@= 744i, a = ~BB; 


in free parameters pu Ay, Bi 

Equating the value of a yields the system (8) and hence by (12) 
A;= KE,, p;=dM,M, and therefore the complete solution of (3) is 
given by 


f 
1 


#1" a—f 
(13) X:~ KR, m= — Vadis t Do aude 
jml zl 
for4=1,-2,-++,# where 
(14) R, = dM MBE, 4, = dM MBB. 


The resolution of (1) now follows. Put K=ki+phs, Ri=rit+ps,; 
then KR, +E R, m ki(2r,— s) —ha(r,-+5,). Then all the X,, x, satisfying 
(3) and (4) simultaneously are given by (13) where values are as- 
signed to the parameters which determine R; a; in (14) and then 
the (n?—»-+4)/2 unknowns ki, ksa, bi; are determined from the a 
linear homogeneous equations 


+1 a—i 
(15)  W(2ri — s) — kari t s) + D abii — 2 abin = 0 
yml 7l 5 


for = 1, 2, -+ , n, a system of the type (6). - 
Substitute this value of X, in (2). Equate real and imaginary parts 
and all the rational integer solutions of (1) with m=2n will be ob- 
tained. , 
To solve (1) when m is odd, m=2n—1, we proceed much as above, 
replacing system (15) by system (æ) which is equivalent to (13) and 
the equations 


1 wt 
k,(2r, ae $.) m ky(r, + sa) T >. 60,44 2 Gigab, iti = 0 
fol =l 
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fort#=1,2,---,n-—1, 
a—1 
hit, — haa + 3, Gibina = 0, kisa + kalfa — Sa) = O, 
fj=1 


a linear homogeneous system of #+1 equations in (#?—#+4)/2 un- 
knowns kj, ks, bı. The corresponding X; given by (13) are substituted 
in (2) fors=1, 2,--+,n—1 and we put X, = 33,1. 

We conclude by exhibiting the complete solution of $ $g =0 
in terms of integers of Ra(p). 

The complete solution of $:4;41=$34242=$34 343 is given by (12) 
where 


Mı = GHJT, M, = GFLN, M = LPST, 
E, = CDFLNPOS, E, = CDĦHJPQOST, E, = CDFGHJNỌ, 


and all the parameters are arbitrary. Hence from (14) we get the 
corresponding values of a, R: =r; +ps:, where d, B; are arbitrary. In 
this case (15) is a linear homogeneous system of 3 equations in 5 
unknowns. To complete this linear system for resolution we adjoin the 
single equation 


miba + mebi + mabi + miki + miki = 0 


with arbitrary coefficients mi. 
Hence with aj, fr; s; as found above, (9) gives 


hy = Kamm — asm + Gates) (ai(ri1 + 51) + alri + 51) + aalr + 53), 
eh, = tape, — data + ous) (a-(271 — $1) + alri — 53) + alri — 53)). 
Then from (2) and (13) for ¢=1, 2, 3 

Srii = Airy — Sika Sx = Aa(ri — 5,) — kyi. 


REFERENCES 


1. E. T. Bell, Ractprocal arrays and diophoutine analysis, Amer. J. Math. vol. 55 
(1933) pp. 50-66. 

2. , Separahls diophantine equations, Trans. Amer. Math. Soc. vol. 57 (1945) 
pp. 86-101. 

3. L. W. Griffiths, A mots on linear homogencous diophantine equations, Bull. 
Amer. Math. Soc. voL 52 (1946) pp. 734-736. 

4. E. Roeenthall, On some cubic diophantine oguations, Amer. J. Math. vol. 65 
(1943) pp. 663-672. 

3. Th. Skolem, Diophantische Gleichungen, Ergebnisse der Mathematik und ihrer 
Grenrgebiete, vol. 5, no. 4, 1938. 


McGILL UNIVERSITY 





\ 


ON SOME NEW QUESTIONS ON THE DISTRIBUTION 
OF PRIME NUMBERS 


P. ERDOS AND P. TURAN 


1. Introduction. In connection with some recent unpublished in- 
vestigations concerning the Riemann hypothesis one of us raised the 
question whether log p. is convex for sufficiently large », or at least 
whether it has few points of inflexion. (Throughout this paper #,=2, 


fa3, °°, Pa, > - > denotes the sequence of primes.) In other words: 
Is it true that the inequalities 

2 2 
(1) Pa-1' Patt > Pa Putrifa-1 < fa 


both have infinitely many solutions? We aual show that the answer 
is affirmative. 

A still simpler question is whether the sequence of primes iteelf is 
convex or concave from a certain n on. We shall prove that this is 
not so, that is, the equations 


(2) Peat Pert > da, Pui + Patt < fa 
2 l 2 
have infinitely many solutions.! 

If the well known hypothesis about prime twins is true, that 1s, if 
the equation $,,::—,™=2 has infinitely many solutions, (1) and (2) 
of course are trivially satisfied. 

The first inequality of (2) is inserted only for the sake of complete- 
ness. It follows from the well known fact that lim sup (Pa+1— Pa) = © 
(since n!+2, n!+3, +--+, #l-+- are all composite). The proof of the 
other inequalities will be simple, but leas trivial. 

Clearly paipa > pa implies (Psitpey)/2>P. and pa> (pmi 
+pui1)/2 implies $2> pen 1pei1. The well known relations between 
the various mean values suggest the following questions: Is it true 
that for every ¢ the inequalities 


JORET 
m (EEN 


and 


Received by the editors May 12, 1947, and, in revised form, July 3, 1947. 
1 Professor G. Pólya and Mr. P. Ungár communicated to us subsequently a proof 
very similar to our own. 
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‘ t! i 
(4) ` (mE < þu 


have infinitely many solutions? By the well known relations between 
the means it follows that (1) and (2) is a consequence of (3) and (4), 
and that it suffices to prove (3) for ¿<0 and (4) for #>0. (The in- 
equality about means states that ((a'+5*)/2)™* is an increasing func- 
tion of #.)? 

An elementary proof of (3) and (4) is given in §2. The only result 
we use about primes is that ‘ 


(5) a(x) >c z/log z. 


This can be found in the first pages of Ingham’s book Tke distribu- 
hion of prime numbers. (x(x) denotes the number of P i ex- 
ceeding x.)- 

All these questions can be investigated by a method which i i8 ies 
elementary than that given in §2, but which perhaps can be used to 
attack some of the unsolved probleme which can be raised here. Only 

(2) is treated by this method (in §3). 

"In §4 we state without proof some results about the number of 
solutions of (3) and (4). Finally we state some unsolved problems; 
which are natural generalizations of our theorems. 


` 2. Elementary proofs. . 
. THEOREM 1. The inequalities (3) and (4) have infinitely many solu- 


lions. 


i 


We need the following lemma. 
LEMMA. Let ou be ony constant. Then er 


(6) ba — PE < jae Pr; a — Dri < Ap ? 
(7) Pani — ba< pe— Per mip Ape 
__ have infinitely many solutions. 


The proof of (6) is quite trivial. It follows from (5) that for infi- 
nitely many'm and a-suitable ca, Paii— fu <Cs log pa. Determine the 
least $ >m for which pı —Pr> Pati Pe. Then clearly prs, Ps, Deri 
satisfy (6). 

Now we prove (7). Assume that (7) has only a finite number of 
solutions (that is, there are no solutions for p>»). Let m be large 


3 See, for example, Hardy-Littewood:Pélya, Inequalities, p. 26. 


Lan 


~ 


' 
Casti 
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and buii—Pu<er log Pe. Let p, be the E prime greater than 
13 Then clearly 


9 brit — pr S Pris — pra < -> ce es Pa < Cy log Pum- 


For if not let k (r <k Sm) be the greatest index for which p1 — fi 
<fs—fe1. Then clearly pi, $r, pma satisfy (7) (since pri~ pi 
Sbm Pm <C, log Du <Calbm)  <calpa)!). This proves (8).. But if - 
Piena p= pear — pin E = pua M pind we evidently have sad 
(since the integers x, x+d,---,x-+xd=x(d+1) can not all be 

primes). Hence we obtain from (8) that | 


m—rS1it2t+---+ [cylog pal ere 


or . 
m = x(Pa) S r + (cx log pu) S Pm + (ca log pa) À 


which contradicts (5), and completes the proof of the lemma. ae. 
Now we can prove Theorem 1. Since, for a>0, 5>0, ((at+b)/2)"" 
is an increasing function of #, it suffices to prove (3) if ¢is a negative | 
integer not greater than —2, aay t= —}, Let par, Pa, Pays satisfy (6) 
with A <1/2J*. Then we show that they also satisfy (3). Put pr— pa 
=y; since ((a'+5‘)/2)"¢ is an increasing function of a and b, it will 
clearly be sufficient to show that (3) is satisfied in case Poi Pr 
e+. Thus we have to show that (t= —]§ —2) 


: m — u)! + (tet si a 7 


2 
or ; l 
(pe — N E E E T 

or 
(by + u+ 1) (la — »)’ ~ by) > falda — 4) 
Now clearly for #<pi?/2) , 

i ó l 
6) pa — slps < (ha sa epa a + ( À ioe Een 

í o <p (h 1/Dp pA 

A it suffices to show that ` 


(bs -+ (# T Dips 2i z 2u a a p(t — (wl — 1/2) a 


‘or 


w 


a kJ * 
i 
» à 
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(}—1/2)p, > Wulu t pr, 


which is clearly satisfied for u<p}"/2I?, which proves (3). 

Now we prove (4). Assume that pi, ps, pap satisfy (7) with 
A <1/2. Put p41—f1 =u. As before it suffices to consider the case 
Pe—far™u+i and #22. Then we have to show that 


(by — (w+ 1)) + (pa +w) — 2pr < O. 
We have as in (8) for u < (1/9 pi” (t22) 


(10) (prH) < pat (w+ 1/2)p 
Thus from (8) and (9) 


(bs — (u + 1)) + (pa +u) — 2pr < 2p, — (w+ DE 1/2) 
+ (wt + 1/2)pa — 2p <0, 
which proves (4) and completes the proof of Theorem 1. 


THEOREM 2. Lei ai <aa< -- + bean infinie sequence of integers which 
do not form an artthmeitc brogresston from a certain point on. Let 
t<1 and a, <k*/4(1—2)—ck, for every c if k is suffictently large. Then 


ay * (Cari + G443)/2) > ax 
` have infinitely many soluttons. 


THEOREM 3. Let @ı<aa< +--+: be an infinie sequence of integers 
which do not form a convex sequence from a certain poini on (that is, 
Gk—Gr_1>Grii1—Gy has infinitely many solutions). Let t>1 and 
as <k?/4(1 —t) —ch for every ctf k is suffictently large. Then 


(12) (Cari + am1)/2) < a 
kas infiniely many solutions. 


The inequalities in both theorems are best possible in the following 
sense: For every c there exists a sequence di<a<--- of integers 
with a, <h#/4(1 — 1) — ck for all k, the a's not forming an arithmetic 
progression from a certain point on, and so that (11) has only a finite 
‘number of solutions. The same holds for (12). 

' REMARK. It follows from (5) and our lemma (in §2) that Theorem 
1 is a consequence of Theorems 2 and 3. 

We prove Theorem 2 only in the special case t= 0; the proof of the 
general case and that of Theorem 3 is similar but requires slightly 
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longer calculations. It is well known that for ¢=0 the left side of (11) 
becomes (a4.14441)/*. Thus we have to prove that if a,<k*/4—ck for 
every c if k is sufficiently large, then i 


(13) k-11 > ai 


has finitely many solutions. 

Suppose this is not true. Then for ko <k, Gr3'âmı St; Since the 
a’s do not form an arithmetic progression from a certain point on, 
it is clear that the equation a1— G > đ1— Ga has infinitely many 
solutions. Put Gı—a=x; we have Gmama: t 2x41. Thus since 
Mii Z Gi Gaa we have 


(14) (as + 2)? 2 alar t 241), or 2B az. 


Assume now that, for some k>&o, (Gm — Ga)? <a». Determine the 
least />& for which @;,1—¢:>4:—a)_1. Then we have from (14) 


(Gigi — Ge)? Z (G1 — Gri)’ È Gii S Gs 


an evident contradiction. But this means that, for k>ko, (Omi — 0i) 
2,a,. Thus we clearly obtain that for large enough n the number of 
a’g in the interval (#?, (1+1)*) (where »? is counted in the interval 
but (#+1)! not) does not exceed 2. Thus we evidently have a> k?/4 
—ck for sufficiently large c, an evident contradiction. This completes 
the proof. The sequence #3, #(#-+1) with an arbitrary Bute set added 
to it shows that the result is best possible. 


3. Analytical proof. Now we give an alternative proof of (2) which 
uses deeper tools. We use the prime number theorem for arithmetic 
progressions in the form given by A. Page? 


1 * dy | 
$(k) 2 logy 


Ee er eer ee ep(- a") 
cd ie i? *"B(log k)? 


where m(x, k, 7) denotes the number of primes not exceeding x which 





a(x, k, D — 
(15) 


are congruent to} (mod $) (we assume (k, D =1) and a, +++ are in- 
dependent of x, k and }. We also need the following result due to 
Kusmin * Let bı, §:,---, Ba be real and »Sfsa—PiS --- SBa — pani 


<s1—» (0S¥S1/2). Then 


* A. Page, Proc. Landon Math. Soc. (2) val. 39 (1935) pp. 116-141. 
tR. O. Kusmin, Zhurnal Leningradskoe Fiziko-Matematicheskoe obshchestvo 
vol. 1 (1927) pp. 233-239. 
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2 
(16) E ` 


a 





È are, 
ren] 





We are going to show that for sufficiently large x there exist primes 
(17) x S ter < $< Pr S 42 so that pari — pa < ph — pei 


Suppose (17) is not satisfied. Let x be sufficiently large, and consider 
the primes 


Hi LTS bur <--> < Pye S22 < ppap Lte 


(18) 
< Prose S 42. 
Since we assume that (17) is false, we have 
(19) Pia — $m BS das prs <te < Pee — Pre 
We evidently have 
(20) Dhur — Pte < (3/2) log x forr S H. 


For if not, then, by (19), (4r) —r(2x) = E < (4x/3 log x)+1 which 
contradicts the prime number theorem. 
Put 


HA 
Siy) = J, e» 
pm fti 


. where (40 log x)? <y < (12 log x>~!, We have by (20) 





1 
< (Pui — b) < — 
20 log = YP p) 2. 
Thus from (16) 
(21) | Sy) | < 20 log z. 


Let q be any prime satisfying 12 log «<q <40 log x (such a q exists 
for sufficiently large x). We evidently have 


1 ti 
s(=) = $, erue) 
J Dew 1 


where the prime indicates that the summation is’extended over the 


(22) ` 











pl (mod q) with j+18»Sj+ 4. We have by (15) Oe gee 
PHE ay 1/2 
(23) | D1 - < az exp (— a O59) 
| Pju "og y ¥ (log log z) i 


Thus from (23) and (22) 
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(log z)? ) 


| - 1 min dy 
TONEN m ED 
g q—~iJpu logy (log log x)? 


We have from the prime number theorem pp <1.01x, py >1.99x. 


Thus 
1 1 1.99s d 
LSe TT ns ings 
q 40 log TJ 1.01s logy 


— asz log z exp ( — ay 


< asg exp ( - 








(24) 





(log z)! )> 1 z 
(log log x)*/~ 80 (log 2)? 


which contradicts (20) and proves (16). Hence (2) follows immedi- 
ately since, as remarked in the introduction, p — Pr > pa— p has 
(trivially) infinitely many solutions. 


4, Problems and conjectures. In connection with the Riemann 
hypothesis the question arose how often the expression 
l ripi — bs 
changes its sign. We can show by using Brun’s method that for k S» 
t t 
pri + Het 
= Sa a iii 


changes its sign cs times (as remarked before if ¿=0, (25) becomes 


brabe — Pp. 
The inequalities (2) can be stated as follows: The inequalities 


have infinitely many solutions. By Brun’s method we can show that 


# o Pai a Pa-1 


1. 


It is very probable that the lim sup is infinite and the lim inf is 0. 
(2) can be generalized as follows: Let 5 “%_,asxs be any linear form. 
What is the necessary and sufficient condition that both inequalities 


(26) » a,x, > 0 and >> Gyr, < Q 
ken] bus}, 


have infinitely many solutions in consecutive primes fuis,'*:, 
fers? From the prime number theorem we obtain the necessary 
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condition > $_,¢,20. But xs—x, shows that this condition'is not 
sufficient. Pólya remarked that if (25) has infinitely many solutions 
we can not have a20, a:+a32,0, +, atait +++ +a,20. The 
characterization of the forms which satisfy (26) seems a difficult prob- 
lem. 

Finally we mention two more questions: 

(1) Can theinequalities bap — pa <Paya— Papi < ++ + <Pape— Pat 
have infinitely many solutions for every fixed k? 

(2) Is it true that the number of solutions of Pe — pr > pa— Pici 
kSn is n/2+-o(2)? As we already have stated we can show that the 
number of solutions in question is between cn and (1— c)n. 


SYRACUSE UNIVERSITY AND 
UNIVERSITY OF BUDAPEST 


ON MERSENNE’S NUMBER Mpy 
AND COGNATE DATA 


H. 8$. UHLER 


When p equals one of the 55 primes 2, 3, 5, , 257 then, strictly 
speaking, M,=2?—1 is called a Mersenne abe To obtain a clear 
perspective of the history of this special subject the reader may con- 
sult the interesting accurate paper by R. C. Archibald.t Without 
any superior value of p, it has been shown by E. Lucas that the 
prime or composite character cf a number of the form 2” —1 (p prime) 
may be investigated by employing the sequence 3, 7, 47, 2207, - - - 
' when p is of the form 4n—1, and the sequence 4, 14, 194, 37634, - 
when p=4n+1. In both cases the law of formation of the terms is 

Su St_1—2. However, it is no longer necessary to use the 4n—1 
Pacan series since D. H. Lehmer? stated and proved the following 
theorem: “The number N=2"*—1, where n is an odd prime, 4s a prime 
if, and only tf, N divides the (n—1)st term of the series 


1 = 4, Sy = 14, Sy = 194,---, Speers, 


where Sy=S¢_1—2.” This juszifies the use by the present writer of 
the second progression although 227 falls in the 4n—1 class. ` 


Received by the editors July 7, 1947. 

1 R. C. Archibald, Mersenne’s numbers, Scripta Mathematica vol. 3 (1935) pp. 
112-119. 

? D. H. Lehmer, On Lucas’s test for tha primalsty of Mersenne s numbers, J. London 
Math. Soc. vol. 9-10 (1934-1935) pp. 162-165. 
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On June 4th, 1947 the writer finished calculating the 226th re- 
mainder of the Lucasian sequence 4, 14, 194, - - - as applied to the 
69-digit number 2°" — 12156 79573 33720 51183 57336 12069 
61570°45389 09715 53803 24579 84882 88819 93727. The result was 
ras = 1071 24133 67508 18344 33653 76892 98433 16050 93930 31886 
49512 37078 23311 35950. Since this residual is not zero and since the 
calculations were performed with extreme care it follows that May 
is composite. 

During the entire course of the work each arithmetical operation 
was checked with the auxiliary moduli 10'+1 and 108+1. After the 
date given above all of the work-strips of the whole set were again 
examined and checked with the modulus 10*+1, with a different 
computing machine, and in conformity with the formule of sı succession 
A = Magitrit2. 

In addition to the theoretical probability of error indicated by the 
product of the three independent moduli 10'+1, 10®+1 and 1084+41, 
thé reliability of the writer's method and work has been subjected to 
an a posteriori acid test in each of two instances. In a letter dated Sep- 
tember 12th, 1946, Professor Lehmer informed me that he had dis- 
covered? (“this July 4th weekend”) the factor 2349023 for Misr and 
the factor 1504073 for Ms. He then wrote: “It might be interesting 
now to try to verify your... final residue in each of these tests by 
computing Lucas’ series modulis 2349023 and 1504073 and then see 
if the results are the same as’ those obtained from casting these num- ' 
bers out of your final remainders.” This friendly suggestion was fol- 
lowed-by me with the results that the two 166th residues were con- 
gruent to 2160517 (mod 2349023), and the two 228th remainders 
were identical with the value 465373. The heretofore intentionally 
unpublished value of ris is 59077 89471 97183 05021 04043 18653 
76339 69475 17591 49076. 

As explained in an éarlier paper‘ the essential figures of each of the 
terms above the 8th of the specified Lucasian sequence were multi- 
plied in order by the reciprocal of the chief modulus, Mny, in prefer- 
ence to direct divisioh by M». The approximatior to this reciprocal 
was computed to be (1/Maar)< =0.(68 zeros) 46365 07688 35927 67321 
64669 07693 45493 91709 45597 34472 38753 06629 88236 46998 
17232-30809 13430 64583 44938 95187 64723 82742 71 ---. These 
figures were derived at once from the writer’s earlier trustworthy , 


3 D. H. Lehmer, On the factors of 1* +1, Bull. Amer. Math. Soc. vol. 53 (1947) pp. 
164-167. 

4H. S. Ubler, First proof that the Mersenns number Mur is composits, Proc. Nat. 
Acad. ScL U, S. A. vol. 30 (1944) pp. 314-316. 
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value of (1/Mm)a and the obvious relation Mæ =4My,+12My} 
+--+. Because (1/Mnr)a was to be used 218 times as multiplier, 
the value just given was verified twice by multiplication by the 
exact value of Ms, once using octad segregation of the digits and 
again with nonad grouping. It was proved that the last figure (1) 
recorded for (1/7). is too small by about 0.04 unit. 

For future investigations it may be appropriate to record in this 
place the value of the tenth term of the sequence 4, 14, 194, -- -as 
carefully computed by the author. S1 =$ —2 = 687 29682 40664 42772 
38837 48623 17475 30924 24715 41086 46671 75219 26185 83088 48740 
57909 57964 73288 30691 02561 04343 67796 63935 59517 20423 57306 
59491 63446 06074 56471 28680 78287 60805 52030 24658 35943 90175 
80883 91097 86661 85875 71741 55410 84494 92650 04751 67381 16850 
59273 78181 89975 38392 60609 45226 53652 74850 90187 98812 
03714. This term has 293 digits and it would be applicable to all odd 
primes less than and inclusive of p =971 in 2—1 = M,. If the speed 
of present or future electronic computing machines should cause the 
operators to run out of problems it might be worth while to apply 
one of the machines to testing the character of Men where Morn+1 
= 2971 = 199 58403 09534 71981 16563 72713 03683 85660 67451 26043 
54575 41502 54724 24372 11891 86896 40657 84957 96549 26357 01089 
34244 68441 92495 24397 24379 88393 59366 07391 71798 28483 14203 
20005 67295 10856 76517 53772 14443 62987 18265 33567 44543 92399 
33308 10455 12087 03888 88855 26844 80441 57507 12090 68757 56041 
64235 84952 30344 00992 78848. The accuracy of this power of 2 
. may be inferred from the following quotation of a sentence in a very 
recent letter from Dr. John W. Wrench, Jr. “Your value of 2°7 has 
been collated with mine on several occasions in the past two days, and 
agreement is perfect.” 

The writer is now engaged in applying- the sequence 4, 14, 194, -- - 
to the investigation of the sole remaining doubtful M, within 
Mersenne’s range of surmise (p)<263), namely 2)}*—1. 


Yarr UnNiversrrr 


l 
t 


RECURSIVE PROPERTIES OF TRANSFORMATION 
GROUPS. 0 


W. H. GOTTSCHALK 


The purpose of this note is to sharpen a previous result on the 
transmission of recursive properties of a transformation group to 
certain of ita subgroups. [See Recursive properties of transformation 
groups, by W. H. Gottschalk and G. A. Hedlund, Bull. Amer. Math. 
Soc. vol. 52 (1946) pp. 637-641. | 

Let T be a multiplicative topological group with identity e. A subset 
R of T is said to be relatively dense provided that T= RK for some 
compact set K in T. 


Lemma 1. If R is a relatively dense closed semt-group (RRCR) in 
T, then R is a subgroup of T. , 


Proor. Suppose rÆER and U is a neighborhood af e. It is sufficient 
to show that r?UMRx#@. Let V be a neighborhood of s for which 
VVC JU and let K be a compact set in T for which T= RK. There 
exists a finite collection F of right translates of V which covers K. 
Choose ke CK. Now r—!ko = rik; for some r ER and some k CK. Again 
rk, = rsk, for some ryCR and some k €K. This may be continued. 
Thus there exist sequences ko, kı © -in K and f, rs, °° -in R such 
that rk, =rpikus (1m0, 1, -- +). Select integers mand n (OSm<n) 
and an element Vo of F such that km, kE Vo. Now r'kak, ! 
= (mikakati) (Reims) °° (kuaka ) = fetta: TT ER. Also 
r kaka Er V Vo Cr iV VCU. Hence CUOR and the 
proof is completed. 

Now let T act as a transformation group on a topological space X. 
That is to say, suppose that to x€X and ET is assigned a point, 
` denoted xt, of X such that: (1) ze =x (x€ X); (2) (zs =x(ts) (EX; t, 
SET); (3) The function xt defines @ continuous transformation of 
X XT into X. We assume for the remainder of the paper that x is a 
fixed point of X, T is locally compact and S is a relatively dense in- 
variant subgroup of T. Let 2 denote the maximal subset of T for 
which x£ C (x5)* where the star denotes the closure operator. 


Lemma 2. The sei Z is a closed subgroup of T which contains S. 


Proor. Obviously 23S. From x2*C (x2)*C(xS)* we conclude | 
that 2 is closed. By Lemma 1 it is now enough to show that È isa 
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semi-group. Suppose ¢, TEE. From xe€(xS)* it follows that xer 

€(xS)*rC (xSr)* C(xrS)*. From srE&(xS)* it follows that sxrS 

C(xS)*SC(xSS)*C(xS)*. Hence xorE(xS)*. Thus a and the 
proof is completed. 


Lemma 3. If W is a neighborhood of e, then cialis zw)". 


Proor. We first show that if :*CT—Z, then x€ (xE Vo)" for some 
neighborhood Ve of ?. Suppose ET — 2. Since EÈ by Lemma 2, 
ste (aZ)* and x€E(xZt)*. There are neighborhoods U of x and V 
of e such that V= V~ and UVOx2ti= Ø. It follows that UN«xztiV 
=ø, Define Vom. 

We may assume W is open. Define N=K—ZW where K is a 
compact set in T such that T=SK. Using Lemma 2 we conclude 
that T=SECS(NUZW)CSNUSZWCINVIW and ENOEW 
=g. Hence T—-ZW=_=ZN. By the preceding paragraph, to each 
n CN there corresponds a neignborhood V, of n such that x€ (x£ Va)". 
Since finitely many of the Fa cover N, x (xZN)*. The proof is com- 
pleted. 


LEIMA 4. If U is a neighborhood of x, then there exists a compact set 
Min T such that xMCU and CSM. 


Proor. Define N= AMZ where K is a compact set in T such that 
T=SK. If nEN, then 2n€(xS)* and «C(xSn-5*. Thus sEN im- 
plies the existence of s.©S such that xs,n-'CintU and hence the 
existence of a compact neighborhood W, of san~! such that «WCU. 
Since N is compact by Lemma 2, there is a finite subset F of N for 
which NCUserW,'ss. Define M=U,crW,. Clearly xMCU. Using 
Lemma 2 we conclude that 7CSNCSM~—. The proof is completed. 

Let there be distinguished in T certain sets, called admissible, 
which satisfy this condition: If A is an admissible set and if B is a set 
in T such that 4 CBK. for some compact set K in T, then B is an 
admissible set. A subgroup R of T is said to be recursive at x provided 
that to each neighborhood U of x there corresponds an admissible set 
A such that ACR and «ACU. 


LEMMA 5. If T is recursive ai x, then È 4s recursive at x. 


Proor. Let U be a neighborhood of x. There are neighborhoods V 
- of x and W of e such that W=W—!, W is compact and VWCU. 
By Lemma 3 we may suppose that Vf \x(T—ZW) =. There exists 
an admissible set A in T such that xA CV. Clearly ACZW and 
xAWCU. Define B= ZAA W. Since A CBW, B is an admissible set. 
Also BCZ and xB CU. The proof is completed. 
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. LEMMA 6. If E is recursive at x, then S is recursive at x. 


Proor. Let U be an open neighborhood of x. By Lemma 4 there 
exists a compact set M in T such that «MCU and SCSM—. Let V 
be a neighborhood of x for which VMC U. There exists an admissible 
set A such that ACZ and xACV. Hence x«AMCU. Define 
B = SAAM. Since A CBM, B is an admissible set. Also BCS and 
xBC U. The proof is completed. 

The following theorem is an eae consequence of Lemmas 
5 and 6. 


THEOREM. If T is recursive at x, then S is recursive at x. 


An interpretation of admissibility arises if we define an admissible 
subset of T to be a relatively dense subset of T. The term “recursive” 
is then replaced by “almost periodic.” For other applications, see the 
paper cited above. 


UNIVERSITY OF PENNSYLVANIA 


FIXED POINT THEOREMS FOR INTERIOR 
TRANSFORMATIONS 


0O. H. HAMILTON 


If M is a bounded continuum in a Euclidean plane E which does 
not separate E and T is an interior continuous transformation of M 
onto a subset of E which contains M, does T leave a point of M in- 
variant? It is the purpose of this paper to answer this question in 
the affirmative for certaia types of lọcally connected continua. 

Using a notation introduced by Eilenberg [2, p. 168]! a continuum 
M will be said to have property (b) provided every continuous trans- ' 
formation of M into the unit circle S in the Cartesian plane, with 
center at 0, is homotopic to a constant mapping, that is, a trans- 
formation which transforms each point of M into a single point of S. 
If T is a continuous transformation of a subset A of the plane E into 
a subset B of E, then for each point x of A let T’(x) be the point y of S 
such that the directed line segment oy is parallel in direction and sense 
to the directed line segment x, T(x). Then T’ will be referred to as the 
transformation of A into S derived from 7. Such a transformation 
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has often been considered in the study of fixed point properties of 
continua as for instance by Alexandroff and Hopf [1, p. 479]. If T 
is a continuous transformation of a subset A of E into a subset B of 
- E, A will be said to have property (b^) with respect to T if T leaves 
no point of A invariant and the transformation T” of A into S derived 
from T is homotopic to a constant mapping. 


Lewa 1. There does not existi a bounded plane continuum M which 
has property (b’) with respect to a continuous tnierior transformation T 
of M onto a topological 2-cell I which contatns M. 


PRooF. Suppose the lemma is not true and that there does exist 
such a bounded plane continuum M. Without loss of generality we 
may take J to be the circular 2-cell in the Cartesian plane with 
_ center at o, radius 1, and boundary S. Let T’ designate the trans- 
formation of M into S derived from T. By assumption, M has prop- 
erty (b^) with respect to T and hence J’ is homotopic to a constant 
mapping. By a theorem of Eilenberg [2, p. 168, Theorem 1’] there 
exists a continuous real valued function ® which transforms M into 
a subset of R, the set of real numbers, such that for each point x of 
M, T’(x) is the point 6), Since M is closed and bounded, (M) is 
a bounded and closed subset of R. For each point x of I, let X desig- 
nate the set consisting of all real numbers (y), for y belonging to 
T—(x), and let 6(x) be the greatest lower bound of the set X. Since T 
is an interior continuous transformation, it follows by a lemma of 
Eilenberg [2, p. 174] that 7-! is a continuous multi-valued trans- 
formation of I onto M, and hence that @ is a continuous transforma- 
tion of I into R. For each point x of I let xs designate the directed 
half line with initial point at x which is parallel in direction and 
opposite in sense to the directed line segment oy, where y is the point 
e*2), and let 73(x) be the first point on xs distinct from x which xs 
has in common with S. We know 73(x) exists for each point x in I 
since M is a subset of J and since, from the continuity of 8 and J—! 
and the assumption that T leaves no point of M invariant, it fol- 
lows that there is a point of M distinct from x lying on xs and hence 
a point of S distinct from x lying on xs. Thus, since @ is a continuous 
transformation of J into R, it follows that T, is a continuous trans- 
formation of J into the boundary of I which leaves no point of I in- 
variant. But this contradicts the Brouwer fixed point theorem for 
2-cells. The lemma is therefore true. 


THEOREM 1. If T ts an interior continuous transformation of a locally 
connected untcoherent bounded plane continuum M onto a topological 
2-celt which contains M, then T leaves a point of M invariant. 
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Proor. For suppose T leaves no point of M invariant. Then the 
continuous transformation T’ of M into S derived'from T exists 
and, by a theorem of Eilenberg [2, p. 168, Theorem 6’], since M is 
unicoherent and locally connected, M has property (b), and hence has 
property (b’) with respect to .T. But this contradicts Lemma 1. 


COROLLARY. If T is an interior continuous transformation of a 
bounded locally connected plane continuum which does not separate the 
plane onto a topolopical 2-cell which contains M, then T leaves a point of 
M invariant. 


Proor. For a plane continuum n which does not separate the planea is 
unicoherent. 


THEOREM 2. If Tis an interior continuous transformation of a topo- 
logical 2-cell I onto a continuum M which contains I, then T leaves a 
poini of I inoariani. 

PROOF. Suppose T leaves no point of J invariant. Then the derived 
transformation T” exists and, since J is unicoherent, it follows by the 
previously cited theorem of Eilenberg that I has property (b) and 
hence has property (b’) with respect to T. But T transforms some 
subset N of I onto J. Then N has property (b’) with respect to T. But 
this contradicts Lemma 1. 

It is easy to construct an example to show that Theorem 2 would 
not be true if the condition that T be interior were omitted from the 
hypothesis of the theorem. 

Applications of the theorems of this paper to the theory of func- 
tions.of a complex variable are suggested by the fact that a function 
of a complex variable, analytic in a region R, defines an interior con- 
tinuous transformation of R into a subset of the complex plane. 
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OKLAHOMA AGRICULTURAL AND MECHANICAL COLLEGE 


AN EXTENSION OF ALEXANDROFF’S 
MAPPING THEOREM 


C. H. DOWKER 


1. Introduction. Alexandrof’s fundamental mapping theorem 
(Überführungssatz) is a basic tool of combinatorial topology. By its 
. use, Many mapping theorems for rather general topological spaces can 
be shown to be consequences of the corresponding theorems for 
polytopes. It is especially useful in proving imbedding theorems and 
approximation theorems. 

The chief purpose of this paper is to determine the precise condi- 
tions under which this fundamental theorem holds. It will be shown 
that the theorem holds in full generality, that is, for all coverings, if 
and only if the space is both paracompact and normal. If the space 
is normal, the theorem holds for all coverings which have locally 
finite refinements and for no others. 


2. Terminology. The mapping theorem of Alexandroff concerns 
mappings of-a space into the nerve of a covering. 

By a mapping we mean a continuous transformation. By a space we 
mean-a topological space, in general not satisfying any separation 
axiom. By. a covering we mean a covering of the space by a finite or 
infinite collection of open sets. l 

The nerve of a covering U: {Ua} is a simplicial polytope, with 
vertices Wain 1-1 correspondence with the nonempty sets U, of the 
covering, such that Ha, ts, * + * , #, are vertices of a simplex of the 
nerve if and only if the corresponding sets Ua, Us, ---, Uy havea 
common point. We assume that the nerve is realized as a topological 
space in one of the following ways. The natural nerve N(U) is the 
nerve realized with the natural metric: p(x, y)= (J (#e—va)*)"/%, ‘ 
where Xa, Ya are barycentric coordinates of x and y. The geometric 
nerve G(U)'is the nerve realized with the geometric topology of 
Lefschetz [10, p. 9]:! the stars of the vertices of repeated regular 
subdivisions form a basis for the open sets of G(U). It is known 
[12] that G(U) is a metrizable space. The natural and geometric 
topologies coincide if and only if the nerve is locally of finite dimen- 
sion [11, footnote 4]. 

Following Dieudonné, we call a covering U of a space R locally fintie’ 
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if each point of R has a neighborhood meeting only a finite number of 
sets of U. A covering % is called a refinement of U if every set of B is 
contained in some set of U. A space R is called paracompact (see [4]) if 
every covering of R has a locally finite refinement. A covering of a 
space R is called potnt-finste if each point of R is contained in only a 
finite number of sets of the covering. Clearly, every locally finite 
covering is point-finite. 

A mapping f of a space R into the nerve of a covering U is called 
canonical with respect to U uf the inverse image of the star? of each 
vertex of the nerve is contained in the corresponding set of U; in 
symbols: f"(Stu.)C Ua. If U is point-finite, the finite collection of sets 
U, containing a point $ of R correspond to the vertices #. of a simplex 
in the nerve which we call the simplex o(p) determined by p. It can 
be shown [5, p. 202] that a mapping f of R into the nerve of.a point- 
finite covering U is canonical with respect to U if and only if each 
point $ of R is mapped into the closure of the simplex determined by 
p, that is, f(p) E(t). Another equivalent formulation in the case of 
point-finite coverings is given by Lefschetz [10, p. 40]. 


3. Sufficient conditions. The mapping theorem of Alexandroff, as 
modified by Kuratowski and Lefschetz, states the existence, under 
certain conditions,-of canonical mappings of a space into the nerve 
of a covering. 

(a) If U ts a locally finie covering of a normal space R there ts a 
canonical mapping of R into the natural nerve of U. 

This form of Alexandroff’s theorem is proved in [5, Theorem 1.1]. 
Alternatively, the proof by Lefechetz [10, pp. 45-46] for star-finite 
coverings can easily be extended to locally finite coverings by using 
Dieudonné’a theorem [4, Theorem 6] that every point-finite cover- 
ing { Ua} of a normal space can be shrunk to a covering { Va} such 
that, for each æ, the closure of Vais contained in Ua. 

(b) If a covering U of a normal space R has a locally finie refinement 
there is a canonical mapping of R inio the natural nerve of U. 

Proor. Let @:{ Vs} be a locally finite refinement of U: { Ua}. For 
each Va choose one of the sets Ua such that VsC Ue. Each Vs thus 
corresponds to a unique set Ua containing it. Let Wa be the union of 
all the sets of B which correspond to Ua. Each Vgis in some Wa; hence 
R83: {W.} is a covering of R. Since B is locally finite, so is @. If . 
(Wa, Ws, © * * , Wy) is a simplex of N(W), there is a point 


PC WWs--> WiC UaUa->+ Uy, 


8 The star of a vertex v is the union of all simplexes having vas a vertex. The star 
of a vertex ls an open set in either topology. 
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and hence (t#., 4a, ° ** , 4y) is a simplex of N(U). Thus there is a 
simpliciel mapping r of N(®W) into N(U) which maps each vertex we 
into the corresponding vertex t#,. Clearly m is a 1-1 mapping of 
N(X8) anto a subpolytope of N(U). If twa exists, r “Stu. =Stw,; 
otherwise x “"Stu,=0. By (a) there is a canonical mapping g of R 
into N(&8). Then, if f=xg, fis a mapping of Rinto N(U). If wa exists, 


f St ha = pir St Ha = p! St Wa C WiC Ua 
Otherwise, f-? St #.=0C Ua Hence f is a canonical mapping of R 


` into N(B). € 


¢ 


(c) If U ts an arbsivary covering of a paracompact normal space R, 
there is o canonical mapping of R into the natural nerve of U. 

ProoF. Since R is paracompact, U has a locally finite refinement. 
Hence, by (b), @ canonical mapping exists. 


4, Necessary conditions; main theorems. We pass now to con- - 


sideration of some necessary conditions for the existence of canonical 
mappings. 

(d) If there exists a canonical mapping f of a space R into the 
natural nerve of a covering Ù, then U has a locally finite refinement. 

Proor. The natural complex N(U) can be shown to be a para- 
compact normal (metric) space [6, Theorem 2]. Hence, the covering 
{St the} of N(U) by the stars of its vertices has a locally finite re- 
finement { Vs}. Then {fV} is a locally finite covering of R. Since 
Va is contained in some St #., f VC f> St waC Ue Hence {fV} 
is a refinement of U. 

(e) Let R be a space such that for every covering U of R there is a 
canonical mapping of R into the natural nerve of U. Then Rts a para- 
compact normal space. 

Proor. By (d), the existence of a canonical mapping into N(1) 
implies that U has a locally finite refinement. Hence every covering U 
of R has a locally finite refinement, that is, R is paracompact. Since, 
in particular, there is a canonical mapping of R into the nerve of each 
covering by two open sets, R is normal (see [10, p. 45]). 


THEOREM 1. There exists a canonical mapping of a normal space R 
inio the natural nerve of a covering U if and only +f U has a locally finite 
refinement. 


ProoF. This follows immediately from (b) and (d). 


THEOREM 2. There exists a canonical mapping of a space R into the 
natural nerve of an arbitrary covering if and only tf R is paracompacd 
and normal. K 


f 
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“PROOF. This follows immediately from (c) and (e). 


5. Dimension. Alexandroff’s original theorem was partly, and in- 
deed mainly, a theorem of dimension theory. The dimension-theoretic 
content of the extended (and modified) theorem is indicated by 
Theorem 3. 

The dimenston of a normal space R, dim R, is defined as follows: 
dim Rn means that every finite covering of R has a finite refine- 
ment of order not greater than # +1. 

Let K be a simplicial polytope. Let o* be an n-simplex of K, o* 
its closure, and S* its boundary. If f maps R into K, let A =f 1S5" 
and let f| A be the mapping f restricted to A. If flA cannot be ex- 
tended to a mapping of f“s* into S*~!, the mapping f of R into K is 
called essenital in the closed simplex o*. Thus, if f is essential in o*, 
f |A cannot be extended to a mapping of R (Df“e¢*) into S*. It can 
be seen that. a mapping f of R into K is essential in o if and only if, 
for some subset B of R, f| B is essential in ¢* and f(B) Cea. 


THEOREM 3. If U ts a covering of a normal space R and tf any canon- 
ical mapping of R inio N(U) exists, then, for some canonical mapping 
f of R into N(U), the image f(R) is a subpolytope K of N(U), dim 
Ksdim R, and f ts essentsial tn every closed simplex of K. 


Proor. By (d), the existence of a canonical mapping of R into 
N(U) implies that U has a locally finite refinement $. It can be shown 
[5, Lemma 3.4] that every locally finite covering 8 of a normal space 
R has a locally finite refinement %8: {Wa} such that there is a 
mapping ¢ of R onto N(%) with the following properties: ġ is essen- 
tial in every closed simplex of N(%B) and p St ws= Wg for every P. 

Since %8 is a refinement of U there exists a aimplicial transforma- 
tiont x of N(%8) into N(U) which maps wp into ta where Uais a set 
of U containing Wa. We may -assume that r is continuous on each 
finite subpolytope of N(%%). Since W is locally finite, each point pER 
has a neighborhood U meeting only a finite number of sets of %, 
and hence ¢(U) is contained in a finite subpolytope of N(8). Then . 
xo maps a neighborhood of an arbitrary point p a Hence 
wp is continuous. Let f=rd. 

If rolp) ESt #a then o(p) St ws for some ws mapped into ta. | 
Hence, HEE St w = WC Unx Thus F> St uCus. Therefore, f is 
a canonical mapping. 

Let K be the image polytope +N(%8)CN(i). Since (RK) = N(X8),. 
, F(R) =ro(R) =a N (RB) =K. Thus f is a mapping of R onto K. 


i See, for example [5, footnote 13]. 
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Let o* be an #-simplex of K. Since rN(&8) ~K, there is some simplex 
o™ of N(W) such that ro” =g". There is some n-face oy of o™ which is 
mapped onto o*. (If m =n, of =o™.) Since ¢ is essential in every closed 
simplex of N(X8), ¢ is essential in of and hence there is a subset B 
of R such that ¢(B)Ca.and ¢|B is essential in of. Since x maps öf 
homeomorphically onto o*, me B is essential in g". Hence rọ is essen- 
tial in &. It follows [5, Corollary 3.6] that dim R2»; hence each 
simplex of K has dimension not greater than dim R. Thus f=rẹ is 
essential in each closed simplex of K and dim K Sdim R. This com- 
pletes the proof. 


6. Lefschetz’ gsometric nerve. It will now be shown that in any 
theorem on canonical mappings the geometric nerve can be replaced 
by the natural nerve, or the natural by the geometric. 


THEOREM 4. Let U be a covering of a space R. There exists a canonical 
mapping of R inio the geometric nerve GU) if and only if there ts a 
canonical mapping of R into the natural nerve N(1). . 


Proof. First, let f be a canonical mapping of R into N(11). Let the 
vertices of N(U) be {u«a} and let those of G(U) be {aa}. It is known 
[10, p. 21, (9.9) | that the barycentric mapping ¢ of NOD) onto G(U) 
which maps #a onto Ga is continuous. Let g =ef. Then, since 6 St a. 
= St ta, 

gi St Ga = fd! St Ga = f! St ha C Ue. a 
Hence g is a canonical mapping of R into GM). 

Conversely, let g be any canonical mapping of R into G(U). The 
natural nerve of the covering {St Ga} of G(U) by the stars of its 
vertices may be identified with N(1). It can be shown that G(U) is a 
paracompact normal (metrizzble) space [6, Theorem 2]. Hence, by 
(c), there is a mapping ¥ of G/U) into N(U) canonical with respect to 
the covering {St aa}. Thus Y~ St #2CSt ae. Let f =Yg. Then 

fJ? St ta m pyl St Ma C get St Oa C Ue. 


Hence f is a canonical mapping of R into N(U). 
Applying Theorem 4 to Theorems 1 and 2, we have: 


COROLLARY 1. There exists a canonical mapping of a normal space R 
ie ee a EE B EE 
finite refinement. 


COROLLARY 2. There exists a canonical mapping of a space R into the 
geomeirec nerve of an arbitrary covering tf and only if R is paracompact 
and normal, 
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It likewise follows from Theorem 4 that the theorems of Lefschetz 
on canonical mappings into geometric nerves hold also for mappings 
into natural nerves. In particular, using his notion of “analytic” 
covering and his fundamental mapping theorem [10, p. 41], we have: 


COROLLARY 3. There exists a canonical mapping of a space R into the 
natural nerve of a potnt-finite covering U if and only if U ts analyte. 
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ON MEAN VALUES 
J. ACZEL 


Introduction. Historical. In 1930 Kolmogoroff and Nagumo! 
proved simultaneously a fundamental theorem on mean values. In 
their definition a mean value is an infinite sequence of functions: 
My (x1) = x1, Malti), Mila- 2223), °°, Malti, +--+ +, 4a), $ °°. Each 
function of this sequence has to satisfy the following conditions: ` 
M,(x,-++,2)=a, M(x, ---, 2a) must be a continuous, (strictly) 
' Increasing (cf. §2) and symmetric function. The terms of this sequence 
are connected by the “associative property”: (My = Malm, -- >, *s)) 


Malan +++, Eo Zipi tt Se) = MMs +, Me Sar , Le) 
(kin=1,2,3,---). 


The theorem of Kolmogoroff and Nagumo is that these conditions are 
necessary and sufficient for the existence of a continuous and (strictly) ‘ 
increasing function f(x) by which the mean value can be written in 
the form (f~!(x) is the inverse function of f(x)): 


(1) Males, +5 20) = (LEE 0 1,2,3, 0-2), 


In the next year de Finetti and Børge Jessen? extended this theo- 
rem for mean values of functions. De Finetti and Kitagawa’ consid- 
ered weighted means where besides the variables xi, £a, © + * , £a also 
the weights qi, gs, © **, ga (Qi tgst ++ -+q.=1) were given and 
gave the conditions for the possibility of writing them in the form 


(2) M(t, °°, as u's da) = H [gf + re + gaf(ae) | 
(n = 1,2,3,---) 


analogous to (1) (q+ +++ +g,.=1). 


Recetved by the editors July 16, 1947. 

1 A. Kolmogoroff, Sur ls notion de la moyenne, Atti della R. Academia nazionale ded 
Lincei (6) vol. 12 (1930). M. Nagumo, Uber eine Klasse der Mitishverie, Jap. J. Math. 
vol. 7 (1930). ~ 

3? B, de Finetti, Sal conceito di media, Giornale di Istituto Italiano di Attuarii vol. 
2 (1931). B. Jessen, Bomasrkinger om khouvekss Funkiionsr og Ulighedsr imellem Middel- 
sacrdter, 1; II, Matematisk Tideskrift B (1931), Cf. also J. Horváth, On a theorem 
of Borge Jessen, Norske Vidensinbers Selskabs Forhandlinger vol. 20 (1947). 

3 T. Kitagawa, Or some dass of weighied moans, Proceedings of the Physico-Mathe- 
matical Society offJapan vol 16 (1934). 
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Conditions by which a mean value defined for one definite number 
of variables can be written in the form (1) were posed first by 
Aumann‘ for the case when M(x, +--+, £4) is an analytic function. 
His proof uses rather intricate considerations. - 

In §1 I intend to give necessary and sufficient conditions for 
the validity of (1) for means of one definite number of variables . 
without supposing analyticity of M(m,---,2a), only continuity 
and strict monotony as before. The property which stands instead 
of Kolmogoroff and Nagumo’s “associativity” will be the “bisym- ` 
metry.” This asserts that the function of #* variables 


Paltin t y Biaj j Bah y a 
a M[M(2u,:+-, Eia) ee Maan o, San) l 


does not alter if we replace x. by xs»: and vice versa. 

In §2 I show that if we drop the condition of symmetry the mean 
has the form (2); that is, without giving the weights we shall have 
the conditions by which a nonsymmetric mean is a weighted “Kolmo- 
gorofi-Nagumo mean.” In §3 I try to show the importance of 
the condition “bisymmetry,” for by dropping also the condition 
M(x, -++,x)=x (“reflexivity”), that is, by considering (continuous, 
increasing and) bisymmetric functions [m,---,2,| which are not 
means any more, we shall see that they have the form 


(3) [ens m] = ff pills) +--+ + Palle) + ph. 


To simplify our considerations we shall confine ourselves to mean 
values defined for two variables. This will mean no los of generality. 


1. Symmetric means. 


DEFINITIONS. We postulate the single-valued function of two 
variables M(x, y), «Sx, y&ß (definitions and theorem can be ex- 
tended without difficulty for open or half open intervals which can be 
infinite as well), to fulfill the following conditions: 

(i) Strict monotony: if x <x’ then M(x, y)< M(x’, y) and the same 
for y <y’; 

(ii) Continuity; 

4G. Aumann, Aufbau son Mitieheerton mekrerer Arpnmenis, II. Analytische Miitel- 
weris, Math. Ann. vol. 110 (1935). 

s For a detailed discussion in the general case of # variables for symmetric means, 
cf. J. Aczél, The notion of moas values, Norske Videnskabers Selakabs Forhandlinger 
vol. 19 (1946).—For special simplifications in the case #=2 see J. Aczél, On mecs 


values and operations dafimed for two variables, Norske Videnskabers Selskabs For- 
handlinger vol. 20 (1947). 
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(iii) Bisymmetry: y(xu, 12, on, xe) = M[M (xu, tu), Men, xn) ] 
m M[M (urn), M(x, xs) |; 

(iv) Reflexivity: M(x, x) =x; 

(v) Symmetry: M(x, y)=M(, x). 

(i) and (iv) imply =< M(x, y)<y if x <y (“internneas”). 

Generalizing (iii) we can define the “k-symmetry.” We consider 
the following sequences of functions: 


ATEST a) = M (x1, 2). 
Paltin Tin, Tsn 3a) = M [M (zn, s1), M (x01, x2) |, 
Paltin Tira, Tur Vax, Tiu, Vara, Tri, Trn) 
= MÍ M[M (zun rn), M(2m, sin) ], MIM (tnn va), M (tan, 22) ]}, 


e s, ọọ ē ë ē o â ò s ëY ù ò: ċě > ò % %5 Y #ğ o g S 5 ë 5 ) è ọọ o o k o S y ò% pp BE 


(Wu is a function of 2* variables). M(x, y) is “k-symmetric” if Y, does 
not alter by changing variables, the indices of which are permuta- 
tions of each other. By applying (iii) repeatedly we see that every 
bisymmeiric function is k-symmetric. ` 

We call M(x, y) *k-symmetric in the stronger sense” if the function 
Ya is symmetric in its 2" variables. We can see that every symmetric 
and bisymmetric funciton ts k-symmetric in the stronger sense. 


THEOREM. Conditions (i), (ii), (iii), (iv), (v) are necessary and 
suficient for the extstence of an increasing and continuous function 
f(x) la Sx sp) by which M(x, y) has the form 


(4) M(s, 9) =f AN, 


The necessity of the conditions is evident. We prove the sufficiency 
by constructing f(x) resp. ita inverse function ġ(x) =f~1(x). This func- 
tion has to be increasing, continuous and has to satisfy the functional 
equation (x =f(x), »=f(y)): 


(5) ule), oo] = (= ‘) 


We define #(x) for the dyadic fractions as ites) 
(0) = r m e, ¢(i) = r = ae 
(0) = ro = M(a, a) = a 401/2) = ri” = M(a, B), 
ẹ(1) =r; ' = M(B, p) = B; 


> e © © © » č è č > &© è ċē è &@ @ çë o ē è @ ē è @ ē g BB ë e # © çë > èë ù ë è ## 2 k F 





(6) 


1948] "ON MEAN VALUES ` 395 


2q (#1) a) (hy es 
(<5) = 1 ae 


(6) . 2q+1 
6( e+ )- Pett = Mes tes: 





ee i Se Se Se Se) 


(x) is increasing in consequence of (i). 

Substituting the recursive formula (6) repeatedly in the expression 
of r5t we get finally a Y» in which only b's and a's figure as 
variables. We assert that the number of p's is exactly p. This can 
be proved by induction, because it is true for k=0, 1 and if we sup- 
pose that in the ya re resentation of r® the number of p's is q, 
then, for example, in revi Mre , rs) this number must be 2g-1. 
Similarly in the Pay of M(r®, rw) the number. of f’s is qi-+gs. And 
so it follows from the “k-symmetry in the stronger sense” that 
MP, 2B) = MQ, rA) if ta=d +g. Especially if g+g 
= 2qg+s (s=0 or 1) then M(r®, re) = Tire , 

This enables us to show that for our dyadic fractions, ¢(x) satisfies 
the functional equation (5). In fact, if we consider w=—q,/2', v 
= 2/2" (Qt gam 2g +s; 50 or 1) (u+0)/2= (29+s)/2, 


M [elu 6(6)] -a| 2), s(<)|- Mra sta) 


" (by) (hy, D F f. + ‘) = (* + *) 
the F « 


fe a M (revs Ye j)er Oat 2 


As the dyadic fractions are everywhere dense in the interval (0, 1) 
and #(x) is monotonous on this set there exists a right and a left limit 
in every point of the interval (0, 1). We have to prove that they can 
not be different. For suppose on the contrary y=¢(x—0) <¢(x+0) 
= y then by the “internness” yı < M = M (y, oo Sen WE CANCES 
e so that i 








(8) ` yte < M < ye 
By (ii) there exists a 8 for which whenever [aa | <Š, [y — y | <6 
(9) M —e< M = My, yi) <M +e 


We can choose yf =(q1/2"), wf =o(q./2*) with s= (q +g)/2:>7, 


pl) = M[d(qs/2"), o(q2/2*)] = Myr, yi) 
= MM’ <M +e < » = 6(2 + 0), 
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by (7), (8), (9)in contradiction with the monotony of ¢(x) and thus 
@(x) is continuous. It follows immediately that (x) satisfies (5) in 
every point 0S%1 and so we constructed (x) = f(x) and thus our 
theorem is proved. 

The function f(x) just constructed is not the only one which 
satisfies (4). We can see immediately that every g(x) =af(x)+b satis- 
fies (4) too—but no other function. Because if 


(2 + fo) E piitan, acu: tebe 


p(t) n ef (0) 


This is Jensen’s equality for the function gf—'(t), satiafied only by 
gf (4) =at+b, g(x) =af(x)+oa.* The f(x) we constructed is deter- 
mined by f(a) =0, f(@) =1. 

2. Nonsymmetric means. 

THEOREM. If the function of two variables M(x, y) satisfies the fol- — 
lowing conditons (cf. $1) (aSx, yS8): 

(i) Sirid monotony; 

(ii!) Continusty; 

(iti) Bésymmetry; 

(iv’) Reflextoity, . . 
then and only then there exists a continuous increasing function f(x) and 
a real number O<p<1 by which M(x, y) has the form (p+-q=1): 
(10) M(x, y) = Fea) + af)]. 

The necessity of the conditions is evident. To prove the sufficiency 
we construct a symmetric mean m(x, y) satisfying the conditions (i), 


(ii), (iii), (iv), (v) of §1 so that m(x, y) =f—-((f(x)+f(y))/2) and we 
shall show that this f(x) figures in (10). 


We obtain m(x, y) as the limit of the following process: 
žo = min (2,7) | l Jem max (2,9), 
#,=min [M (7x, y), M(y, =)], Jı=max [M (z, y), M(y, 2)], 


.». eoe v» ‘s a ò â m» ç ëĂâ a ë ù ë è ë > e p> ò ē ë â ò% ē o ë >ò ë â %5: ë i % ē ò ē é ē ¢ â S% S ee | 


* Cf. Hardy, Little wood, Pólya, Ineguatiétes, Cambridge, 1934, p. 74, 
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The sequences #, and J, are monotonous and bounded and so they 
have limits E=lim, sotn, 1 = limaa €= 7, for (from $1) M(x, y) is 
k-symmetric (in the weaker sense) and thus if, for example, £<% - 


E = lim 2.41 = lim min [M(4., Jn), Mha, 2a) ] 
= min [M(E,), M(n, £] >€ 
that is, r=f=y=lim #,>lim 9,—m/(x, y). Also we see now that 
| m(z, y) = lim sy = lim Ja; m= 2, Yom J; 
(12) zı = M(z, 9), yı = M(y, z); | 
Lapi = M (re, yn), Yapi = MCFan, Ta); 


- We prove that this m(x, y) is a mean value satisfying the conditions 
(i), (i), (Gii), (iv), (v) of $1. (iv) and (v) is fulfilled evidently by (11). 
To prove (i), (ii), (iii) let us consider first the function ¢(t; x, y) 
co M[M(t, x), M(y, ©]; lt; t, N =t. O(¢; x, y) ig increasing and con- 
tinuous in é, x, y. i 


lë; 2, y) = pli; M(x, y), My, x)| = (h; a1, yD = +e 
er ple; Ta, Ya) Se Ea p(t; T, r) 
= p[i; m(x, y), m(x, y)] 


because M(x, y) is k-symmetric (in the weaker sense). So the func- - 
tional equation ¢=¢(t; x, y) is equivalent with 


(13) L= b(F; T, T) = olt; m(x, Y), m(x, y) |. 


(13) is satisfied by =r = m(x, y} and this is its only solution, because 
if, for example, ¿<r would be a solution too, t=(t; x, y) =@(é; T, 7) 
>t; t, t) =t. This is absurd! 

Now we prove (i): if x’ >x then, in (12), xf >a, yf >yy ++, ee 
>La Ya >a, et. But tmt is impossible, because from t’ = 
and (13), i=} =(t!; x’, y) =li; x’, vy) > b(t; x, y) =t. This is absurd, 
and thus m(x, y) is increasing: m(x’,y) > m(x, y). The continuity (i) 
can be proved as follows: Let &™ be an increasing sequence converg- ` 
ing to x, 7) one converging to y. The sequence r™ =m(E™, »™) be- 
ing increasing and bounded converges too: r”—7. If we take the 
limit of rTM =¢(r™; £, n) we have F=o(7; x, y). Fhis is only 
possible if 7 =r = m(x, y). This and (i) gives (ii). Also the bisymmetry 
(iii) follows easily from (13) and the k-symmetry of M(x, y). (iii) can 
be deduced also from the equation (15). Thus 


(14) mis, 9) = (SOE) 
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by the Theorem of §1. Here f(x) is increasing ‘continuous, and 
F(a) =0, f(8) = 1. 

We show that this is the f(x) which figures in (1). We prove first 
(15) M[m(x11, 11), m(t, 222) ] = m[M (2u, x21), M (a1, x23) ] 
or with another notation: M[m(x, y), m(u, 2) | =m[M(x, u), M(y, 0) |. - 
This is a a ae of (12) and the &-symmetry of M(x, y). We 


. Write: 


M(%, %) = M(x, #) = s = 5, MOn T) = M(y 0) = i = ho, 
M(x, #1) = M[M (2, y), Miu, 0) |= M[M (2, u), M(y 2) ] = M(s, ) =s, 
M(y1, n) = Ms) oA, 


= ò% mm 5 e, >è č » ò> %5 %/žř > ë > p k 9 


M[m(2, 9), mli 0)] = mls, À = EMCE, »), MC, 9)] 
(m(x, y)=lim zt =lim Ya, m(u, 1) = lim t, lim sa, m(s, È) m lim s,=lim 4). 


Substituting (14) into (15) and writing f{M[F-E, f-*(n)]} 
= F(, 7) we have! 


uf (2 f (x11) ELHA p= ELAD 
| f[M(an, 2a)] + f[M (ers, 22)] 
=S 4 2 } i 

r( Zi1 + S19 Sa. + =) F(su, s1) + F(s12, 321) 

2 2 2 

(f(x) =s). This is Jensen’s equality’ for functions of two variables, 
the only solution of which is the linear function f { M Le), Fa) |} 
= F(E, n) =pi+antr, 


JEC, »)] = pf(z) HO +r 


(£= f(x), n =f(y)). H we put here x =y mg we have r=0; if xay {ß, 
p+q=1. (By 2a, y=, f[M(a, p)] =q and by =p, y=a, f[M, a)] 


T C. Aumann, Konvexs Faukitonen und dis Induktion bet U agleichungen mvischon 
Mittalwerten, Bay. Akademie der Wissenschaften, Munich, Sitzungsberichte (1933). J. 
Aczél, A generakiaation of the noticn of convex functions, Norake Videnskabers Selskabs 
Forhandlingen vol. 19 (1946). 

* Cf. Hardy, Littlewood, Pólya, Ineguakites, pp. 79-80. 
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=.) Thus . 
M(x, y) = Fra) + f)] ($ + g = 1) Q.E.D. 

Together with f(x) evidently every g(x) =af(x) +b satisfies (10) too. 
These are the only solutions as m(x, y) is uniquely defined by M(x, y) 
(11) and we have seen in $1 that af(x) -+b is the most general function 


satisfying (14). The weight p is uniquely defined by (10) pecans if 
(otg=r+s=1): 


Aigo. wana ks 
— b 
rare (=) 


4 


apf ix) taf) = arf(x) tor tafo) tbs — —6 and thus p=r, q=s. 
3. Bisymmetric functions. 


THEOREM. If a function of two variables whick we shall write [x, y] 
is (a Sx, y Sp; a <S [x, y] SB): 

(i) Increasing; 

(ii) Continuous: = ` | 

(ii) Bisymmeiric: [[su, sa], [en, 2] ] = [[su1 sa], [sia, #22] |, 
then and only then ihere exists an increasing continuous Junction f(x) 
and three real numbers r, s, t, by which a 


(16) [x, y] = fo {rf(z) +.5f(y) + th. 


We prove the theorem by constructing a mean value (§2) M(x, y) 
af L{ pf (x) +gqf(y)} and by showing that this is the f(x) which figures 
in (16). 

We see from (i’ and (ii’’”) that the function F(s) = [s, z] is continu- 
ous and increasing. The functions F-(s) and ‘F%(s)=—F{ F(s)} 
= [[s, s], [z, s]] are, also. We prove that the function s= M(x, y) 
= F-1(|x, y]) is a mean value which satisfies the conditions (i’), 
(ii, Gi), (iv of §2. In fact, (i) and (i^) follow from (i’’) and 
(ii); as for (iv): M(s, z)= = Fs, s|) = FFs) =s. We have to 
verify yet (iii^). We write: 

(sis, Sia] = [su 81], s1 = M(su, 21a), [sum sm] = (81, 1], 21 = M (sur, 321), 
[ss Zt] = [za, ssl, sy = M (tn, £22), [s19, S22 m [¥:, 24], Za = M (sis, £22), 
[sn s3] = [s,s], s= M(t, 2) = M{M(su, su), M(sm, 39)}, 
lš; 2, | = (z, 3], 5 == M (k, z,) rod M{M(su, £21), M (813, Bx) }. 

By applying (iii! ^ repeatedly we have s=—2, because 
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F(a) = [[s, s], [s, s]] = []ss, ss], [s1 s:]] = [[ss, s1], [sz #2] 
= [[sn, sia], [xer, sea] ] = [[s12, sar], [s1 ron] | = [[3; 2], [Bs 221] 
™ [B, 33], [1, 2,]] m LI, z|, [z, 3|] = F*(3), 
M {M (sn, 811), M(su, e:)} = s = B = M{ M(s11, sn), M(s1, 82) }. 


Thus we have by the theorem of $2: [x,y] = F{ M(x, y) } = Ff- pf (x) 
HSO) } = A aO} We) = FFs). 

We substitute this result into [[x, y], [x, yl] =[[x, x], fy, y]] 
(this follows from (iti’’)), 


VLE + OY) = VORI + IION. 


If we write f(s) =h(s); f(x) =u, f(y) =v we haye h(putgo) = phlu) 
+gh(v). This is Jensen’s equality’ and hence f}(s) =h(s)=wr+t 
(w, Ł are constants) 


Filz, yD = ofA + of)} + a rfa H O) +t OED. 


As the M(x, y) is uniquely determined by [x, y], all functions 
g(x) satisfying (16) have the form g(x) =af(x) +b. The “weights” r, s 
are defined uniquely by M(x, y) but fis not. For if f (rf(x) +sf(y¥) +4 
=g- (pg(x) +og(y) +r), w= g(s) maf(s) +b, z= g—(w) =f ((w—b)/a) 
then arf(x)+asf(y)+at=apf(x)+bp+aof(y)+bo+r—b and thus 
p=r, o=s, Teat+d(1—p—c) mai+b(i—r—s). If r+sx1 we can 
choose b so that r=0, namely 6=at/(r-+s—1). Hence for $(x) =f(x) 
+é/(r-+s—1) and for every p(x) =ad(x) (and only for them): 


(17) [z, y] = of rp(z) +so(y)} (+ 5 1). 


If [x, yl =x o y satisfies instead of (iii) the stronger conditions 
xo (yos)=(xo0 y) osandxo y=yo x, that is, if x o yis an increas- 
ing continuous, “associative, and commutative operation”®* we have, 
by putting, in (16), r=s<1, from (17), the following corollary. 


COROLLARY. Every increasing, continuous, associative, and commuta- 
isve operation has the form 
(18) coy ff f(x) + fly) +t} = eiela) + 4()}. 
BUDAPEST, HUNGARY 
* Hardy, Littlewood, Pólya, Zmequuliites, p. 74. 


16 This associativity bas naturally nothing to do with the associativity defined for 
mean values by Kolmogoroff and Nagumo quoted in §1. 
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ON AN INEQUALITY OF P. TURÁN CONCERNING 
LEGENDRE POLYNOMIALS 
| G. SZEG6 


The following remarkable inequality is due to the Hungarian mathe- 
matician P. Turán: If P,(x) denotes as usual Legendre’s polynomial 
of the nth degree, we have l 


(1) As(z) = (Pa(z))? — Paslz)Pai(t) 20, nei;-1se5 |, 


with equality only for x= + 1.The purpose of this note is to give several 
proofs for this theorem different from that of Tur4n.! 


1. Proof. The following arrangement is somewhat similar to that 
of Turán. By using the classical recursion 











2na+1 % 
(2) Papila) = EE xP,(x) — EE =—ı(1) 
we find for the polynomial A,(x) the representation 
t # 3 2s + 1 
3 Fi Pes mee P 4" 
(3) au eet 1 Pari TPP at 


This is a quadratic form in P, and P.a which is positive provided 
1/2 \3 . 1))17 
n +i \at+i "n+ 1/2 


For these « the theorem is already proved. For the remaining x = cos 9, 
that is, for 0<@S6, we use Mehler’s formula 


(5) Pileok O'S = f We (a + 1/2) 


cos # — cos 6))1/3 


(4) COs bo. 


and obtain 


A,(cos 0) = mf f (cos # — cos 0) 1H3(cos v — cos f)-1/8 


ms {2 cos ( + 1/2)s cos (s + 1/2)0 — cos (m — 1/2)« cos (s + 3/2)9 


— cos (# — 1/2)v cos (n + 3/2)6} dude. 
Presented to the Sockety, November 30, 1946; received by the editors July 11, 


1947. i 
1 I owe Mr. Turán also some other remarkable properties of the polynomial A,(x). 
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The expression in the braces is 

< cos (n + 1/2)(# + 2) + cos (n + 1/2)(w — 8) 
— (1/2) cos [(m — 1/2)s + (s + 3/2)o} 
— (1/2) cos [(# — 1/2)u — (n + 3/2)0] 


(7) — (1/2) cos [( — 1/2)» + (» + 3/2)«] 


— (1/2) cos [(# — 1/2)v — (n + 3/2)u] 
== cos (# + 1/2)(# + »)(1 — cos (s — 9)) 
+ cos (n + 1/2)(u — s)(1 — cos (# + 1)), 


so that A, > 0 follows provided (# + 1/2)| u + v| S (n + 1/2)20 
S (n+1/2)28.Sr/2. But this is obvious since 


(8) Te alle oy ee leg 
— sin 05 = — 
eg Dees 
2. Proof. We expand A,(*) in a finite series of Legendre poly- 
nomials which will contain-only even terms: 


(9) Anlar) = cpPo(x) + c:.Pa(x) + cxPa(z) + +++ + Pala). 


We show that the coefficients Cı, Ca, - +: , Ca are negative. Then the 
minimum will be reached if P,.(x) is maximum, that is, for x=1. But 
A,(1) =0, thus the inequality will follow. 

For this purpose we use a formula due to Adams, Ferrers and F. 
Neumann for the coefficients of the Legendre expansion of the prod- ` 
uct of two Legendre polynomials.? It is the simplest to state this 





' formula in form of an integral: 


1 
i(¢, b,c) = | PoPi Pax 
~1 


(10) 0 ita -+6-+ ¢ odd, 
0 if ¢o+6+c¢ even but no triangle with sides 
a, b, c exists, 
7 2 heehee if @+5+¢™ 2s, s integer, 
2s +1 fe and a triangle with sides a, b, c 
exists. 
Here 


2 See, for instance, E. T. Whittaker and G. N. Watson, Modern analysis, American 
ed., 1943, p. 331. 
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n Bcr Oren 
1) - ie ee - 1, 
(ii). 2.4... 2$ 5e 


In our case 





Cy = iln, n, 27) — iln — 1, # + 1, 27) 
4 `=] 1 a 
(12) 


yell. 





7 2 (= _ Soe) 
2(n +») + 1 
Bu g,/g,-1 is increasing so that (12) is negative. This proves the asser- 
tion. 
The same argument shows that in the expansion 
(13) (P.(«))? ig Paala) Pala) = CoP o( x) 61P;(x) 7 ee a CaP om (%) 


the first } coefficients co, Ci, © * +, C are positive and all the others 
negative. 


3. Proof. Professor Pélya has called my attention to the fact that 
inequalities of the Turán type occur in the study of entire functions 
of the form 


Sate Sai 


(14) >, idee om gottfesr |] (1 + Bas)" 

a0 A! ` 
where 220, 8 and Ba real, Y- £ convergent. These functions, studied 
by Laguerre, Pólya and others’ are (apart from a constant factor) the 
only ones which are the limits of polynomials with only real roots. A 
sequence of such polynomials is for instance that of the Jensen poly- 
nomials 


(15) mt (Fat (Yast ee 


which approach the entire function (14) as nœ, provided we re- 
place s by s/s. Under the conditions mentioned these polynomials 
have only real roots. If we denote them by m, Z, --°-,8, the in- 
equality uš-ı— Hasta 20 is a trivial consequence of the following 
inequality: 


3 See G. Pólya and I. Schur, Uber swoi Aries von Faktorenfolgen in der Theorie der 
algebraischen Gleichungen, J. Reine Angew. Math. vol. 144 (1914) pp. 89~113; cf. pp. 
96-97. 


. has 
t 
* ’ 
‘ ee . 2 
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4 
. or 
4 


(16) 


(= + e a + =) 183 + s18; + mony 
# 
The generating function 


G) 
na 


(17) | pple se me oJ ((1 — 2%) s} 

om) 
shows, in view of well known properties of the Bessel function Jo, 
that the conditions mentioned above are indeed satisfied. This 
furnishes the theorem. 
_ Taking into account the identities 





So Pe) So ume + De — aimee 
= P(1) # | 
Jumia (1 — 2¥)1s), A> — 1/2, 
(18) & La (2) s ee oe 
2 L{a)(0) al g Ta + 1)e (xs) WY (2 (xs) a) a > ER Í; 
Hla) | = gsr 
a=) "| 


where P®, L© H„ denote the ultraspherical, Laguerre and Hermite 
polynomials, respectively, we conclude the analogous inequalities for 
these polynomials.‘ 


4. Proof. Finally we can avoid the use of transcendental ae 


and work only with the Jensen polynomial (15). It can be written 
in this particular case in the following form: 


P(x) + (*) Pca + (7 pacers + << + P,(x)s* 
(19) 
m (14 2s + s*)*/3P (53) 
"NG + Qa + ata] 
This identity can be shown by the ordinary generating function or by 
the generating function (17) or by the first integral of Laplace.’ Now 


1 We follow the notation of G. Szegd, Orthogonal polynomials, Amer. Math. Soc, 
Colloquium Publications, vol. 23, 1939, pp. 80, 98, 102. The inequality for the Hermite 
polynomials was pomrted out to me by P. Turán. 

! See G. Sangd, loc. cit. p. 87. 
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“4 
let x be fixed, -1<x<1. We obtain for the roots of the polynomial 
(19) in s the condition 
1+ xs’ 
PA ETE PAINE liek i tt ee Xy 
(1 + 223 + 1) 


, where x, denotes a root of P,. Or 


(20) - 


_ He — 1) E wl — =) - 2)" 
k- A a } 


Lá 


(21) 


thus the roots in z are all real. Using the trivial inequality (16) the 
assertion follows. 


STANFORD UNIVERSITY 


NOTE ON THE ÉIGENVALUES OF THE STURM-LIOUVILLE 
DIFFERENTIAL EQUATION 


GERALD FREILICH | 

In discussing eigenvalues and eigenfunctions of the Sturm-Liou- 
ville differential equation 

L(w) + ow = 0, Ls) = (Pw) ow, 

with | 

i(z) 2 m>Od0 

q(x) & 0 | for a S x S b, and for some a, p, and m, 

8 & p(x) Ba> 
and the boundary conditions l 
u(a) = cyw(b), = (a) = caw (b),  cicap(a) = pC), 


we find that we can represent our eigenfunctions as unit normals in 
the directions of the principal axes of an ellipsoid in function space. 
.We define our function space F as the set of all functions v(x), 
axb, which satisfy the boundary conditions of the Sturm-Liou- 
ville equation. The origin of our space will be the function u(x) =0. 
We can now metrize F by defining our inner product (#, v) for 


Received by the editors June 26, 1947. 


sCF,vCF, as 


Bos. ž 
(#, 9) nf mi i 
t j a fe ; 
Also [ul = = ((#, ay, and # is orthogonal stile 0. 
Let me now define (gd 


Dlm) = f (WY + que)ae. 


"Notice D(u, #) = (p(t +gudx 20. gi 
In terms of D, I shall define an infinite-dimensional ellipsoid in’ 
our function space. Take a unit vector in F, that is, (u, #)=1. On 
this, lay off a length r=1/(D(#, «))/2. The set of points of F thus 
` determined for all unit vectors of F constitutes the ellipsoid.. It can 
be shown that the unit normals in the directions of ‘the principal axes 
constitute a complete orthonormal set of eigenfunctions. Further- 
more, if we arrange this set such that s ia the unit vector in the di- 
_ rection of the longest principal axis, #3 the unit vector in the direc- 
tion of the next lene principal axis, and so on, then M = D(s1, #1), _ 
a= D(t, a), ° - + Constitute an increasing set pi eigenvalues, A, being 

the eigenvalue of by. 

To show that A.~#' as #0, we must define the wth principal 
axis (2) D ola) af the previous #— 1 principal axes s(x), 
'  g¢m1,2,---+, s+1. This is customarily done in the following manner: 

Tile wero ae 1 linearly independent vectors of F, Ti, Ta, * 
Dai» through the origin and consider all unit vectors # fie 
i=l, 2, 3, ---, 2—1. Hence iu, 4) 1, (%, v) =0. Let min D(#, u). ` 

= f(v). Ahen max f(v) =^. 

The wdy I define X, runs as follows: 

: Let n, m, + 192 be a set cf » linearly independent vectors of F. 
Consider 
# = Cra + Cas + ; oaeiae 


Then we normalize u getting nee It is easy’ to see that D(u/|l. 
u/|u|)=D(u, u)/(u, u). Now let g(v;) = max PAN #)/(#, #) for all 
# as denne aro ‘Then 


min He mx 
“ To prove this, let v=, for i= 1, 2, : - -, #. Then l 
(u, w) = (D city, D cmi) = D ciolan s) = D cn - 
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Dw, u) DOE cim Dem) Dads Eo 





i S = Às 
(%, ss) Dai ye Da Cy 
since A,SA, for i=l, 2, -++, m—-i. Hence glu) Sà. How-' 
ever, if.c;=0, for t=1, 2,---,#—1, Cam 1, then #=4,, and hence 


Du, u)/(u, u) An, glui) a To complete the proof I must show 
that for all o,, g(v,) Zhe 

Let emeqn+am+ +++ +CD be such that wL u; for +=1,---, 
n—1i, that is, (x, #,) ae, m) + --- Feal). This is always 
possible since I have »—1 equations in # unknowns. Now by the 





definition of #.„, for all vectors u Lu, 11, 2,---,n—1, 
D(u, u) 
An = Dt, tha) S 
(%4, #) 


Hence g(v1) = max D(u, u)/(u, u) SAx. 
With this definition, we can now develop inequalities for the eigen- 
values. Consider 


(1) ($w) — qi + dpt = 0, 
(2) (Paw) — -gi + pss = 0 
with 


plr) Spilx), nlx) S a(x), pile) a pr) forages 6, 


and with both equations satisfying similar boundary conditions. 
Denoting the eigenvalues of (1) by 


Ai, Ag, Aa, Pear 
and those of (2) by 
Hi Ma, fea, ° * * 


we shall prove that M, S 4a for n=1, 2, 

Let h, t, °°**,0. be a fixed set oe n , independent vectors. Let 
umc t *** +e... For (1) the normalized w is u/|ulı and 
Dy(u/| uli, MPE m Dy(u, 4)/ (4, %)1, gr(0,) =max Dilu, u)/(u, u) 
For (2) the normalized u is #/|u|s, and g:(v,) = max Dal, u) / (16, ta. 
Since Di(u, u) = f(pr(e)?+-quu)dx, Dalu, 4) = [(pa(e’)?+qau")dx, it 
follows that Ds(u, #)2Di(w, #). Since (u, u) = [putdx, (u, u) 
= foyutdx, it follows that (u, u) e (u, u) Hence Da(u, u)/(u, u) 
= Di(u, #)/(u, %)1, ga(v) & g (0). Since min ga(v;) =, and min g1(05) 
Aa, then Ha Z An- 

With these preliminaries, the proof about the asymptotic behavior 
of A, is standard. 
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An example of the use of this new definition of ^ is that it affords 
a method of obtaining upper bounds and approximations to ^s. 


Take cern di, da, © © © , a), with r parameters, such that v; for 


$—=1,2,-- +, maatisfies the boundary conditions, that is, it is a vector 
in funun space. Then form . 


w = ey bs H Gn, 
and normalize a, getting 
(i, u) = Dice; (On 0) = 1. oe, 
We can now calculate max D(#, #) , for ' 
D(x, #) = 2) acD 2), 


and hénce we get oe 
a[ >) cc xD (v, v) | wa JDD CCD, v) ] 


OC; ci- 
which together with the equation Ea 
f l 2; Cit (D, 03) = 1 
determine the cı. 
Hence max D(#, u) =h(a1, Ga, *** , Gr) 2n. Hence to approximate 
Aa, We minimize the function A(G, aa, - «+ , Gy). Good approximations 


depend of course on the choice of the original v.. It is to be noticed 
that this is just an extension of the ordinary method of computing As. 


Brown UNIVERSITY 
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A HOMOGENEOUS DIFFERENTIAL SYSTEM OF INFINITE 
ORDER WITH NONVANISHING SOLUTION 


S. BOCHNER AND D. V. WIDDER 


1. Introduction. The only solution of the homogeneous differential 
system 





(1) oe — ef] = 0, 

(2) l JOH =+)  » | 

is f(#) m0. This may be seen by observing that none of the funda- 
mental solutions of equation (1), #* (n= —k, —k+1,-+-,k-—2), 


satiafies the boundary conditions (2). We now replace equation (1) 
by another of infinite order, retaining the boundary conditions (2), 
and investigate the possibility of a nonvanishing solution. We let k be- 
come infinite in equation D after introduction of a factor. Set 


— }) 1 q?*-1 


(3) Lil f(z) = ee ae 


[ero] 


and consider the system ' . 
(4) lim LyLf(2) | = 0, 0<i< am, 


with the boundary conditions (2). Since the dfean operator (3) 
serves to invert the Stieltjes transform,! 


(5) fay =f 2. ds, 


lim Leu lf() m ot), 


it is clear that the only solution of the system (4), (2) of the form 
(5) must vanish identically. Accordingly if the limit (4) exists bound- 
edly,? for example, there is no nonvanishing solution of the system. 
However, we shall show that if the limit (4) merely exists at each 
point of the interval then there are many nonvanishing solutions of | 
the system. One very simple solution is f(#) =#(1+#)—-*%. We shall fnd 
Presented to the Society, September 4, 1947; received by the editors June 25, 1947. 
1 See The Lopiace transform by D. V. Widder, Princeton University Press, 1946, p. 
345. 
1D, V. Widder, loc. cit. p. 373. 
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it convenient to make an exponential change of variable which will 
change equation (4) into 


- D 
lim DIT (1 - — =) 98) = 0, 
E a0 k’ 
where, D indicates differentiation with respect to x. The system in 
question becomes I 
(6) (sin xD) (x) = 0, -o <Cr< ow, 
(7) ‘ y(— R a a e of 
and a nonvanishing solution i is 


ya) = (1+ e~. g 


2. Existence of a nopvanishing solution. 
THEOREM 1. The funcion 


AO EEA t 
KETI f 
- satisfies the system (6), (7). 


To prove thie let us introduce the following notation: 


E(D) = - DII(1-—), | 





e) = 5 caps 
(27 + 1)! 
nin! ` 
We shall show by induction that 
(8) E,(D) g(x) = ca [ h(x) ]*#. 


This is true for n=0 since g’(x) =h(x). Assume equation (8) true 
when n is replaced by #—1 and differentiate both sides twice pee 
= to x, 


l 


| 2n(2n,+ te tate wien 
= Ey —1(D) g(x) T ore tea p enira T ‘ 


If this equation is divided by #* and subtracted from equation (8) for 


$ 
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n—1 we obtain 


Cai 2e(20 + l)e (tbs 





Eq(D) (2) = — Giese 
(9) | = Cyh(x) "4. 
By one more differentiation we have 
(10) E,(D) h(x) = Cala + 1) h(x) *¥ (2). 


Since h(x) is an even function it is clear that E,(D)h(x) vanishes at 
x =Q. For each x50 the right-hand side of equation (10) is the general 
term of a convergent series and hence tends to zero with n. The test 
ratio of the series is 





| tim = -(*~ =) h(a) = 4k(a), 


and this is clearly less than unity. Thus 
(sin rD) A(z) = 0, -o <Llr< 0, 
It is clear by inspection that A(-t ©) =0. This proves the theorem. 
3. Derivatives of the solution. 


THEOREM 2. Ener eae aera an) Ihe MOD h(x) of Theorem 1 
satisfies the system (6), (7). 


By equation (9) we have E,(D)g® (x) =c,D?h(x)*", p=0,1,2, +- 
Without computing the pth derivative of 4(~)*+! completely we can 
obtain an upper bound for it as follows. It is clear that 


1 a,(z) 


0 Doa e De e 
(e/3 + Daa iiia (63/2 + er slt)iateta 


where 


Pr 
(12) Gy(x) = Di cp, gHr", 
io 


Here the coefficients c,,; need not be determined. If 


| cys] S Cyt J= 0,1,4.. Ps 
then 


(13) | a(x) | & Aple + een, —~ocr< om, 


(16) 
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By differentiation of equation (12) we have 


9 Jos (2)| Apa OET 


By induction on p we obtain by differentiating equation (11) that 
Opla) = Gy (2) (P + e) — F(2m + p + 2)a,(x) (er? — 0 */%). 

Then inequalities (13) and (14) ave 

| opix(2) | S.Ap(6 +p + dt eel) rit 


Api = (n+ p+ 1A, 


For p=0, aosi and Ás=1. Hence Ei i 


a (n + p)! 
nai. i 
and 
| Dr [h(a] | s — [ a(x) ]>#2 
(15) | i 
a as 


| Ex(D)49)(2) | Sc [aa] 


As in §2 the right-hand side of inequality (15) tends to zero with 1/s 
for each x0. Moreover if p is even, the left-hand aide is an odd 
function and consequently vanishes at the origin. Hence h® (x) satis- 
fies equation (6). for even $. 

Since 


kPa) = Eo(D)g P (a) = coD?[h(2)], 
| KC) | S copth(a), 
it follows that 4®)(x) vanishes at + ©, and the theorem is proved. 


4. Further solutions: We can now obtain a à very large class of 
solutions of the system (6), (7). 


THEOREM 3. If the function 
f(w) = $, aw 
bom G 


is an even function of order one and inna type and if h(x) is the 


“a 
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funciton of Theorem 1, then the function 
F(x) = > aah D(a) 
f s] 


satisfies the system (6), (T). 


Let ĉo, &, - - - be a sequence of complex numbers tending to zero. 
Then the most general function ef order one and minimal type takes 
the form? 


iger iy 
t0 Á! 


Since f(w) is even, ¢,=0 for even k. Clearly F(x) is also even, and 
E.,(D) F(x) is odd for each », and vanishes at the origin. That 18, 
F(x) satisfies equation (6) at x=0. 
If x0 we may determine a positive number e less than unity and 
such that 


ano - 4e < (1+ 6*)X1 e). 


Now determine an integer N so large that |es| Se when kè N. 
We have at once that 





(18) EDF (a) = > E(D) k™ (a). 
o Å! 


Inequality (15) is sufficient to establish the uniform convergence of 
the series (18) and thus to validate the term-by-term differentiation. 
By Theorem 2 it is clear that 


, G 
lim ee T Ea(D) A» (2) = 0: 


we j0 


Moreover, by inequality (15) 


Lan qi PO (a) < [aia 3 erty” 7 
bi N n 
(n+ 1) c : 
í agm [A(x) |*+ 


But this dominating function is again the general term of a series 


1 See, for example, L Bieberbach, Lekréuch der Funktionenthoorie, vol. 2, 1931, p` 
235, 
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with test ratio 
tim SH h(z) = 4 k(x) 
=» Cy Ll—-e l—e 
This ratio is less than 1 by (17), so that F(x) satisfies (6) for all x. 
Finally, from mequality (16) 


| F(z) |< TOPA es |, 











and F(x) also satisfies equations (7). This completes the proof. 


5. A counter-example. We can now show that the result of ARAR 
3 is best possible in a certain sense. 


THEOREM 4. The word “minimal” in Theorem 3 cannot be replaced | 
by the word “normal”. 
To prove this it will be sufficient to exhibit an even entire function 


f(w) = $, aw 
of order 1 and type ¢ (arbitrarily small) such that the function 
F(z) = 9, ayk(z) 
Eð 


will fail to satisfy equation (6) for some x. We choose ay = (st)*/k! 
for eyen k and a,==0 for odd k. Then f(w) = cos (tw) is a function with 
the properties desired. Moreover the function F(x) becomes 


F(z) oe! = Re h(x + if). 


Simple computations give 
B E,(D)F (x) 
(a+ ia 
ee EL aia 
[(ea!® + e9 cos (4/2). + i(6"!3 — e*I) sin (1/2) m 
Hf we define an argument @ and a modulus \ as follows, 


(19) 


grl — goeh i 
tan a = ———————- tan — » Ate 6* + e 2 cos? 
est gait a2 


ral 


1948] A DIFFERENTIAL SYSTEM OF INFINITE ORDER 415 


equation (19) becomes 


_ MME, (D)F(a) 
(20) (n -+ 1) 
{ — 69) cos (#/2) + ile”! + 6/4) sin “o 
em Re rrr eee A y 
i gialia+3) 


If we choose x so near zero that \ <2, it is clear that \**+*/[(n+1)c,| 
approaches zero with 1/n. If in addition we choose x so near zero 
that a=(2r)/N, where N is an odd integer (which is seen to be 
possible from the definition of æ), then the right-hand side of equa- 
tion (20) reduces to 


(6/2 — @-*/5) cos (#/2) = 0 
for infinitely many values of #. Hence for such x 
lim E,(D)F(x) = 0, 


and our result is established. 


PRINCETON UNIVERSITY AND 
Harvakp UNIVERSITY 
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THE RANGE OF A VECTOR MEASURE 
PAUL R. HALMOS 


The purpose of this note is to prove that the range of a countably 
additive finite measure with values in a finite-dimensional real vector 
‘space is closed and, in the non-atomic case, convex. These results 
_ were first proved (in 1940) by A. Liapounoff.! In 1945 K. R. Buch 
(independently) proved the part of the statement concerning closure 
for non-negative measures of dimension one or two.? In 1947 I offered 
a proof of Buch’s results which, however, was correct in the one- 
dimensional case only.’ In this paper I present a simplified proof of 
Liapounoff’s results. 

Let X be any set and let S be a o-field of subsets of X (called the 
measurable set of X). A measure u (or, more precisely, an N-dimen- 
sional measure (m, -+ -,pẸ)) is a (bounded) countably additive 
function of the sets of S with values in N-dimensional, real 
vector ee (in which the “length” | | +. -+| Ey! oe a vector 
fa(t,:--, y) is denoted by il). The Te Gn, uy) i8 
non-negative af mE =0 for every EES andi~1, , N. 

For a numerical (one-dimensional) measure Ho, nE will denote 
the total variation of uo on E; in general, if u= (pn, "° ©, ue), p* will - 
denote the non-negative measure (u;",---, uy). The length | p*| 
=u -+ -+ - +yuy* is clways a non-negative numerical measure.‘ 


Presented to the Society, September 3, 1947; received by the editors July 10, 1947. | 

1 Sur les fonctions-vecteurs complement additives, Bull. Acad. Sci. URSS. Sr. . 
Math. vol. 4 (1940) pp. 455-478. In a subsequent paper with the same title, in the 
same journal (vol. 10 (1946) pp. 277-279), Liapounoff gave a very elegant example to 
show that neither convexity nor closure can always be asserted in the infimite-dimen- 
sional case. Related quest ons for finitely additive measures have been discuseed by 
A. Sobczyk and P. C. Hammer, The ranges cf addittwes set functions, Duke Math. J. 
vol. 11 (1944) pp. 847-851. 

1 Some investigations o, the set of values of measures in abrirad space. K. Danaloe 
Videnskabernes Selskab, bfathematish-Fysishe Meddelelser vol. 21. 

? On the set of values of a fintie measure, Bull. Amer. Math. Soc. vol. 53 (194 
138-141. I am indebted to Professors Børge Jessen and Jean Dieudonné for 
my attention to the facz that the statement and proof of Lemma 5 of that paper ere 
wrong. The error in the p-oof is the implicit assumption that if S is covered by sets 
of the form UÀ Y then tke intersection of any U that occurs with any V that occurs 
is also a set of the covering. It is not difficult to show that the conclusion of Lemma 5 
holds if and only if every closed set of either of the two given topologies is compact 
with respect to the other. It follows that if, for instance, the given topologies are 
Hausdorff then the conclusion holds if and only if they are identical. 

‘ For the notion of total variation, as well as all other concepts and results of ele- 
mentary measure theory, see S. Saks, Theory of the integral, Warsaw, 1937, chape. 1 
and 2. 
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A measurable set E is an atom of u if (E) 0 and if for every meas- 
urable set FCE either (F) =0 or (F) =p(E). The measure p is 
purely atomic if there exists a sequence {E,} of pairwise disjoint 
measurable sets such that X= U,F, and every E, is an atom of each 
En t=1,:--, N; wis purely non-atomic if none of its coordinates 
By (m1, -- -, N) has any atoms. 

The measure u is absolutely continuous with respect to the megsure » 
if | u*(E)| =0 for every measurable set E for which |»*(E)| =0 (that 
is, if the numerical measure | u*| is absolutely continuous with re- 
spect to the numerical measure |»*|). A necessary and sufficient con- 
dition that u be absolute continuous with r t to y is that for 
every ¢>0 there exist a 8>0 such that | u*(E) <e for every meas- 
urable set E for which | »*(E)| <8. For any two measures u 
and » there exists a measurable set Fe such that |»*(H»)| =0 and 
| u*(E—Ep)| =0 for every measurable set E for which |»*(E)| =0, 
that is, the measure u’, defined by p’(E) =u(E— Eo), is absolutely 
continuous with respect to r. | 

A measure u is semt-convex if every measurable set E contains a 
measurable set F for which (F) =p(E)/2. For any measure p and 
measurable set E let K(u, E) be the class of all real-valued measur- 
able functions @ on E for which 03¢(x)<1 and p({xib(x) <A }) 
=)u(E) for OSA S1. A measure u is convex if for every measurable 
set E the class K(u, E) is not empty. 


LEMMA 1. If u is a semst-convex measure and E ts any measurable set 
then there exists a sequence {E} of measurable subsets of E such thai 
for every k= 1, 2, - - - and any k destinct postive integers mm, °° + , na 


1 
(1) MEn V+ A Ea) = lE) 


Proor. Let ECE be any measurable set with (E1) = u(E)/2. 
Suppose that measurable sets Ei, «© -, Ea have already been con- 
structed so that (1) holds for any & distinct integers m,---:, m, 
1Sna,Sn, ¢=1,---,&%. Consider each of the 2* sets of the form 


(2) Ee, +++) @ EL O+-- OR, 


where a0 or 1 (¢=1, +--+, n) and, for any set F, F =F and P=X 
— F. The value of u for each such set is u(E)/2*. From each set 
of the form (2) select a measurable subset F(a, - -+ , én) so that 
B(PF(ea, >> +, en)) aul Ela, ~*~, éx))/2; write E. for the union of 
the selected subsets. The inductive procedure so described proves 
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Lemma 1. 
LEMMA 2. A semt-convex measure iS convex. 


Proor. There is no loss of generality in considering non-negative 
measures only. Let u be a non-negative semi-convex measure, let E 
be any measurable set, and let {En} be a sequence of sets with the 
property described in Lemma 1. If 


sEE,=lim inf B= U N E, 
bodii bul geek 


then write ¢(x)=0; otherwise write d(x) = 2s ¢,(x)/2", where 
¢, is the characteristic function of E.. Clearly ¢ is measurable 
and 03$¢(x) <1. For any dyadicaly rational number \=—2/2*, with 
am0,1,2,---andkm1,--+-, 2*, it is easy to verify that 


jzid(z) < A} = Ey U fa: È «(2)/2 < at ; 


Since the set fæ: $2 a(x) /2*<X! is the union of exactly & pairwise 
disjoint sets of the form EPO - -OES (4=0 or 1, $=1,..-, ø) 
and since (E) 0, it follows thet 


(3) u({ ziela) < A}) = M(E). 


The extension of (3) to values of }. which are not dyadically rational 
ig an immediate consequence of the countable additivity of u. 


Lemma 3. Let u be a non-negative convex measure and let E be any 
measurable set. IT PC K(u, E) and if p ts a measure absolutely con- 
tinuous with respect to p then p({x-b(x) <d}) is a continuous function 
of `, OSAS1. 


Proor. For any e>0 select a 6>0 so that |»(F)| S[*(F)| <e for 


every measurable set F for which |u(F)| = | u*( F) | <8. If 0SM 
<M S1 and (As—ds)|n(Z)| <8 than 


| alfa S ela) <ds})| = Qs — M) | a(E) | < 
and therefore | »({ x:4(2) <As}) = (frigola) < uH | < e 


Lexma 4. If u is a convex measure and E and F are any two measur- 
able sets then for every M, OSASI, there exisis a measurable set CO) 
with the folowing properties. 

(i) C(O) =E and C(1) =F. 

Gi) w(CA)) = (NHE) +Au(F). 
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Gii) If p is also non-negative and if v is absolutely continuous with 
respect to u then »(CA)) ss continuous function of A. 


COROLLARY. The range of a convex measure is convex. 


Proor. Let @ and Y be functions in K(z, E—F) and K(u, F—E) 
respectively; write CA) =(ENF)U {x:¢(x) <1—-A} U fx: <A}. 
The relations (i) are an immediate consequence of the definition of 
C(A) and (i) follows from Lemma 3. The relation (ii) is proved by the 
following chain of equations. 


u(C(d)) = ENF) + w({2:¢(2) <1 = AJ) + w({z¥(2) < a}) 
m WCE O\F) + (1 — A)u(E — F) + Ou — E) 
= (1) ENF) + aE — F)] +A) + wo — E). 


Lemma 5. If p= (m, °° * , py) is non-negative dnd ourdy honom 
and if each m (1<1S N) ts absolutely continuous with respect to tts 
predecessor then u is convex. 


Proor. In view of Lemma 2 it is sufficient to prove that p is semi- 
convex. For N=1 this is clear.’ Suppose now (in case N>1) that the 
(N—1)-dimensional measure u’ = (u1, © °, uy) is convex; it fol- 
lows from the hypotheses that the (one-dimensional) measure p’ = py 
is absolutely continuous with respect to it. Any measurable set E con- 
tains a measurable set E; such that u'(Eo) =p (E)/2; write Foo E 
— Eo. If »'(Eo) =v (E)/2 there is nothing to prove; in the contrary - 
case it may be assumed that p'(Eo) <v’ (E)/2 and p'(Fi) >p'(E)/2. 
Lemma 4 applied to p’, »’, Eo, Fe in place of u, », E, F yields the 
existence of a number A, 0SA3S1, such that »’(C(A)) =»'(£)/2 and 

WCO) = (1 = NW (Eo) + da! Po) 
sie: 9 phat ae 


It follows that yu(C(A)) = u(E)/2, and consequently the inductive 
proof of Lemma 5 is complete. 


Lema 6. A purely non-atomic non-negative measure iS convex. 

Proor. If u= (u, - + +, pa) is purely non-atomic, write pi =) N 4 us 
Since p’=>(uf,+- +, uy) satisfies the conditions of Lemma 5, p’ is 
convex., Let T be the inverse of the linear transformation which car- 
ried p into p’, w= Ty’. From the linearity of T and the semi-convexity 
of w’ it follows that p is semi-convex and hence convex. 


s Cf. Lemma 2 of the paper cited in footnote 2. 
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LEMA 7. A purely non-atomic measure ts convex. 


Proor. For each +=1,---, N there exists a measurable set E; 
such that m (EDE,) 20 and pi(H—#,) S0 for every measurable set 
E. On all measurable subsets of any one of the 2” sets of the form 


. OFF («.=0 or.1, ¢=1,---, N) each of the measures 
Mi, °° *, #w is of constant sign. Lemma 6 may then be applied to the 
set function Me,---,97 (tH: ++, tuy), where the ambiguous sign 


is chosen in each case so that py,...,, 18 a non-negative measure. 
The convexity of o4,...,., and the disjointness of any two distinct 
ones of the’sets EYO - + - OY imply the convexity of p. 


LEMMA 8. If u is a measure with convex range R and Il is a supporting 
plane of the closure R then RU 0. 


Proor. Let D'be a real linear function on the value space of u such 
that H = {E L(E) -À } for some real number A. The fact that IT sup- 
ports R can be expressed (after a suitable choice of signs) by the 
relation \ =inf | L(u(E)) EES}. Since a numerical measure always 
assumes its minimum there exists a measurable set E for which 
L(u(E)) =à; for this E, clearly, WE) ERAN.’ 


LEMMA 9. IF u is a measure with range Rand CR then there exists 
a measure p' whose range R’ is obtained from R by a translation by —£; 
sf u is convex then n’ is also. 


Proor. If =y(4), write u’(F)=pn(E-—A)—p(ENMA). A trivial 
calculation shows that for every measurable set E, p (E) =p((E—A) 
W(A-E))-§& (so that R’CR—-§), and p(E)—f—p’((E—A) 
(A —£)) (so that R—ECR’). If wis convex and E is any measur- 
able set, let F. and F4 be measurable subsets of H—A and EMA re- 
spectively such that (F) =p(E—A)/2 and w( Fy.) =p(EMA)/2. The 
equation p/(F\/F,)=y’'(£)/2 implies that u’ is semi-convex and 
hence convex. ` 


Lemma 10. The range of a convex measure is closed. 


Proor. Let u=(m, °° +, uy) be a convex measure with range R. 
If R is one-dimensional then p(E) =yo(E)E, where uo is a numerical 
measure and § is a vector, and the result is clear. Assume next, in- 
ductively, that N>1 and that the result is known whenever the 
dimension of R is not greater than N—1. The proof of closure will be 
sE out by showing that ROLOCR for every supporting plane 
Il of R. 


* This lemma and its proof are given in Liapounoff’s first paper, cited in footnote 1. 
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Since, by Lemma 8, H meets R in at least one point £, and since, 
by Lemma 9, R—¢ is also the range of a convex measure (and is 
supported at the origin by I—), there is no loss of generality in 
assuming that I contains the origin. Let L be a linear function such 
that [= {£:L()=0} and inf {L(u(Z)):ECS} =0; then the func- 
tion y, defined by »(E) = L(u(E)), is a non-negative numerical meas- 
ure. Let E, be a measurable set such that »(#,) =0 and that the 
measure u~, defined by u~(E) = u(E— Eo), is absolutely continuous 
with respect to ». Let Rt be the range of the measure pt, defined 
by ut(E) =p(EDOEo). Since L(ut(E)) = L(w(EN Eo) = P(E Eo) =9, 
RCH, and therefore, by the induction hypothesis, Rt is closed. 

If ££ RAM then there exists a sequence {E,} of measurable sets 
such that u(E.)—>¢ and therefore »(En)=L(p(En))—>L(Ẹ)=0. It 
follows that p(En—E) =p (E.)>0 and theréfére that pt(E,) 
=p(E,{\Ey)£. Since ut(E,)ERt and Rt is clésed it follows, 
finally, that ECR+CR, and therefore that ROUCR. 


Lemma 11. The range of a non-negative measure ts closed. 


PROOF. If p=(up °° >, Mw) isa non-negative measure let T = (ży) 
be a nonsingular NXN matrix with positive elements and write 

= (m, ''-, up) = Tu. Each of the non-negative measures 
ui, -+ -, ay is absolutely continuous with respect to every other 
one. Since the range of u is obtained from this range of w’ by applying 
T~! it may be assumed that p itself has the absolute continuity prop- 
erty. It follows that any atom of each coordinate is an atom of all 
others. If Y is the union of the (at most countably many) common 
atoms and Z=X-—Y, and if p/(E) =p(EC\Y) and p (E) =n(EOZ) 
then p’ is purely atomic and p’”’ is purely non-atomic. The range R of 
u is the vector sum of the respective ranges R’ and R” of p’ and p”. 
The range R” is closed by Lemmas 7 and 10; the proof of Lemma 3 of 
my preceding paper (cited in footnote 3) applies without any change 
to prove that R’ is closed. Since the vector sum of two compact sets 
is compact the proof of Lemma 11 is complete. 

The proof of Lemma 7 shows that the range of an arbitrary (not 
necessarily non-negative) N-dimensional measure is the vector sum 
of 2¥ sets each of which may be shown to be closed by Lemma 11. 
The preceding results may, accordingly, be summed up as follows. 


THEOREM. The range of every measure ts closed; the range of every 
purely non-atormic measure 45 convex. 


UNTVERSITY OF CHICAGO 


ON THE DISTRIBUTION OF THE MAXIMUM OF SUCCESSIVE 
CUMULATIVE SUMS OF DIDEPENDENTLY BUT NOT 
IDENTICALLY DISTRIBUTED CHANCE VARIABLES 


ABRAHAM WALD 


1. Introduction. Let X,, Xs, ---, and so on be a sequence of chance 
variables and let S; denote the sum of the first + X’s, that is, 


(1.1) Se= Xipe +X, (§=1,2,---, ad inf). 


Let My denote the maximum of the first N cumulative sums 
Si, - ++, Sy, that is, i ; 


(1.2) My = max (5n <+- , Sy). 


The distribution of My, in particular the limiting distribution of a 
suitably normalized form of My, kas been studied by Erdös and Kac 
[1]! and by the author [2] in the special case when the X’s are in- 
dependently distributed with idertical distributions. 

In this note we shall be concerned with the distribution of My 
when the X’s are independent bit not necessarily identically dis- 
tributed. In particular, the mean and variance of X; may be any 
functions of t. 

In §2 lower and upper limits tor My are obtained which yield 
particularly simple limits for the distribution of My x when the X’8 
are symmetrically distributed around zero. 

In §3 the special case is considered when X; can take only the 
values 1 and —1 but the probability p, that X,=1 may be any func- 
tion of +. The exact probability cistribution of My for this case is 
derived and expressed as the first zow of a product of N matrices. 

The limiting distribution of My/N? is treated in §4. Since the 
interesting limiting case arises waen the mean of X; (4S N) is not 
only a function of 4 but also a function of N, we have to introduce a 
double sequence of chance variables. That is, for any N we consider 
a sequence of N chance variables Xm;,:-:-, Xyw. Let uw; denote the 
mean and gy; the standard deviazion of Xx.. Let, furthermore, Sy; 
denote the sum Xmiı+ +--+ -+Xy,and My the maximum of Sm, °°, 
Syw. With the help of a eee used by Erd&s and Kac U1], the fol- 
lowing: theorem is established in $4: 

Presented to the Society, September 1, 1947; received by the editors June 27; 
1947. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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THEOREM 1.1 Let {Xi} and {X¥,} G=1,+--+, N; N=1,2, 


ad inf.) be tw sequences of chance variables such that th following con- 
dsitons are fulfilled: 


(a) The X's are independently distributed. | 

(b) The sequence {oni} @=1,---,N; N=1, 2,-°-+-+,ad inf.) 
has a possisve lower bound and a finie upper bound. 

(c) uyni”? is a bounded functton of + and N. 

(d) The third absolute moment of Xx, 4s a bounded funciton of i and 
N. 


(e) The onions (a}-(d) remain valid if we replace Xx; by Xha 
(f) The equation 


_ [awit ++ bans, 

lim Wt baled 

Wee Lowi +++ ons, 
(1.3) 


— 
— 


a emaee | Cee 
omit + + ons Noyi +++ + oNN 
holds for al i and N where uj, ts the mean and of; ts the standard devia- 
tion Xm and jiis the smallest positive integer for which 

OM tt toia mt os tom 

oit +++ toin omt +++ + Oke 


k 


Let 
2 
P E -+ y 
+ 
oyi Hee -t ONN 


where M¢ is the same function of the X*’s as My is of the X's. Then 
‘for amy postitve e we have 


(1.5) see [prob {Mn < cN13} — prob {Mn < (c — AN1} | 2, 0 


H 


(1.4) Hy = u(t 


and 
(1.6) lim inf [prob {My < (c4 ÀN} — prob {Mw < cN} ] 2 0. 


' The following corollary is a simple consequence of Theorem 1.1: 


COROLLARY 1.1. Let N’ be any posttive integral valued and sirsctly 
increasing function of N for which prob {My <cN’?| converges to 
a limit function P(c) at a aaa points c of P(c) as N-~. Then 
also 


424 ABRAHAM WALD ` | l [April 


(1.7) lim prob {My < cN/2} = P(c) 
Nua 


' at al continuity points c of P(o). 


The validity of Corollary 1.1 can be derived from that of Theorem 
1.1 as follows: Let c=, be a continuity point of P(c) and substitute 
N’ for N in (1.5) and (1.6). For any positive p all limit points of 
prob { My <(co—e) N13} and prob { Mw: <(cote)N’/3} will lie in the 
interval |P(co) —p, P(co) +p] for sufficiently small e. Hence, equations 
(1.5) and (1.6) imply that 

P(co) — p S lim inf prob {Mw < cgN’13} 
XJ = -æ 
(1.8) d 


% lim sup prob { My: < coN!) S Pleo) + p. 
N=a . 


Since (1.8) is true for any positive number p, Corollary 1.1 is proved. 

The result in Corollary 1.1 can be expressed also by saying that 
for any subsequence {N'} of {N} for which My:/N'™? has a limit- 
ing distribution as N— œ, also My:/N" has a limiting distribution 
which is equal to that of Ma-/N’*, 

It can easily be verified that the conditions (e) and (f) can always. 
be satisfied for chance variables X} which take only the values 1 and 
—1 with properly chosen probabilities. Thus, the results of §3 may 
be used to compute 


omit + ay 
oyi H't + oNN l 


2. Derivation of upper and lower bounds for My. Let X1,---, Xw 
be a set of N variables and let 


(2.1) Xi = Xy (i= 1, 2, + +, N). 
Let, furthermore, l 
(2.2) 4, = max (Xan Xi + Xente, Kit eee + E, 

(4 = f,---, N). 


prob {Mi < wir ( 


Clearly 
(2.3) Mw = My = max (Xi, Xi + Xnet, Xi t +++ + Xn). 
If X1, -© <, Xy are independent chance variables, the chance vari- 


ables M1, My,:--, My form a simple Markoff chain, that is, the 
conditional distribution of Miu, given Mi, ---, o depends only 
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on M,. This is an immediate consequence of the relations: 


(2.4) Min = M+ Xu iu >O 
and 
(2.5) Min = Rua HM: s 0. 


We shall now prove the following theorem: 
THEOREM 2.1. The inequality 
(2.6) M, S| afit +X, | (i=1,, N) 


holds where a=1, 4=1 if afit +--+ +HeaXim>0 and a= —1, if 
aXit+ saa +e, 144150. 


Proor. Clearly, (2.6) holds for +=1. We shall prove (2.6) for ¢+1 
assuming that it holds for +. For this purpose it is sufficient to show, 
because of (2.4) and (2.5), that 


(2.7) lakit eo bei] —laMit- +> +X] 2 Rar 


Denote |e, £i + e. +424 by c; If ¢,>0, then ¢,,=1 and in- 
equality (2.7) goes over into 


(2.8) |a t Real — a = Žun 


which is obviously true. If ¢;$0, ¢44=—1 and inequality (2.7) is 
equivalent with 


(2.9) lalt Xml- lal = Re 


which is obviously true. Hence, Theorem 2.1 is proved. 
We shall now prove a theorem giving a lower bound for My. 


THEOREM 2.2. The inequality 
Rim lak t+ +++ t Ri] — 2 max |X| 5 


2.10 
N ) (i= 1,- , N) 
holds where the e's are defined as in Theorem 2.1. 


Proor. Theorem 2.2 is obviously true for +=1. We shall assume 
that it is valid for ¢ and we shall prove it for #+1. It follows from 
(2.4) and (2.5) that , 


| (2.11) Mor — Wie Xun, 
(2.12) Buia Kus 
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Hence, to prove (2.10) for ++1 assuming that it is true for #, it is 
sufficient to show that at least one of the following two inequalities 
holds: 

` 


(2.13) Rea Rra Sra, Í ; 
(2.14) Rai S Reps. | 


Consider first the case when par sS |a + e. +6;,X,| . In this 
case (2.13) always holds, as can easily be verified. If | Xu! 
eee -+e%;| and 4:20, then (2.13) holds again. If 
| lle tee: »+eX,| and Xy41<0, then aıt --- +X, 
F Eih Lalal Zeal and, therefore, Rms) Z m| —2 Makysiit |X;l 
S — |Z| =X.. Thus, in this case the PE (2.14) holds. ° 
This completes the proof of Theorem 2.2. 

Since My © My, Theorems 2.1 and 2.2 yield the following limits 
for My 


| Xi + oe + evXy| — 2 max | £| 
ta 


So S My S|oXi+-::+evXa|. 

Suppose now that Xi, - + - , Xy are chance variables such that the 
conditional eeu of X, (¢—1,--+-, N) for any given values 
of Xu, °°, Xy is symmetric round the origin. Then the prob- 
ability distabution of |aXi+ ----+evXw| is the same as that of 
|Xit++++Xy|, and the disxribution of |e Xit --- +enXn| 
—2 maxis x | Z| equals that of |Xi+ ---+Xy—- ria aey XI, It 
then follows from (2.15) thaq the following theorem holds: 


THEOREM 2.3. If the condsitonal distribuiton of X: (#=1,2,---,N), 


mi any given valsis of Xi >, Xu 4s symmetric around the origin, 
the inequality 


prob {| X+ +--+ Xx| < ch} S prob {Mw <c} 
S prob {|%a+ +++ + Xw|— 2 max |X| <c} 


holds for any value c. 


Inequality (2.15) has also some interesting implications for the 
asymptotic distribution theory of My. In most cases we shall be 
concerned with the limiting distribution of My/N/% as N-o (this 
is the case discussed in §4). If (1/N"/") max,gx | Xl converges sto- 
chastically to zero, as will usually be the case, inequality (2.15) im- 
plies that the aie distribution of My/N™? is the same as that of 
(1/N%) QR +--+ +eyXy]. 


(2.16) 
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3. The distribution of My when X; can take only the values 
1 and —1. Let X),---, Xy be independently distributed chance 
variables such that X; can take only the values 1 and —1. Let p: 
denote the probability that X;=1. The probability that X,=—1 is 
then equal to 1—p;=—q;. 

Let X: and M, (¢=1,---+,N) be defined by (2.1) and (2.2), re- 
spectively. One can easily verify that M; can take only the values 
—1, 0, 1, 2,--+,# Let cy denote the probability that M,—j for 
j™mi,-«-+,4, and let cw be the probability that M;30. It follows 
from the definition of the M's that the following recursion formulas 
hold: 


(3.1) Cipio = Juicer + qiios, 
(3.2) Ciia ™ Piti, pi F lipti, tea G§=1,2,---,¢+ 1), 

Since My = My, we have 
(3.3) prob {Mw = j} — ONS forjo1,-+-,WN, 
(3.4) prob {My S 0} = cyo. 

We shall now construct N square matrices A1, -+-, Ay, each hav- 
ing N+1 rows and N+41 columns, such that the first row of the prod- 
uct matrix ÁÁ- Áy is equal to (cyo; Cnt °° , CNN). Let Oey 
denote the element in the th row and jth column of the matrix Ay 
(4, 731,:---,N+1;2—1,---, N). We put 

k 
(3.5) 811 = dr; dia = Pp (i = 1,2, N); 
: b 
i Git- ™ Qh (i = 2,3,- , N +1) 


and all other elemente ay equal to zero. It then follows easily from 
the recursion formulas (3.1) and (3.2) that the first row of the 
product A1A3 » - + Ay is equal to (cwo, Cwi, - » © , Cwn). Thus, the first 
row of the product Ards + ° + Ay yields the exact probability distribu- 
tion of My. 

Starting with the initial values co ™= q, cu ™ pı, cy=0 for 7>1, the 
final values Cwe, Cni, > > +, Cvw can be best computed by repeated ap- 
plication of the recursion formulas (3.1) and (3.2). 


A. Proof of Theorem 1.1. Let { Xn} and { Xf} be two double 
sequences of chance variables for which conditions (a)—(f) of Theorem 
1.1 are fulfilled. Let k be a positive integer and Ni, ---, Naa set of 
positive integers such that Ni<Ny<_:-+ <N,=N. Let, further- 
more, 


E 
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(4.1) Pyx.(c) = prob {max (Saw SNNp * t SNN) < cn}, 


Because of conditions (b) and (c) of Theorem‘ 1. 1, there exist two 
finite values .4 and B such that 4 z Nyy, and Boh for all N and #. 
Let ġ(k) be an upper bound of the values _ 

Ny Ni a Ni N: Torm N sı 


4.2 e 
A N” N N. 


For any positive e the following inequality holds: 


(4.3) Prale — À -*2 [B+ 4H]  Px(O S Pral), 


where Py(c) = prob E c'a), Using a method given by Erdds 
and Kac [1], the author [2] has proved the above inequality when 
uy. = pN, oni 1 and N,=[jN/k]. To adapt the proof given in [2] 
to the more general case treated here, it is sufficient to replace the 
right-hand member of (2.6) in [2] by 
(Nya — NOB + (Nen — Na) uw 
(4.4) $$} 5 
, AN . 

where py = max (uii Hai , Hy) 

For the purpose of proving Theorem 1.1, we shall choose N; to be 
the smallest positive integer for which 


‘ 4 
ilem +--++oyy) 
k 


Since oy, has a positive lower bound and a finite upper bound, 
there exists a positive constant z, independent of k, such that h/k is 
an upper bound of the values (4.2). It then follows.from (4.3) that 


(4.5) pee 


(4.6) Pyle — «) — — = (a — b/k) S Pr(c) S Prale) 


when a and b are positive constante independent of N, k, c and e. 
Clearly, if Theorem 1.1 is true for the special case when oh t -- 
+ou omt +--+ +o¥y, it must be true also in the heneral case. 
' Hence, it is suficient to prove Theorem 1.1 when o%,+ +: - +ohy 
moet. ++ +o%,. In what follows we shall therefore restrict our- 

selves to thie special case. 

= Let NÎ, PRa(c), and Py(c) have the same meaning with refer- 
ence to the X*’s as N, bai and Py(c) with reference to the X’s. 
Then we have ~ 


ae 


~ 
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* ) 1 + * * 
(4.7) Prac = 4) = cr (a z b°/k).S Phl) S Pral), 


where a” and ph are ER EA constants independent of N, k, c sad €. 

Let Gi, Gh, -< >, Gh be independently and normally distributed 
chance variables Pe let the mean’and standard deviation of Gx be 
equal to the mean and standard denanon of (K/N) (Syu — SNA, a, 
respectively. Let, furthermore, 


Ow (c) 
= prob {max aea i. Gin + AA ner erty < ck}. 


Clearly, the mean and standard deviation of Gi are bounded 
functions of N, k and 4. Furthermore, the standard deviation of 
Ge has a positive lower bound. It then follows from condition (d) 
and the central’limit theorem that 


(4.9) ° lim [Qx Ko ~ Ey, s(c)| = 


(4.8) | 


Let oat and ~~ have the same meaning with reference to the 
X*’s as GE and Qy,s(c) with reference tothe a We then rans l 


(4.10) o i ralo) — Ph 9] = 0. 


It follows from eondieen (f) of Theorem 1.1 that 


(4.11) n iG. = ~ Ge) = 0, 
(4.12) - lim EG.) = Gal= 

Hence : . 

(4-13) dim OO ~ Oral] = 0. 


From (4.9) aa as 10) one (4.13) we obtain 
(4.14) lim ‘[Py, (c) — Py, (9) = 0. 
Equations (4:6) and (4.14) give 
= À š on i‘ i 1 
4. im i nlc) — Px ale — e) + — — 
eo garon (oe 


and 
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(4.16) lim inf [Phal — Pr(c)] 2 0. 
Since 
(4.17) ~Pralc— 6) 2 Pule e) 


and since, because of (4.7), 
{ 4 
(4.18) Prale) — =~ (0 + 8/8) S Pale + o, 
we obtain from (4.15) and (4.16) 
1 f: 
(4.19) lim inf | Pato ~- Pr(c — e) + C + =| = 0 
Nma ak k 
and 
x 1 b 
(4.20) lim inf [ke +- e) + G + a ~- P(o | a, 0. 
N we a é k k 


Hence, since k can be chosen arbitrarily large, we obtain 


(4.21) lim inf [P(¢) — Pyle- 2] 30 
and | 
(4.22) lim inf [Pale + à) — Px(c)] 2 0. 


This concludes the proof of Theorem 1.1. It may be of interest to 
note that (4.21) and (4.22) imply that for any subsequence {N'} of 
the sequence {N} we have ' 


lim inf Px-(c — e) & lim inf Py-(o) S lim sup Py’(0) 
X ~ N =. Kua 
(4.23) f * 
S lim sup Pyle + ©. 
H ~. . 
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APPROXIMATION BY POLYGONS AND POLYHEDRA 
LÁSZLÓ FEJES TOTH 


In order to investigate as to what order of magnitude a plane (or a 
skew) curve can be approximated by n-sided polygons, we have to 
start from a definition of the deviaiton. One of the usual definitions 
is as followa:! the deviation (H, K) of two curves H and K is the 
smallest number 7 for which H is contained in the neighbourhood of 
K with radius ņ and conversely K. is contained in the neighbourhood 
of H with radius 7. By a neighbourhood with radius 7 of a plane 
(skew) curve we understand the set of the points of all the circles 
(spheres) with radius 7 whose centres are the poists of the curve. 

This notion of deviation satisfies the usual requirements; for ex- 
ample, the triangle inequality is satisfied, that is, if H, K and L are 
three curves, then n(H, K)-+7(K, L)2n(4, L). 

Corresponding to a rectifiable Jordan-curve J, let us construct the- 
polygon P, whose deviation from J is least for all inscribed s-sided 
polygons, Pa: n(P,, J) Sn(Ps, J). If we impose further restrictions 
upon J, the sequence (Pi, J), (Ps, J), ©- - will tend towards zero 
with order 1/n?, that is, the limit value 


1/a = lim inf #3 (Pn, J) = lim #9(P,, J) 


‘exists. We shall call a the approximability of J by inscribed* polygons. 
a is a constant which depends only on J. The approximability of a 
circle of radius r is, for example, a=2/x'r. 

Interesting problems arise if we consider which curve can be ap- 
proximated the worst among a certain class of curves, that is, whose 
approximability is the smallest. We easily obtain,’ for example, that 
among all closed convex curves with continuous curvature of given 


Received by the editors May 15, 1947. 

1 See, for example, Bonnesen-Fenchel, Theorte der konvexen Korper, Berlin, 1934. 

1 Similarly in the case of a convex arc we can define the approximability by cir- 
cumscribed polygons, which equals a. The appcoximability by arbitrary polygons 
equals 2a. In all that follows we restrict cureelves to the case of inscribed polygons 
and polyhedra. : 

3 Cf. L. Fejes, Eswtge Estremaleipenschafien des Kretsbogens besiighch der Annthe- 
rung durch Polygons, Acta Univ. Szeged. voL 10 (1943) pp. 164-173. Starting from 
a different notion of deviation—the so-called deviation of area—among all convex 
arcs AB lying in the interior of the triangle AOB and enclosing a given area with the 
side AB, the conic arc touching AO and BO can be approximated worst. See L. Fejes, 
Uber sins Extremalowenschaft der Kegelscheitibogen, Monatshefte ffir Mathematik 
und Physik vol. 50 (1943) pp. 317-326. 
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perimeter the circle, more generally that among all continuoualy 
curved convex arcs of given length / and total curvature w the arc of 
a circle, can be approximated worst. 1 

This is an immediate consequence of the explicit formula to be 
proved below, which expresses a by the natural equation of J. We 
shall see that 4f the curvaiure G of a recttfiable Jordan-curve J of 
length lL is a continuous function of the length of arc s, then | 


—=—(f lopa), 


where a is the approxtmaltlity of J by inscribed es ‘ 
Hence by Schwarz’s inequality 


1 
as a f G(s) | ds = — la, 
sal, 3 | ; 


‘where equality holds only in the case G(s) =const., that is, when J is 
an arc of a circle. 

We shall prove our formula under the more general condition that 
J is a skew curve! It is worthwhile to note that the torsion of the 
skew curve does not enter into our formula and hence the approxi- 
mability is invariant under all transformations which do not alter the 
curvature as a function of the length-of arc,‘ 

First we estimate the deviation 7(p, j) of a chord p from the cor- 
responding arc 7. For this purpose let us write the equations of fin a 
coordinate system which coincides with the aoe trihedron in the 
center of the arc j of length e: td 


zı = 5 + s%e(s), 


1 We give two more analogous results without proof, and for the sake of sim- 
plicity only for the case of a closed convex curve J: lim #%t—t.) = (1/12) Gds}, 
lim G —i,) = = (1/24)({'@-Ads)* where t denotes the area of the oval surrounded by J, 
fa the area of the inscribed s-aided polygon having a maximal area, and i, the perimeter 
of the inscribed s-sided polygon having a maximal perimeter. 

- Let us observe that /{Gids is the “affine length-of-arc” of J. (See, for example! 
W. Blaschke, Vorlesungen wher Diıffarenhalgeometris, vol. 2, Berlin, 1923.) 

We mention also without a proof that if we approximate a curve lying on a surface 
by polygons consisting of arcs of geodesic lines, we have to put into our formulas the 
geodetic curvature instead of G. 

* This extension of my formula was fret found by my pupi J: Horváth but his 
proof was not quite setisfactory. 

t Such deformations of a curve can be illustrated on a simple model. See Hilbert- 
Cohn-Vossen, Anschauliche Geometries, Berlin 1932, footnote 2, p. 182. 

ee ee ere era i 
surfaces, Cambridge 1912, pp. 10-11. 
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xq = 217s? + steq(s), — ø/2 S s S 0/2, 
z3 = 34 (3), 
where G is the curvature at the considered point and e(s), &(s), a(s) 
are continuous functions of s which vanish for s=0. 
Let us consider at the same time the arc 7’ whose equations are 
Tı = f$, 
zs = 2-IG5?, —¢/2 S $ S 0/2, 
Tı ™ 0. 
Obviously n(j, j”) can not be greater than the maximal distance of 
two points belonging to the same parameter:. *4 
oi 1,2 3 1/3 are 
n(j, j) S maxs (a + e + 43) ` 3 
3.1/2 


A A OE E Se a) |e| S 0/2. 


The deviation of the chord p’ connecting both ehds of j’ from p has 
the same upper bound: n(p, ^) S(0°/4)e(a) and the deviation of 7’ 
from p’ is obviously n(p’, J) =27Ge"/4.' ° 

Hence from the triangle inequalities ` 


MEE H+ asl 2 2) 
and is 1 


nj’, DN Sa, +5, D) +n, P) 


we get 8'Go*—2-o%e(6) Sn(d, J) S8 Goet tela). 

Let us consider now a sequence Pi, Ps, - - - of polygons inscribed 
into J so that the greatest among the sides p], ~3,---,f, of Pu 
shall tend to zero with an increasing #. By the above inequality for 
any auch sequence 


z UE 1/3 


i 2 En f:)) = git 
Let us investigate the sequence of polygons for which 


nlo A) = UJ, Ps) ¢24,2,--+,a:;" = 1, 2, > 
In this case 


i ¢' 
lim #(n(J, PAP = = f ods 


As (J, Pa) is the maximal among the deviations n({, 7;), we get for 
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every other sequence 
Ea ; 
3 > [2 
im aU, PD B =f as 
assuming that the limit value on the left side exists. Therefore 
1 : ; 
lim inf #(n(J, Pa)) 2 a =f Gags o qed 
0 


We have seen that among all ovals in the plane with given perimeter 
the circle can be approximated worst. The question arises as to 
what can be said about the approximation by polygons consisting of 
arcs of circles. 

Let us restrict ourselves to sketch only the main lines of the proof. 
For the detailed exposition the proof given in the preceding section 
can serve as an example. 

We define the approximadisiy aof a curve J by inscribed circular arc- 
polygons by the limit value 1/a=lim inf »*y(C,, J) where C, denotes 
a polygon consisting of n arcs of circles whose vertices lie on J. 

Let C, be the polygon whose deviation from J is least for all poly- 


gons Ca. We may suppose that for the arcs of circles ci, C, - ++, Ca 
of Ča and the corresponding arcs, h, jz, -ja of J 

n(cz, 4s) = n(Ca, J), ‘$= 1, 2, M 
holds. 


To estimate the deviation n(c, 7) we must also consider the mem- 
bers of third order in the canonical equations. Supposing G’ (s) to be 
continuous, we have 


ws e E i 
xy = 21Gs1+ Gs +.--- 
The equations of the circle of curvature at the same point are 
gi = s — GG? + oy a GA 4 --- 


If G’0, the circle of curvature intersects the curve and the short- 
est distances of the circles of curvature from the points of 7 with 
' parameter values s =g/2 and s= —a/2 are 6!|G’| (o/2)*+ ---. Let 
us turn the circle of curvature around the point of intersection so 
that the point with parameter value s=a/2 lies on J. In this case a 
point of the circle with parameter value —o/2-+ - - - lies on J too, 
and two points of the arc —¢/2RsSo/2 of the circle of curvature 
with the parameter values s=+(1/3/%)(¢/2)+ +--become the 


—of/2S58 2/2, 


-~ 


ww 
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most remote ones from J, the maximal distance being (312/216) | G'| o 
Tepa i 

Consequently the arc j can be approximated by a circular arc c 
whose ends are coincident with the ends of j so that 


31/2 
J) =——|GloF+---, 
n(c, j) ae |o? + 


On the other hand, it can be seen easily that this constant is exact. 
Let us take the third root of these equalities involving the arcs ¢; 
of the polygon C,. By summing up and passing to the limit we - 
get the theorem: Let J be a plane curve with the natural equatton 
G=G(s), OSsSl, where G'(s) ts a continuous function. The reciprocal 
value of the approximability a of J by inscribed circular arc polygons ts 


1 31/2 I 3 
(foi 
(a a 216 0 
Similarly it can be seen that this same æ is thé approximability of 
a skew curve by inscribed polygons consisting of arcs of screw lines. 
The approximability of a skew curve by inscribed circular arc poly- 
gons is 
“4 gus l 3 
m = — G’t4+ G97 as) f 
a N, ( ü ) 
where 7 denotes the torsion. 
Making use of Hölder’s integral inequality? 


b RE. b 
(f enijs 0-0 f sn 6) zase58 
we ket 
1 31/3 I 
—s—P] |C |ds, 
a 216 è 


which means that among the plane curves of monotone curvature with the 
length | and maximal curvature M the curve with the natural equation 
G=(M/))s can be approximated worst by polygons consisting of arcs of 
circles. This curve is the so-called clothotd® (Cornu spiral) which 
plays an important role in the theory of the interference of light. 
Contrary to the approximability by common polygons, there is no 


3 See, for example, Hardy-Littlewood-Pélya, Inequalities, Cambridge, 1934. - 
* See, for example, G. Kowalewaki, Notdrlicks Geometria, Berlin, 1931. 
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oval of given perimeter. which can be approximated worst by polygons 
of circular. arcs; for, we can easily construct an oval -with given 
perimeter out of clothoid arcs whose approximability a is- arbitrarily 
In the following we make no claim for rigour. i 
Let us consider an ovaloid S. We define the approximability Aofs 
by inscribed polyaedra by the limit 1/A =lim inf nn(Qz, 5), where QO. 
denotes an inécribed polyhedron having # vertices.!° - %1 
We assert thart the approximadisiy A by inscribed polyhedra of'an 
ovalotd S with continuous Gauss measure of curvature G can be expressed 
` by the surface sntegral of G'°: i 
1 gia 
— = — | @ f. 
A 9 Jgs 
The same formula holds for the approximability by polyhedric sur- 
- faces of a part of an elliptically curved surface bordered by a con- 
tinuously curved Closed curve which does not cut itself. Thus the 
approximability” is invariani under al deformaitons of the surface, 
that is, under.the transformations which do not alter the line ele» 
ment at any point: 
‘According to Schwarz’s inequality 


1 31/1 1/2 31/3 g 
a KAO = Fom 


' where Q= fGdf is the total curvature of S, F its area. Equality holds 
only for a surface which can be deformed into a part of a sphere of 
radius (F/Q)/*, Particularly: among al closed ovaloids with given area 
the sphere can be-approximated worst. . 

For the sake of simplicity we restrict ourselves to closed ovaloids. 
Let us consider a small triangle A whose vertices lie on S and let A’ 
be the small part-of S lying near A whose normals intersect A. Let.us 
place A in the neighbourhood of a point M of S, so that, fixing the - 


u We arrive at' the same approximability A by replacing the word “vertices” by 
“faces” or “inscribed” by “circumscribed” or both. The approximability by arbitrary 
polyhedra is 2A. i 

u Starting from the notion of deviation of volume, the reciprocal value of the 
approximability is proportional to the square of the “affine surface.” (L. Fejes, Uber 
die isoperimetrische omw. tsepiphane Eigenschaft der Ellipse baw. des Ellipsoids, Mate- 
matikai és Természettudományi Ertesft5 vol. 62 (1943) pp. 93-94; L. Fejes, Exiremdhis 
ponirendsserek a sikoan, a gombfeldicien és a lirban, Acta Sci. Math. et Nat. vol. 23 
(Kolorsvár 1944). Hence by the isepiphane property of the ellipeoid found by Blaschke 
(Vorlesungen siber Differentiaigeometris, vol.-2, pp. 198-201) the ellipsoid can be 
approximated worst among all ovaloids-of given volume. > 


~ 
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deviation n(A, A’), the area of A—which we denote by A too—shall 
be as great as possible. Let the plane drawn parallel to the tangential 
plane at M at a distance 7 meet S in the Dupin’s curve D. The 
position pf A in question will be given by the maximal triangle in- 
scribable in D.. 

In the first approximation D can be considered as an ellipse with 
axes (27R,)1/* and (27R3)'/2, where R; and R: are the two main radii 
of curvature at the point M. Thus the area of the maximal triangle 
inscribable in D is : 
ut 


3 ° 
Amar  ——— (RR) oo , 





that is, for the triangle with area A 


. 31/23 


n(A, A’) > GUIA+ ee. 





We can suppose that every face of the polyhedron Q, inscribed in 5 
is a triangle, since otherwise we could divide them into triangles. But 
a polyhedron consisting of triangles with n vertices has 2n —4 faces. 
Thus summing up the above inequalities concerning the faces of Q, 
and increasing » indefinitely we get 





2-313 
2 lim inf an(Q,, 5) Z 5 f GUids, 
8 

On the other hand the bound on the right side can be attained by 
a suitably-chosen sequence of polyhedra; this completes the proof. 

Let us note that the equality just proved does not hold for hyper- 
bolically-curved surfaces. Consider, for example, the part H of a 
hyperboloid of revolution of one sheet which lies between two planes 
parallel to its minimal circular section at the same distances on both 
sides. Let A14:-+-A, and B,B,---B, be two regular polygons 
inscribable in the circles bordering H, so that A;B, (¢=1, 2,--+-,') 
shall be generators of H. The deviation n(H, Qm) between H and the 
polyhedric surface Ọs. having the faces A:49Bi,---, AnA Ba, 
BiBsAs,:--,B,BiA1 is identical with the deviation between 
As : - - A, and the circle around it; hence its order of magnitude 
is 1/n* and not 1/s. 

Finally we draw a conclusion from our estimation concerning 
n(Qs, S). Let S be a sphere of radius R and Q, a system of n points 
on S. Write the greatest possible spherical calotte s, on S which does 
not contain any point of Qa. 


x ae A 
i J l Ñ r ’ i a 
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If we denote the radius of the circle at the. base of ta by fa and tte r 
. least convex covering of Q. by Q, too, then! + 


nOn 5) = R- (R ae | 


For small values of r. this equals ge . and ‘thus by our -: 
estimation concerning 7(Qz, 5) a i 


w b 


po 2 230 4rR? 


fa > 








# l 

or, supposing the system Qa lies on a part of S with area F, 

3 2.313 E ~ 

Ta > aap aa 

9 yn 
It follows immediately that the upper bound of the radii of cirdes 

which does not coniain any poini of a plane system of poinis wiih 
Cans d 4s l 


p a (2-34 
à T 
l aeo 


This inequality is exact; equality holds for a lattice of equilateral ` 
triangles. 

By the density of a system of points we understand here—pro- 
vided that it exists—the limit value d=lim »(F)/F, where #(F) 
means the number of points in the region F of area F arid the limit 
refers to the case when F increases beyond all bounds by trans- 
formations of similitude. ' 

Let us consider a system of circles of radius P covering the plane. 
For the system of centres of circles obviously r Sp, hence the density ' 
i ia a i ener) 


2-3y 








xpd & 





(= 1.209... ). 


This result is due to R. Kershner.” 
BUDAFEST, HUNGARY 


n If the centre of the sphere S lies outside Q, the square root in our equality must 
be taken with negative sign. 

d R. Kershner, The umber of circles covering o set, Amer. J. Math. vol. 61 (1939) 
pp. 665-671. For different generalizatians of the above inequality see the second 
paper quoted in footnote 11 and further L. Fejes, Eiwmigs Bemerkungen aber die dich- 
tests Lagerung inkongrusnier Kreise, Comment. Math. Helv. vol. 17 (1944-1945) 
pp- 256-261. l 
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CONVEX FUNCTIONS 
E. F. BECKENBACH 


1. A problem’ of Cauchy. In 1821, Cauchy [19]! proposed and 
solved the problem of determining the class of continuous real func- 
tions f(x) which satisfy the equation 


(1) (x1) + f(s) = f(s + Ta) 


for all real x; and x. I think you would enjoy reading Cauchy’s 
elegant treatment of this simple problem. But possibly you would 
enjoy more solving it yourself, or seeing to what considerations you 
are led if you omit the hypothesis of continuity. 

The discontinuous solutions of (1) have been studied extensively. 
I have mentioned this equation because any solution of it satisfies 


A) =) 1G) 





1 
= = [ay + f(a), 


and therefore satisfies 


| (2) (== =) 


an inequality with which we shall be especially concerned. 


2. Definition of convex function. A real function f(x), defined in 
the interval a <x <b, is said to be convex provided that for all x; and 
ta, with a <x <x <b, and for all eto q and q satisfying gto 
= 1, we have 


(3) F(qit1 + gira) S qif(a1) + qafta). 


A convex function necessarily is continuous for a <x <b. 

Geometrically, the condition of convexity is that each arc of the 

An address delivered before the Annual Meeting of the Society in Athens, Georgia, 
on December 30, 1947, by invitation of the Committee to Select Hour Speakers for 
Annual and Summer Meetings: recefved by the editors January 14, 1948. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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curve y=f(x) lie nowhere above the chord joining the end ‘points of 
the arc. 
If f'(x) exists at each point of the interval, then a necessary and 
sufficient condition that f(x) be convex there is that we have - 
MOKA >. (a<z<b). 


r 


1 


- 


~ 
` 


If the strict inequality in (3) holds. throughout, we say that f(x) is - 


_Stricily convex: The terminology varies, however, and some authors 
-use the terms “non-concave” and “convex” in place of “convex” and 


“strictly convex,” respectively. 
Similar definitions hold for concave functions. Briefly, f(x) is con- 
cave if and only if —/(x) is convex. 


3. Elementary properties and examples. Clearly if f(x) and g(x) - 


are convex functions in the interval a<x<b, then f(x)+ g(x) and 
max [f(x), g(x)] are convex there, as is ¢f(x) for non-negative con- 
stants c. 

The limit of a convergent sequence of convex functions is convex; 
also, if it is finite, so is the upper envelope of a family of convex func- 
tions. 

A convex function has a left-hand derivative and a nee er de- 
rivative at each point of (a, b). The right-hand derivative is not lese 
than the left-hand derivative, and both are nondecreasing functions 
of x. It follows that these derivatives are equal except at most at the 
point of a denumerable set of points. 

If for fixed xı and x, in (a, b) the sign of equality in (3) holds ata 
single interior point of the subinterval (x1, xa), ao the sign of equal- 


‘ity holds throughout (x, xa). 


In the part af (a, b) outside the subinterval (x, xı), the graph of 

y=f(x) lies nowhere below the line through [x1, f(x.) | and [ss f(<:) |. 

The function |x- a| i is convex, its graph being V-shaped; therefore, 
for instance, so is the function 


e(a) m 2) 2] +] 2-1] +] 2-21, 


the continuous graph of which consists of a succession of line-seg- 
ments. Again, for the above function a(x), the function max [x?, g(x) | 


_ ig convex. 


The differentiation test shows that for «>0 the functions x log x 
and: log 1/x are convex. 


4. Early history of spate functions. Convex functions were first 


. defined and systematically studied by J. L. W. V. Jensen [34, 35].in 


1905, who adopted (2) as defining inequality. We shall say that a 
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function satisfying (2) for all xı and x in (a, b) is convex in the sense of - 
Jensen, or briefly convex (J). For recognizing the importance of the 
class of convex functions and signalizing it, Jensen deserves great 
credit. 

Of course mathematicians were able before 1905 to recognize and 
utilize conditions under which the graph of a function turns its con- 
vexity downward. 

Thus, as Jensen noted in an addition to his cited paper [35], in 
1889 Hilder [32] had obtained the fundamental inequality 


(4) (Las) s È afte (e< a1 <b >o, yan), 


for the subclass of convex functions f(x) for which f’’(x) is continuous 
in (a, b). The inequality (4) expresses the relation that the function 
value at the weighted average of the x,’s is not greater than the 
weighted average of the function values at the x,’s. 

Stolz [68] in 1893 showed that if f(x) is continuous and satisfies 
(2), then f(x) has a left-hand derivative and a right-hand derivative 
at each point of (a, b). 

Also in 1893, Hadamard [24] showed that if f(x) has an increasing 
derivative (so that f(x) is convex), then for a <x, <x <b we have 


(7 *) <—— S oa 
2 Tı Tid = 

In 1896, Hadamard [25] announced the result which Landau [40] 
later glamorized by designating it the Three Circles Theorem: If 
f(s) is an analytic function of the complex variable 3 in the annulus 
a<|s| <b, and M(r; fl) denotes the maximum of f(s) | on the circle 
|s| mr, then the graph of log M(r; Ifl) as a funciion of log r turns sts 
convexity downward. That is, log M is a convex function of log r. 

In 1897 and 1898, Hadamard [26, 27] observed that for a surface 
S given in geodesic representation, 





ds? = dw? + pdo? (u & 0), 
the Gaussian, or total, curvature K is given at points where u40 by 
1 a? 
(6) Fem ee 
u ðu’ 


so that if K is of one sign over all of S, then ĝ?u/ðu? is of the opposite 
sign. Thus if S is a surface of negative curvature, then u(#, vo) is a 
convex function of #. 
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l fhm a X rol 
be a power series in two complex variables, which is convergent fora . 
pair: of values Zo, wo neither of which is zero. That is, every ee 
series formed from the terms of (6) converges for g= g9, tw == tpo. 

(6) converges absolutely for all z, w satisfying |s| <|s0|, | | eh 

i air of positive numbers r and p such that the series converges for 
) <r and |w| <p simultaneously, but diverges for |s|>r and 
a >p simultaneously, ib called a pair of assoctaied radii of conver- 
gence. Thus for 








h 


ne 





2 gii us 


clearly rp = 1, so that 1/p =r and log 1/p=log r. 

In 1902, Fabry [22] showed that if r and p are associated radii of 
convergence, then log 1/p is a convex function of log r, as illustrated 
in the above erample., Faber [21] and Hartogs [31] showed con- 
versely that if r and p are positive variables such that log 1/p is a 
convex function of log r, then there exist series of the form (6) for | 
which r and p are associated radii of convergence... 

Minkowski [44] in 1903 studied convex bodies by means of Si#ts- 
funkitonen, which are particular convex functions of more man one 
independent variable. 

Possibly the convexity af some significant convex EEN which 
were studied before 1905 was recognized though not mentioned. Let 
f(x) be analytic for |s] Sr, with a zero of order m 20 at s=0, so that 


f(s) m s”g(s), 
where g(0) s40, and let the moduli of the zeros of f(s) in 0<|s| <r be 


1 — sw 


Ti Ty tty fa with O<rSmS ++: Sra. Then we have the famili 
formula 
| g(0) | r= 
(7) l 2r =fr log fee) | do = tog a, | 
which can be written as 
(0) | rst 
(8) m lD ep f log | f(re**) | d8 = taal 


Thus as r increases from r=0, the exponent m+n increases by in- , 


1 


” 
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tegral amounts at the moduli of the zeros of f(s), and the geometric 
mean Malr; |f|) is, by successive intervals some of which might be 
degenerate, constant out to the modulus of the first zero of f(s), then 
a linear function of r, then a quadratic, and so on. 

Clearly it follows from (7) and (8) that log Dto(r; | fi) ig a convex 
function of log r; this is a limting case of a theorem established by 
Hardy [29] in 1914. Actually it follows also from (8) that Dto(r; |f|) 
is a convex function of r [6]. However, the discoverer of (7) remarked 
in this connection only that the left-hand member of (7) is a non- 
decreasing function of r. Established in 1898, (7) is known as Jensen's 
formula [33]. 


5. Functions convex in the sense of Jensen. If f(x) is convex, then 
f(x) satisfies (2) as special case of (3); that is, if f(x) is convex, then 
f(x) is convex in the sense of Jensen, or convex (J). Conversely, if 
f(x) is conisnuous and convex (J), then f(x) is convex. But, though a 
convex function must be continuous, a function which is convex (J) 
is not necessarily continuous. 

As Hamel [28] showed in 1905, the existence of discontinuous func- 
tions f(x) which satisfy (1) is readily established by means of a Hamel 
basis B for the real numbers. 

A Hamel basis B for the real numbers is a set of real numbers b, 
the elemenis of B, such that each real +0 has a unique representa- 
tion of the form 


a(n) 


+= 2 r by, 
fou d 7 


where n(x) is finite, the r; are rational numbers with r;»0, and the 
b, are elements of B. 
The general solution of (1) is given by 


a(x) n(x) 
fe) = $( Lr) = Leste (x = 0; f(0) = 0), 
where f(b) denotes an arbitrary function on B. 

Since the set of real numbers is non-denumerable, and the 7; are 
rational, the set of elements of B must be non-denumerable, and 
therefore there must be an accumulation point po of B in B. If, for 
instance, we define f(b) to be 0 on B except at the accumulation point 
po, and take f(po) =1, then f(x) necessarily is discontinuous at po. 

To obtain a discontinuous function which is strictly convex (J), we 
might then, for instance, add x? to the above function f(x); or we 
might take the function 
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f*(z) = max [24, f(x) + 2°], í 
which is bounded from below by y= g?, 


6. Generalizetions of convex functions. In 1908, Phragmén and 
Lindelöf [51] showed that if f(z) is an entire function of finite order p, 
then the function 


k(6) = lim sap 2610 | 


has the following property: If 0<@:—0@,<2/p, and H(@) is the function 
of the form 


A cos pð + B agin pé 
which coincides with 4(@) at 6; and at bs, then for #:<0< we have 
KÒ S HO. 


Accordingly, A() is said to be a sub-irtgonomeiric funcdton. Pólya 
[33] showed that sub-trigonometric functions have certain differen- 
tial properties in common with convex functions, and Valiron [69] 
extended the analysis to functions f(x) dominated by functions of the 
form 


Ag(x) + BY(z) 


for suitably restricted functions $(x) and (x). 

More generally, let { F(x) } be a family of continuous functions 
F(x) defined in an interval a<x<6, such that for given Pi: (xu 91) 
and Pa: (x3, y2), with a@<xı<xı<b, there is a unique member of 
{ F(x) } through Pı and P}. Functions f(x) dominated by F(x) } 
- might be said [1] to be convex relative to | F(x)}. With Bing [5], we 
have defined functions which are convex (J) relative to { F(x) }. 

There are families { F(x)} which are not topologically equivalent 
to the family { L(x) } of all non-vertical line-segments terminating on 
ma, seb, And there are families { F(x)} such that f(x) might be 
convex relative to {F(x)} yet nowhere differentiable. But many 
properties of convex functions, particularly those concerning measure, 
do hold for these general functions. 

In terms of divided differences of order #, Popoviciu [55] has de- 
fined convex functions of order r. If a convex function f(x) of order n 
and a polynomial p(x) of degree n (or leas) have equal values for 
n+1 values of x, then alternately f(x) Sp(x) and f(x) =p(x) in the 
successive subintervals bounded by these n+-1 values of x. 

My colleague Drandell [20] is combining the notions of functions 
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convex relative to { F(x)} and of convex functions of order n. Added 
in proof: Shortly before the delivery of this address, results in this 
game program were announced by Tornheim in Bull. Amer. Math. 
Soc. vol. 53 (1947) pp. 1119-1120. 

A function f(x, y) is said to be doubly convex provided that, in its 
domain of definition, f(x, y) is a convex function of x for each y, and 
a convex function of y for each x. Thus f(x, y) sixy is doubly convex 
Of several additional generalizations of convex functions f(x), we 
shall later consider two additional generalizations to functions of two 
(or more) independent -variables; these are (i) convex functions of 
P: (x, y), and (ii) subharmonic functions. 

To indicate the possibility of yet another generalization, we recall 
the inequality of Steiner [42]: For two continuous surfaces 


Si: s= shz, y), Sat 5 = a(x, y), (x, y) in R, 
where R is a Jordan region, let S denote the surface 
` S: s= [s(x y) + sa, )]/2. 
If A(S) denotes the area of S, then we have 
A(S) S [A(S:) + A(S:)]/2. 


7. Measure and connectedness. Investigations of the discontinu- 
ous solutions of (1) and (2) have been concerned particularly with 
properties of measure and connectedness. 

Jensen {35]-proved that if f(x) satisfies (2) and is bounded from 
above, then f(x) is continuous. This result has been extended by 
Bernstein and Doetsch [9], Blumberg [11], Sierpenski [67], and 
Ostrowski [49]. 

If f(x) is convex (J) and is not continuous, then f(x) cannot be 
bounded on any subinterval or even on a set of positive measure; f(x) 
cannot be a measurable function; and either the set M of points of the 
graph of y=f(x) is dense in the entire strip a <x <b, —œ <y < + œ, 
or there is a continuous convex function (x) such that the set M lies 
in a<x<b, d(x) <y<-+o, and is dense there. For example, the 
graph of the above function f*(x) is dense in the part of the plane 
above y= x1, For any circular disc D such that M is dense in D, the 
x-projection of the part of M in D has zero interior measure and 
positive exterior measure. 

It has been shown by Jones [36] that the graphs y =f(x) of the dis- 
continuous solutions of (1) serve to illustrate relatively easily certain 
weird topological properties of connected sets. Thus there are discon- 
tinuous solutions of (1) for which the graphs are connected, and 


r 
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others for which the graphs are totally disconnected. But eventhough ; 
the graph might be connected, it must be punctiform; that is, it can 
contain no nondegenerate continuum. 

We shall return to considerations of measure and connectedness i in 
discussing convex sets. 


8. Convex sets. A set S of points in the plane or in space is convex 
provided that for each pair of points Pı and Py, in IS the entire line- 
segment P,P; is contained in S [44,13]. `. i 

A function f(P), defined on a convex set S, is said to be convex 
provided that for each pair of points P, and P3 in,S, and tor all posi- ` 
tive qı and q satisfying ate=t, we have l 


f(@Pit+ P) S nfa) T ei 


where @P1+@Ps has its obvious meaning. 
. To illustrate the connection between convex functions and convex 
sets, I shall state a simple theorem suggested to me by Newburgh, one 
of my colleagues; I think you might enjoy supplying the few lines nec- 
essary for its proof. 

‘THEOREM. For a closed set S and a variable point P, lei 


- d(P; S) = min distance (P, Q). 


A necessory and sufcent condition that S be a comer seb is that dP: S) 
be a convex funcson of P. 


Two of my colleagues, Green and Gustin [23], have defined sub- 
convex sets S af points as follows. Let à denote a non-null set of 
points in the interval 0<x<1. Then the set S is sub-convex, or convex 
relative to X, provided that for each pair of points Pı and P; of S, all 
the points of the image of à uncer the homothetic mapping of the 
line-segment 0<*<1 on the line-segment P,P; are contained in S. 

If S is convex, then S is convex relative to any X. A 

Green and Gustin have found that many properties concerning 
measure and connectedhess of solutions of (1) have analogues in the 
theory of sub-convex sets. Thus if a set S, convex relative to À, 
contains a nonHnear continuum, or is of positive interior measure, - 
then S is nearly convex; that is, there is a convex set T such that S is 
contained in T, and S coincides with T except for the possible omis- 
sion of part of the boundary of T. Again, if a set S, convex relative 
to à, contains a nonlinear connected set, then S is connected. 


9. Inequalities. Jensen gave the study of (algebraic) inequalities as 


4 
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principal object of his investigation of convex functions. He showed 
that the basic inequality (4) holds provided f(x) is convex (J) and 
the q; are rational, whence it follows that if f(x) is continuous and 
convex (J) then the hypothesis that the g, are rational can be 
dropped. 

The inequality (4) has been generalized by McShane [43]. 

Applications of (4) to certain convex functions yield familiar alge- 
braic inequalities, including the three which are usually taken to be 
fundamental: the inequality between the geometric and arithmetic 
means, the inequality of Hélder, and the inequality of Minkowski. 

Thus from the convexity of —log x for x>0 we obtain [54] 


ieee) skeen ede (a, > 0) 


j=l 


or 


(9) ‘Ie Ss 3 iis - 


which is the inequality between the geometric and arithmetic means. 

Hölder’s inequality can be obtained from (9), and Minkowski’s 
inequality follows from Hélder’s [65]. 

The inequality between the geometric and arithmetic means is a 
special case of a more general inequality [10]. We define the mean 
of order ¢ for positive values (a) = (a1, Ga, -- * , Gs), #22, and positive 
weights (g) (q, qs, °° +, ga) with 507-1 ¢,=1, by 


1/4 


mdo = ( È ges) (— o <#<0or0<i#< +0), 
jml 

E 

Mola; q) m I a, Me(o¢q) min (a), Mea (os g) = maz (0). 


Thus for ¿= —1, 0, 1, and 2, Mt, is respectively the harmonic mean, 
the gecmemc mean, the arithmetic mean, and the “root-mean- 
square.” 

For positive continuous functions f(x) and q(x) in (a, b), with 
Siq(x)dx =1, the integral analogue of M,(a; q) is given by 


mia = 4 OO 


(— œ <i<0or0<i#<+4 œ), 


and . r, 


Malf; q) m min f(a) Malf; g) = max f(a), 
daa aa j qla) log f(2)da. 


' The ances D(a; q) ia a continuous function of ¢ for — œ SiS 
+o, 
The general inequality to which we have referred is 


Mela; D S Mile; q) (-oS3s<is + ~), 


where the sign of equality holds if and only if all the a; are equal, 
The sums of arder }, defined by i 


A 1/t - + 
Sl) =( Da!) (-o <#<0or0<i#< + w), 
=l | 
behave quite differently [56, 35], with C i 
(10) oo 6&0) > &(0) (s <4), 
provided s and # are both positive or both negative. Further, 
; lim &(a) = min (a), lim &(a) = 0, 
ppa on i—0,t<0 Í 
lim 6a) = + ©, lim ©,(a) = max (4). 
+0  f>0 trie 


The inequality (10) is sometimes [30] called Jensen's inequality, 
though I prefer to reserve this term for (4). Actually, neither inequal- 
ity originated with Jensen. 

10. Further study of known inequalities. The inequalities which 
we have been discussing express the fact that certain functions are 
nondecreasing or nonincreasing functions of certain parameters. The 
inequalities do not, however, tell bow the functions increase or de- 
crease. 

Thus since the graph of y = Dt,(a; g) has two horizontal asymptotes, 
it must have at least one inflection point [48]. Does it necessarily 
have exactly one inflection point, so that M,(a; q) must be a convexo- 
concave function, or might there be several inflection points? There 
are examples in the literature [48] showing that at t=0, d*Q./ds* 
might be positive, negative, or zero, so that if there were necessarily 
only one inflection point it would seem to be an elusive one. 

It is known Pa that log {[M:(a; g)]*} is a convex function of t, 
as is log { [©,(a) ]*}; it follows that [M;(a; g) | and [6,(a) ]' are con- 


t 


1948] CONVEX FUNCTIONS 449 


vex functions of #, since the convexity of the logarithm of a function 
implies the convexity of the function itself, 
It‘is known also [39] that log Dt,(a; q) and log ©,(a) are convex ` 
functions of 1/# for §>0, and concave functions of 1/t for <0. 
Recently Shniad [66], one of my colleagues, has shown that 
M.(a; q) is not necessarily a convexo-concave function of é. Explicitly, 
for the function 


1 { : 1t 
d = į — t PERES i 
Mla; q) (— shoe +e) ? 
the second derivative is positive at ¿= —2, negative at i= —1, posi- 
tive at {=0, and negative at $= 4., 

On the other hand, the ingenious analysis which led Shniad to con- 
sider the above example yielded the positive result that for any given 
(a; q) there exist (finie) values t;=1,(a; q), j=1, 2, such that log 
Mla; q) is a convex function of t for i<h, and a concave functton of i 
for t>t. Consequeniiy, M:(a; q) also must be a convex funcion of t for 
Kh. 

As for ©,(a), Bonnesen [12] has shown that this is a convex func- 
tion of ¢ for #>1. Later, by a different method, I obtained [3] the 
same result for #>0. 

Several results which I shall mention later also involve the im- 
provement of known inequalities by the establishment of convexity 
properties, 


11. A hierarchy of convexity conditions. I have remarked that the 
convexity of the logarithm of a positive function implies the con- 
vexity of the function itself. This result holds as an instance of the 
following continuous hierarchy of convexity conditions. 

Let Ca denote the class of positive functions p(x) defined in (a, b) 
such that the function 


sg (a) [p (x) |* (a = 0), 
or 


log p(z) (æ = 0), 


is a convex function of x in (a, b), where sg(a) = —1 for a <0 and 

ag(a) = +1 for a>0. 

Then p(x) ts a member of Ca tf and only tf p(x) ts a member of Ca for 
al B>a [57]. 

The class Cs of functions whose logarithms are convex is particu- 
larly amenable to analysis, in that the clags is cloeed both under addi- 


x 
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tion and under multiplication [7]. The class also is particularly 
-: important, in that several physically Eee functions are mem- 
bere of Co. 

Thus in complex variable theory there are several functions, some ~ 
of which we have mentioned already, which are cues of Co rela- 
tive to log r as independent variable: 

For associated radii of con verseng log 1/p is a convex function of 
log r. 
In the theory of meromorphic functions, the Nevanlinna function 





1 ar ` y” 
` T(r) ezf logt A alle a 


°* Ty, 


involves lozatithma 3 in such a way that it seems natural to consider 
the function 


i 


U(r) m exp Ti). : 


A fundamental result of Nevanlinna [47] is that log U(r) is a convex 
function of log r. 
The Hadamard Three Circles Theorem expresses the convexity of 


log M(r; |f|) = log Drol; | |) l p 


‘as function of log r. 
For the geometric mean Mto(r; f 1) we have pointed out the result 


=- that log Mo(r; lf) i is a convex function of log r. 


But we have mdiceted also thaz Wo(r; | fi) satisfies the additional 
condition that Dto(r; | f|) itself isa convex function of r itself. 

Which is the stronger convexity condition on a positive function ‘ 
P(r), the condition that log p(r) be a convex function of log r, or the 
condition that (r) be a convex function of r? The answer ‘is that 
isl implies the other, for each can hold in the absence of the other 
[6 

We shall pursue this aai further in ihe next section, in which we 
discus a continuum of functions whose logarithms are convex func- 
tions of log r. 


12. Hardy’s theorem. In Mr; If), OSiS +, we have a con- 
tinuum of functions of class Co, in accordance with the tolowmg 
theorem of Hardy [29] to which we referred in §4. 


HARDY’S THEOREM. Let f(s) be an analytic function of the complex 
variable z in |s|.<1. Then log Dlr; |f|) ts a (nondecreasing) convex 
funciton of r for any non-negative valus t. 
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We already have considered the limiting cases t= Q and ta -++ œ. > 

The question arises as to whether or not 92,(r; |f|) is necessdrily a 
convex function of r for OG¢G +o. 

Gustin, Shniad, and I currently are investigating the above ques- 
tion, and have obtained the following results. 

For any function f(z) analytic in i? | <1, and for any # satisfying 
OSitS +o, let p(t; HD denote the least upper bound of values p 
such that M,(r; l)i is convex for 0 <r <p. Let p(#) denote the great- 
est lower bound of p(t; If] f| ) for f ranging over the class of functions 
analytic in | s| <i. Then 0Sp(é) Sp; Hi 1, and we have indicated 
that p(0) =1. 

For the function 


s+a 


a as rae 





(0<a<i, |s| <1), 


the maximum-value function 

M(r; |F|) m (Pr; | Fl) 
is strictly concave for 0<r <1. Accordingly, we have p(+ œ; | F|)=0, 
whence p(-+ ©) =0. 


Also, since 22, 9t,,,. as ++ œ, and since the limit of a convergent 
sequence of convex functions is convex, it follows that 


lim p(f) = 0. 
re 
If f(s) has at most one zero in |z] <1, then we have the result that 
p(t; | f]) = 1 (05+ 8S 2); 
if f(s) has at most two zeros, then 
ei [f[) = 1 (0S#8 1); 


and there are similar results for any number of zeros. 
Irrespective of the number of zeros of f(s), we have 


p(t) = I, ($ = 2/k; k= 1,2,-+°,m,°°°). 


The previously noted result p(0)=1 follows by a limiting process, 
with k++ 0, 

Whether or not there are other values of ¢ for which p(#) =1, or 
any values of ¢for which 0<p(#) <1, we do not now know. 

Added tn proof. Shortly after the delivery of this address, Shniad 
showed that we have p(t) <1 for all §>8. 

As an application, we recall the known result that the length /(r) 


` 


w 
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of the image of |s| = under the transformation w=f(s) is a nonde- 
creasing function of r: if 0<ri<ry<1, then /(r1) S/(7:). It now can be 
shown that I(r) ts a convex function of r. 

One of the most attractive results concerning p(t; | f | ) was obtained 
by Shniad as a consequence of the theorem of Hardy: namely, we 
have 


p(t; | f(s) — 70) |) = 1 OSES +o). 


This result, which is an instance of a theorem of Nehari [46], involves 
an interesting implication relative to the lemma of Schwarz, as we 
shall see in the next section. l 


13. The lemma of Schwarz and convexity. Recalling that 
Diolri |f|) m max | fiet) |, 
Ogir 


t 


we may state the Lemma of Schwarz as follows. 


LEMMA OF SCHWARZ. Let f(s) be an analytic function of the complex 
variable z in |s| <1, with f(0) =0. If for all r, 0<r <1, we kave 


Moors |F|) < 1, 
then we have : 

Mors |F) or <r <1) 
and 
rOl 6 1, 


the signs of equality holding if and only if f(s) mes, where œ is a real ° 
constant. 


Thus if the origin is mapped on the origin by the analytic function 
w=-f(s), and the map of the unit circle |s| <1 lies in the unit circle 
| w| <1, then the map of any smaller concentric circle of radius r lies 
in the concentric circle of radius r, and reaches the boundary | w| =r 
if and only if the map is a rotation. 

It is known [38] that the Lemma of Schwarz extends to means of 
other orders. In the statement of the lemma, we have only to replace 
Mt... throughout by Mi, OSmS+ 0. Indeed, for 0<ri1<r3<1, we 
have [38], more precisely, 


Maris ||) on 
1 m S — w). 
(11) maea GD = rs OShS+ 2) 


Now (11) does not imply that the curve y =M,,(r; |f|) is conver, 
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but only that arcs of the curve having one end point at the origin lie 
nowhere above the corresponding chords. However, as we pointed 
out in 312, since f(0) =0 the curve y= M, (r; Ifl) actually is convex. 


14. Subharmonic functions. In studying associated radii of con- 
vergence, Hartogs [31] in 1906 used as tool a real function ‘R(t) 
of the complex variable f, defined as follows. 

Let f(s, w) be analytic at the point ({, 0), 


f(s, w) m DY ajal — tiw, 
7, heed 
and let r and p=¢(r) be associated radii of convergence of the series. 
Then by definition we have 


R(t) m lim g(r). 
r—0 
Hartogs showed that the function 


1 
z, y) a log —— m= ott 
g(x, y) =a log RO (t = x+ iy) 

is upper semi-continuous in its domain of definition D, and has the 
following property. If D’ is a domain lying together with its boundary 
B’ in D, and k(x, y) is harmonic in D’ and continuous in D’+-B’, and 
we have g(x, y) Sk(x, y) on B’, then necessarily we have also g(x, y) 
Sh(x, y) throughout D”. 

Since a harmonic function k(x, y) is by definition a solution of the 
partial differential equation 

Ok 3h 
Ah =m -— +- pp S: 0, 
ð? day l 

the class of harmonic functions is a generalization, to functions of two 
(or more) independent variables, of the class of linear functions of one 
variable. Accordingly, the above property of domination by harmonic 
functions is a generalization of the defining property of convex func- 
tions of one variable. 

Harmonic functions A(x, y) are characterized by the mean-value 
property that if the circular disc (x— x} + (y—y Sr? is in the 
domain of definition, then 


ir 


1 
h(x, Yo) ™ a Alxa + r cos 6, Yo + 7 sin 0)dô. 
r/o 


If the above function g(x, y) is 4 — œ, then g(x, y) satisfies the 
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mean-value inequality . | ` i 

1 ax i : 
(12) gla, 30) Sf ele tr con, yo +r sin Oa, 

J 


though Hartogs did not explicitly give this result. 

Hartogs showed that ‘if the above function g(x, y) is continuous 
together with its partial derivatives of the first and second orders, 
then g(x, y) satisfies the differential inequality 


Later Levi [41] in 1910 and Julia [37] in 1925 used functions 
. analogous to g(x, y) in the study of poles and essential singularities 
of analytic functions of several complex variables. ) 

In 1922, Riesz [61] made the remarkable discovery that the theo- 
rem of Hardy, to which we have referred, and which previously had 
been proved only with considerable difficulty, can be established 
very simply from the fact that |f(s)|‘ satisfies the mean-value in- 
equality (12). 

In a series of papers starting in 1923, by Perron [50], Remak [60], 
Radó and Riesz [59], Wiener [72], Whitney [71], and Carathéodory, 
[15], the solution of the Dirichlet problem in potential theory was 
put in very elegant form by means of functions having the přoperty 
to which we have referred. Actually, as- Riesz [64] pointed out in 
1926, the idea of domination by harmonic functions was involved in 
potential theory as early as 1887 in the RECEP ON process of 
Poincaré [52]. 

It now appeared that the class of functions involved was of in- 
trinsic interest, because of its various applications and because of its 
relation to convex functions. Riesz [62, 63, 64] defined a subharmonic 
function to be an upper semi-continuous function f(x, y)'which satis- 
fies — œ Sf(x, y)<+, f(x, y) — æ, and which is dominated by 
harmonic functions as described above. ' 

To be exact, Riesz assumed the apparently but (as Evans [58] 
pointed out) not actually stronger condition! that f(x, y) is not equal 
to — © on a set of points dense in the domain of definition D,‘in 
place of the condition that f(x, y) is not identically equal to — œ. 
Personally, for several reasons, I prefer to include the function ` 
~- f(x, y) = — œ in the class of subharmonic functions, 

Essentially, subharmonic functions were involved in Ge study of 
differential geometry by Weil [70] in 1926, when he extended the 
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isoperimetric inequality 
(13) s l P 
g pranan 
dr ( 


to surfaces of negative curvature, after Carleman [17] had shown 
in 1921 that (13) holds for Jordan regions of area a and length of per- 
imeter } on minimal surfaces. The inequality (13) characterizes [8] 
surfaces of non-positive Gaussian curvature. 

Thus properties of subharmonic functions now are invéstigated 
from four points of view: the study of properties of subharmonic func- 
tions for their intrinsic interest, in particular as they relate to convex 
functions [45]; and the study of applications in potential theory, 
complex variable theory, and diferential geometry. The four studies 
- are mutually stimulating. 

To illustrate the first point of view, we might ask the following 
question: If A(x, y) is harmonic, and s(x, y) subharmonic, in the unit 
circle x?+-y?<1, and A(x, y) =s(x, y) on x*+-y!=73 for some ro with 
0<ro<1, do we necessarily have A(x, y) S s(x, y) for r¢<x?+y%<1? 

We shall conclude our remarks with some observations concerning 
differential geometry as related to convex functions, subharmonic 
functions, and functions of complex variables. | 


15. Differential geometry. Both convex functions and subharmonic 
functions serve as tools in the study of differential geometry. 

The use of convex functions in differential geometry, which, as we 
mentioned, was initiated by Hadamard, has been extended to Rie- 
mannian spaces by Cartan [18]. 

In our local peripatetic seminar, Professor Busemann [14] recently 
has shown how, without use of differentiability hypotheses, the same, 
results can be carried over to general metric spaces S of nonpositive 
curvature: S is said to be of nonpositive curvature provided each 
point of S has a neighborhood N such that the side bc of any geodesic 
triangle abc in NV is at least twice as long as the (shortest) geodesic arc 
connecting the midpoints b’, c’ of the other two sides: 


We S be/2. 


On the other hand, elementary calculus can be used [4] to obtain, 
from (5), various inequalities and convexity conditions involving 
length and area on surfaces of nonpositive curvature and on surfaces 
of non-negative curvature. 

Subharmonic functions are related to differential geometry espe- 
cially in accordance with the following two theorems [7, 8]. 
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THEOREM A. Thrée real functions x(u, v), y(u, v), 3(4, 0), continsious 
in a domain D, are coordinate functions of a minimal surface in con- 
formal representation, that ts, the funcitons are harmonic and satisfy 


E m G = (ss, v), F = 0, 
where . 


E = za F yet Su Bem tat, + Vue + Zubr, G= r,t yst sn 
sf and only sf tke distance function ; 
p(s v; ab, c) m { [zm 0) — a] + [y(u s) — D]! + [s(w, 9) — cpa 


E AE E E 
every choice of ihe real constants a, b, c. \ i 


THEOREM B. A necessary and sufficient condition that a surface S, 
_ S: a = x(t, 9), y = y(u, ?), s = s(%, 0), 
given in conformal representaiion, 
E [=G =A(%, 9), F =0, ` 


be a surface of nonpostiive Gaussian PUTTIN P PENONIOE NOE SANNET: 
monic function of (u, v). 


Briefly, in accordance with Theorem A the aadel of the maxi- 
mum for the moduli | HOJ of analytic functions f(s) of the complex 
variable s carries over essentially intact to minimal surfaces. And, 
insofar as this principle applies to | J. (s)|, in accordance with Theo- 
rem B the principle largely carries over to the class of surfaces of non- 
positive curvature. Since minimal surfaces are special surfaces of non- 
positive curvature, the latter results hold in particular on minimal 
surfaces. 
For example, we shall consider space analogues of the Lemma of 
Schwarz. These analogues might suggest various problems relative 
to the many ramifications and generalizations of the Lemma of 
Schwarz in complex variable theory. In particular, we note the result 
of Carathéodory [16] that the hypotheses of the Lemma of Schwarz 
- imply |f’(s)| $1 for |s| 42 —1. 
.”7* You will note that the Lemma of Schwarz applies to distances tn 
the containing space, not to distances on the map w f(s). From Theo- 
rem A we can obtain the Fo omina result [7]. 

Lei S,. 


S: s- r(#, 7), y m y(#, P s =-s(#, 0), n? T <1, 
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be a minimal surface piven in conformal representation, such that (0, 0) 
43 carried into (0, 0, 0). If S is comprised in the unii sphere, x*-+-y4+3? 
S1, then for ut+ov*sr3, 0<r <1, we have 


[z(u 0) ]* + [y(w, 0) ]* + [elu 0) ]* S 9°; 


further, we have \(0, 0) S1. The signs of equalsty hold tf and only tf S 
4s a simply-covered circular disc with unti radius. 

But now Theorem B suggests the possibility of an analogue of the 
Lemma of Schwarz for surfaces of nonpositive curvature involving 
distances on the surface S itself [2]. We shall state the result only for 
the special case of a plane map. 

Lei w=f(s) be analytic for |s| <1. If the length function 


r, 8) -f | f*(pe*) | dp 


satssfies 
I(r, 6) S 1 
for all (r, 0) with O <r <1, then we have 
lr, 6) gr (0<r< 1) 
and 
FO] s1, 


the signs of equality holding if and only sf f(s) es, where a is a real 
constant. 
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Kolchin, B. O. Koopman, M. S. Kramer, S. H. Lachenbruck, Solomon Lefschetz, 
R. A. Leibler, Howard Levene, Howard Levl, Samuel Linial, M. A. Lipschutz, E. R. 
Lorch, Lee Lorch, R. B. Lowe, Myles McConnon, N. H. McCoy, S. W. McCuskey, 
Janet McDonald, L. A. MacColl, G. R. Machane, Dis Maly, Murray Mannose, A. J. 
Maria, M. H. Maria, F. I. Mautner, D. G. Mead, A. N. Milgram, S. Minakshisun- 
daram, W. L. Mitchel, Don Mittleman, C. R. Morris, I. R. Moses, F. J. Murray, 
D. S. Nathan, C. A. Nelson, Paolo Nesbeda, John von Neumann, Morris Newman, 
A. V. Newton, P. B. Norman, Paul Olum, A. F. O'Neill, J. C. Oxtoby, Anna Pell- 
Wheeler, B. J. Pettis, C. R. Phelps, E. L. Post, M. H. Protter, H. W. Reddick, 
Mina Rees, Irving Reiner, Eric Reissner, J. F. Ritt, M. S. Robertson, S. L. Robinson, 
J. B. Rosser, Herman Rubin, Charles Saltzer, H. E. Salzer, Arthur Sard, I. J. Schoen- 
berg, Lowell Schoenfeld, Pincus Schub, George Shapiro, H. N. Shapiro, R. H. Shaw, 
Max Shiffman, S. S. Sha, D. N. Silver, James Singer, P. A. Smith, J. J. Sopka, E. P. 
Starke, N. E. Steenrod, S. K. Stein, Fritz Steinhardt, Wolfgang Sternberg, F. M. 
Stewart, J. J. Stoker, E. G. Straus, M. M. Sullivan, Fred Supnick, Otto Szász, Olga 
Taussky-Todd, J. M. Thomas, D. L. Thomsen, Hing Tong, C. A. Truesdell, A. W. 
Tucker, Bryant Tuckerman, J. W. Tukey, J. R. Van Andel, W. G. Warnock, Alex- 
ander Weinstein, Louis Weisner, E. T. Welmers, J. H. White, G. W. Whitehead, 
K. B. Whitehead, D. V. Widder, Albert Wilanaky, John Williamson, Jacob Wolfowitz, 
L. C. Young, J. R. Ziegler, J. A. Zilber, H. J. Zimmerberg, O. J. Zobel. 


On Saturday morning there were two sections for contributed pa- 
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pers: one in Analysis, in which Professor E. R. Lorch presided, and one 
in Algebra, Topology and Applied Mathematics, in which Professor 
P. A. Smith presided. 
_ At 2:00 p.m. Professor Eric Reissner of Massachusetts Institute of 
Technology gave an address on Boundary value problems in aerody- 
namics of oscillaisng wings. Profeseor L. R. Ford presided. 
The Council met at 1:00 p.m. in the Faculty Room of Main Build 
ing. 
The Secretary announced the election of the following two pated 


` and nineteen persons to ordinary membership in the Rect: 


Mr. Asger Hartvig Aaboe, Washington University; ` > 

Professor Joseph Jesse Abernethy, Texas State University for Negroes, Houston, T ex; : 

Mr. Richmond G. Albert, Sampeon College, Sampson, N. Y.; 

Mr. Arlo Dean Ancerson, University of Oregon; : 

Miss Florence Rosemond Anderson, University of Southern California; 

Mr. Rodney E. Anderson, Northern IlHnots State Teachers College, DeKalb, ILL; 

Mr. Silas Stuart Anderson, Ohio University, Athens, Ohio; . ` 

Mr. Donald Norris Armstrong, Massachusetts Institute of Technology; 

Natascha Artin (Mrs. Emil), Washington Square College, and Institute for Mathe- 
matics and Mechanics, New York University; 

Dr. Rafael Artzy, The Galilee Secondary School, Tiberias, Palestine; 

Mr. William George Bade, University of California at Los Angeles; 

Professor Harry Millard Beatty, The Ohio State University; i - 

Mr. Leonard Becker, New York University; 

‘Profesor Guy Gaillard Becknell, University of Tampa, — Fla.; 

Mr. Earl Louis Bell, North Central College, Naperville, IIL 

Mr. Robert Louis Belzer, University of Santa Clara; 

Professor Robert John Bickel, Drexel Institute of Technology; 

Mr. Dewey Blair, University of Cincinnati; 

Dr. Albert Laurence Blakers, Princeton University; 

Mr. ie ee N. Y.; 

Mr. Daniel Block, Yeshiva Univernity; 

Mr. Francis Ronald Britton, McMaster University, Hamilton, Ontario; 

Mr. John Ben Butler, 3rd, Franklin and Marshall College; 

Mr: Lewis Clark Butler, Alfred University; 

Mise Willie Bee Campbell, Southern University, Baton Rouge, re 

Mr. Philip Noah Casen, Sampson College, Sampeon, N. Y.; 

Mr. Arthur L Chalfant, Pratt and Whitney Aircraft Company, East Hartford, Conn.; 

Mr. Pei Ping Chen, Providence, R L; 

Mr. Jack Chernick, Brookhaven National Laboratory, Upton, N. Y.;. 

Mr. Morris I. Chernofsky, The College of the City of New York; 

. Mr, Allen Bruce Clarke, Brown University; 

Mr. Robert Francis Cotellesse, Stevens Institute of Technology; 

Mr. Micha Cotlar, Facultad de Ciencias Exactas, Buenos Aires, Argentina; 

Mr. Earl Hicks Crisler, West Virginia University; 

Professor John Cecil Currie, Louislana State University; 

Mr. Robert Fred Deniston, Washington University; 

Mr. Verne Eugene Dietrich, Purdue University; 
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Profeseor Helen Walter Dodson, Goucher College; 

Mr. Joseph Vincent Downey, Regis College, Denver, Colo.; 

* Mr. Chester Lee Dunsmore, University of California at Los Angeles; 

Dr. Agustin Duranona y Vedia, Instituto de Matematicas de la Universidad de la 
Plata, Buenos Aires, Argentina; 

Dr. Aryeh Dvoretzky, Einstein Institute of Mathematics, Hebrew University; 

Mr. Sherman Eldon Dyer, University of Texas; 

Mr. Harvey Nelson Ebersole, Lafayette College, Easton, Pa.; 

Miss Myrtle Edwards, Mars Hill College, Mars Hill, N. C.; 

Mr. (Francis) Edward Ehlers, Brown University; 

Capt. Harry Van Horn Ellis, Jr., United States Military Academy; 

Mr. Daniel Jacob Ewy, Bethel College, North Newton, Kan.; 

‘~ Professor Basil M. Fedorovaky, St. Joseph's College, Philadelphia, Pa; 

‘Mr. Arlin Martin Feyerherm, State University of Iowa; 

Miss Sarah Grace Fleming, University of Alabama; 

Mr. José Salvador Florio, Mendoza, Argentina; 

Mr. Andrew Coulthard Free, State University of Iowa; 

Mr. John Clinton Freeman, Jr., Brown University; 

Professor John E. Freund, Alfred University; x 

Professor Arthur Earl Fulton, Georgia School of Technology; 

Mr. Bernard Aaron Galler, University of California at Los Angeles; 

Professor Robert Lee Garrett, Athens College, Athens, Ala.; 

Professor Conklin Blain Gentry, Oakwood College, Huntsville, Ale; 

Mr. Merton Taylor Goodrich, Keene Teachers College, Keene, N. H.; 

Mr. George Elihu Gourrich, University of California at Los Angeles; 

Mr. John Wagner Graham, Ripon College, Ripon, Wis.; 

Professor Laura Zazle Greene, Washburn Municipal University, Topeka, Kan.; 

Mr. Ronald LeRay Greene, Clarkson College, Potsdam, N. Y.; 

Mr. Robert Todd Gregory, Iowa State College of Agriculture and Mechanic Arts; 

Mr. Emil Groeswald, University of Puerto Rico; 

Professor Blanche Bennett Grover, University of Houstan; 

Miss Elizabeth Hahnemann, University of Minnesota; 

Mr. Edmond Emerson Hammond, Jr., Brown University; 

Mr. Arthur Gene Hansen, Purdue University; 

Professor Nathan Warren Harter, Greenville, Pa.; 

Dr. Thomas Watkins Hatcher, Virginia Polytechnic Institute; 

Professor David Hawkins, University of Colorado; 

Mr. Robert Mayo Hayes, University of California at Loe Angeles; 

Mrs. Emma Marie Henderson, University of Southern California; 

Professor Charles Haelig Higgins, Monmouth Junior College, Long Branch, N. J.; 

Miss Winifred Adelia Hill, Alabama Polytechnic Institute; 

Mise Ruth. Bisgrove Hofstra, Syracuse University; 

Mr. Ernest Ikenberry, Louisiana State University; 

Mr. Wallace Henry Ito, University of Minnesota; 

Professor Paul Frederick Iverson, Potomac State School at West Virginia University; 

Mr. Russell Yaroslaw Iwanchuk, St. Basil's College, Stamford, Conn.; 

Mr. Roecislaw Michael Iwanowski, Sweet Briar College; 

Mr. Woodrow Allan Jaffee, Roosevelt College, Chicago, i; 

Mr. John Xavier Jamrich, Marquette Univeraity; 

Professor Vojtech Jarnik, Carol University, Praha, Czechoslovakia; 


-r 
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Miss Marion Bruce Jeffries, Blackstone College, Blackstone, Va. 
Miss Bessie L. Jones, University of Alabama; 


, Mr. Harold T. Jones, Pacific Union College, Angwin, Calif.; 


Professor Margaret Eloise Jones, Ohio State University; . 

Miss Reba Merle Jordan, Oklahoma Baptist University, Shawnee, Okla. ; ` 
Mr. Asher Dale Kantz, Southwestern College, Winfield, Kan.; 

Mr. Samuel Noah Karp, Brown University; 


_ Mr. Gilbert Kaskey, Univeraity of Delaware; 


Mr. Robert Herman Kaariel, University of Virginia; © 
Professor Leo Katz, Michigan State College; a 
Mr. Murray S. Klamkin, Carnegie Institute of Technology; 
Dean Olaf C. Kjomness, Western State College, Gunnison, Cobo.; . 

Mr. Barroti George Knechtel, Aurora College, Aurora, ILL; 

Miss Louise Murrell Knifley, Marshall College, Huntington, W. Va.; 

Mr. C. Frederick Koehler, St. Joseph’s College, Philadelphia, Pa.; 

Mr. Sidney, Kravitz, Newark College of Engineering; 

Rev. Benedict P. Kremer, John Carroll University, Cleveland, Ohio; 

Mr. William Edward Kruse, St. Peter's College, Jersey City, N. J.; 

Mr. Lamar Layton, University of Ilinois; 

Mr. William Thomas Lenser, University of Nebraska; 


- -Mise Marian Amelia Lesher, Fort Scott Junior College, Fort Scott, Kan.; 


Mr. Charles Hadley Lewis, Bakersfield College, Bakersfield, Calif.; 
Mr. H. Melvin Lieberstein, Washington University; z 
Mr. Robert Bernard Lowe, Polytechni¢ Institute of Brooklyn; 


` Mr. Walter Joseph Lyche, Wartburg College, Waverly, Iowa; 


Professor Myles McConnon, Norwich University, Northfield, Vt.; 


“Mise Betty McKnight, Centenary College of Louisiana; 
_ Professor Brown Lee Mackin, East Central State College, Ada, Okdle.; 


Dr. Emilio Antonio Machado, Instituto de Matematicas, La Plata, Buenos Aires, 
Argentina; _ oe. 


- _ Mr. Joseph Simon Manmelak, Carnegie Institute of Technology; 
“Mr. Joseph Anthony Marano, Manhattan College, New York, N. Y.; ~ 


Miss Margaret Evelyn Martinson, Washburn Municipal University, ae ati 

Professor José L. Masera, F. de Ingenieria, Montevideo, Uruguay; 

Mise Rose Mary Miller, Vermont Junior College, Montpelier, Vt.; 

Professor Christopher Raymond Mitchell, Rhode Island College of Education, Provi 
dence, R L; 

Mr. Alex John Mock, Porterville Junior College, Porterville, Calif.; 

Professor Richard Luther Moenter, Midland College, Fremont, Neb.; 

Mr. Carlos Andrews de Moraes, Rensselaer Polytechnic Institute; 

Mr. Robert H. Morris, Color Control Peparing, Eastman Kodak Company, 
Rochester, N. Y.; 

Professor Morris Edward Moasty. Agricultural, Mechanical and Normal College, Pine 
Bluff, Ark.; 

Mr. Simon Mowshowitx, University of Baiccsot: 

Miss Elizabeth M. Muller, University of Bridgeport; 

Mr. Edgar Raymond Mullins, University of Ilinois; 

Mr. John Paul Murrey, Fairfield University, Fairfield, Conn.; 

Mr. Dennis Mercer Nead, University of Cincinnati; 

Mise Florence Nusim, Oswego State Teachers College, aves: N. Y,; 

Mr. Edward Franklin Ormsby, Union College, Schenectady, N. Y.; 
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Mr. Donald Bruce Owen, University of Washington; 

Mr. Alvin Jewel Owens, State University of lowa; 

Mr. Carl Ralph Partington, Purdue University; 

Mr. Edward Paulson, University of Washington; 

Mr. Lawrence Edward Payne, Iowa State College of Agriculture and Mechanic Arts; 

Miss Mae Perlstein, New York, N. Y.; 

Mr. Norman Conrad Perry, University of Southern California; 

Professor Hector Alberico Persico, Universidad Nacional La Plata, Buenos Aires, 
Argentina; 

Mr. Samuel Everett Peters, Long Beach City College, Long Beach, Calif.; 

Mr. Lee Willard Petersen, La Salle-Peru High School, La Salle, IIL; 

Mr. Raymond Paul Peterson, University of California at Los Angeles; 

Mr. Richard J. Phelps, The Teleregister Laboratories, New York, N. Y.; 

Rev. Albeni Poitras, St. Joseph’s University, New Brunswick, Canada; 

Professor Herman Henry Price, Pasadena College; 

Mr. Carl Pride, University of Oregon; 

Profeseor William Walker Proctor, Morgan State College, Baltimore, Md.; 

Mr. Charles Newton Putt, Kansas State College; 

Mr. (Thomas) Benjamin Ripton, Sampson College, Sampson, N. Y.; 

Mr. Murray B. Ritterman, Long Island University; 

Miss Marthe Ethyl Rivers, University of Tennessee; 

Mr. Nathan Henry Rochmes, University of Illinois; 

Mise Marguerite Katherine Roecoe, Montana State College; 

Professor Ralph M. Ross, Rose Polytechnic Institute, Terre Haute, Ind.; 

Dr. William C. Roudebush, New Mexico Military Institute; 

Rey. Charles Harry Rust, St. Louis University; 

Mr. Donald Raleigh Ryan, Gonzaga University; 

Mr. Louis Sacks, Carnegie Institute of Technology; 

Mr. Charles T. Salkind, Brooklyn College; 

Mr. John Wesley Sawyer, University of Missouri; 

Mr. George Van Schliestett, Office of Naval Research; 

Professor Lilah Godfrey Schlotthauer, Walla Walla College, College Place, Wash.; 

Mr. Nicholas Christ Scholomitl, De Paul Untversity; 

Carol S. Scott (Mrs. W. C.), St. Petersburg Junior College; 

Mr. Fariebee Parker Self, Centenary College of Louisiana; 

Mr. Edward I. Shapiro, Brooklyn College; 

Mr. Julius Canoy Shepherd, University of Maryland; 

Mr. Bernard Sherak, Newark Colleges, Rutgers University; 

Miss Miriam Elmore Shi, Alabama Polytechnic Institute; 

Professor Edwin Theodore Sheffield, University of Alberte, Edmonton, Alberta, 
Canada; 

Professor William Archibald Sherratt, Presbyterian College, Clinton, S. C.; 

Mr. Marvin R. Sitts, Flint Junior College, Flint, Mich.; 

Professor Floyd B. Sloat, Kansas State College of Agriculture and Applied Science; 

Miss Georgia Caldwell Smith, Spelman College, Atlante, Ge; 

Mr. Roland Frederick Smith, LeMoyne College, Memphis, Tenn.; 

Mr. Guilford Lawson Spencer, IJ, Massachusetts Institute of Technology; 

Professor Lois Leavitt Splinter, Nebraska Wesleyan University, Lincoln, Neb.; 

Mr. Philip Charles Stanger, Oklahoma Agricultural and Mechanical College; 

Mr. Marvin Leonard Stein, University of California at Los Angeles; 
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Mr. Harold William Stephens, University of Florida; i 
- Mr. Joel Eric Strandberg, Riverside College, Riverside, Calif.; 
Mr. George Ralph Scrohl, Jr., United States Naval Academy; 
Professor Edward W Suppiger, Princeton University; 
Mr. William Charles Taylor, Jr., University of Tennessee Junior College; 
Professor William Benson Temple, Agricultural and Mechanical College of Tex; 
Profeseor Ruth Fike Terry, Florica Southern College; 
Mise Florence Gertrude Tetreault, University of Detroit; 
Mr. Layton Oscar Thompeon, University of Detroit; 
© Mr. Marvin L. Tomber, University of Pennsylvania; 
Mr. Charles J. Tremblay, Bard College; 
Mise Evelyn Ladene Trennt, Springfield Junior College, Springfield, IL; 
Mr. Deonisie Trifan, Brown University; 
‘ Miss Frances Belle Tunstall, Stratford College, Danville, Va; ; 
Mr. Ethan M. Turley, University of THnois; 3 
Mise Lona Lee Turner, University of Chicago; 
Mr. Veras Dean Turner, University of [fnois; 
Mr. Harold Robert Uhl, Champlain College, Plattsburg, N. Y.; 
Professor Louisa Amelia Van Dyke, Flora Macdonald College, Red Springs, N. C.; 
Mr. Robert Zeno Vause, Jr., Clemson Agricultural College, Clemson, S. C.; 
Mr. Sumner Ira Vrooman, Rennselaer Polytechnic Institute; 
Professor Theodore ‘Weaver, Michigan State Normal College, Ypeilanti, Mich.; 
Mr. Herschel Weil, Brown Univeraity; 
Mise Frances Welsbecker, Milwaukee-Downer College; 
Mr. Ralph Martin Whitmore, Southwestern University; 
Professor Mary Elizabeth Wilcox, Southwestern University; 
Professor Ross Brooke Wildermuth, Capital University, Columbus, Ohio; 
Mr. John Fox Williams, University of Tennessee; 
Professor Joseph Bassett Williams, Champlain College, Plattsburg, N. Y.; 
Mr. Harold Witz, Chicago Technical College; 
Mr. Jobn George Worencraft, University of Illinois; 
Mr. Lawrence Edgar Yancey, Morehouse College, Atlanta University; 
Professor John Edward Yamelle, Hanover College, Hanover, Ind.; 
Mr. Chester Grant Young, University of Santa Clare; 
Professor Neil Ferguson Young, Emory and Henry College, Emory, Va.; 
Mr. Ai-ting Yu, LeHigh University: 
Professor Harold LeRoy Zeiders, Midland College, Fremont, Neb.; 
Mr. Joshua Vung-yuan Zia, University’o: Maryland. 


Tt was reported that the following had been elected to membership 
on nomination cf institutional members as indicated: 


Califcrnia Institute of Technology: Messrs. Paolo Gustavo Comba, John Edward 
Denby-Wilkes, end Dagiel Talbot Finkbeiner, Dr. Samuel Karlin, Mr. Jack Enloe 
McLaughlin. i 

University of Chicago: Mesers. Matthew Page Gaffney, Jr., A E 
Hugh Brent Prendergast, and Bethuhne Vanderburg. 

University of Illinois: Mr. Richa-d Francis Burns. 

State University of Iowa: Mr. Royal Keith Zeigler. 

Kenyon College: Mr. Vasile Gh. Gorciu. ` 

Purdue University: Mesars. Dean Norman Arden and John S. Lomont. 
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Stanford University: Mr. Michael I. Aissen, Mise Helen Ann Jackson. 
Wesleyan University: Mr. Frank Dyer Bosworth. 


The Secretary reported that a reciprocity agreement had been 
established between the Society and the Matematisk Forening i 
Kgbenhavn. 

Duquesne University (Pittsburgh, Pennsylvania) was elected to 
institutional contributing membership in the Society. 

(The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: London Mathematical Society: Mr. 
John Todd, Kings College, University of London, and National Bu- 
reau of Standards, Washington, D. C.; Matematisk Forening i 
København: Professor Aksel Frederik Andersen, Danmarks Tekniske 
Højskole, Copenhagen; Lektor Kai Rander Buch, Danmarks Tek- 
niske Hgjskole, Copenhagen; Lektor Svend Bundgaard, Matematisk 
Institut, Copenhagen; Mr. Thoeger Busk, University of Copen- 
hagen; Professor Frederik Fabricius-Bjerre, Danmarks Tekniske 
Højskole, Copenhagen; Dr. Werner. Fenchel, Danmarks Tekniske 
Højskole, Copenhagen; Professor David Fog, Den kgl. Veterinär- og 
Landbohdjskole; Mr. Anders Hjorth Hald, University of Copen- 
hagen; Mr. Hans Henrik Hansen, Danish Meteorological Institute, 
Copenhagen; Dr. Svend Edvard Lauritzen, Danmarks Tekniske 
Højskole, Copenhagen; Professor Jakob Nielsen, The Technical Uni- 
versity of Denmark, Copenhagen; Professor Richard Petersen, Dan- 
marks Tekniske Højskole, Copenhagen; Dr. Georg William Rasch, 
State Serum Institute, Copenhagen; Société Mathématique de 
France: Professor Albert Chatelet, Faculté des Sciences de Paris; 
Mr. Lucien Droussent, Ingenieur civil au Ministere de l'Armement, 
Clermont-Ferrand; Professor André Lichnerowicz, University of 
Strasbourg; Professor Frederic Amede Emile Roger, University of 
Bordeaux. 

The following appointments by President Einar Hille were re- 
ported: Professor B. P. Gill as a member of the Library-Housing 
Committee, to replace Dr. Warren Weaver; Professor T. F. Cope and 
Dean A. E. Meder as auditors of the Society’s accounts for 1948; 
Professor L. M. Graves as representative of the Society on the 
Editorial Board of the American Year Book for the period 1948-50; 
Professors R. G. Helsel (Chairman), H. M. Beatty, H. M. Gehman, 
L. H. Miller and C. V. Newsom as a Committee on Arrangements for 
the 1948 Annual Meeting; Professor Guy Stevenson as representative 
of the Society at the Sesquicentennial and inauguration of the Presi- 
dent of the University of Louisville on February 9-10, 1948; Profes- 
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sor J. M. Clarkson as representative of the Society at the inaugura- 


` tion of John Decatur Messick as President of East Carolina Teachera 


College on March 6, 1948; Dean T. M. Simpson as representative of the 
Society at the inauguration of Joseph Hillis Miller as President of the 


- University of Florida on March 5, 1948; Professor J. A. Clarkson as 


- representative of the Society at the Fifty-second Annual Meeting of 
- The American Academy of Political and Social Science on April 2-3, 


1948; Professor E. W. Chittenden as representative of the Society at 
the Ninetieth Anniversary of the founding of Iowa State College of 
Agriculture and Mechanic Arts on March 22, 1948. 

The Secretary reported that Professora L. M. Graves and O. E. 
Neugebauer will be the voting members on the Council during 1948 
for the American Journal and Mathematical Reviews, respectively. 

The resignation of Associate Secretary R. H. Bruck, to be effective 
after the 1948 Summer Meeting, was reported. 

The Secretary reported that Dean A. E. Meder has been appointed 
as the representative of the Association for Symbolic Logic on the 


Policy Committee for Mathematics, to succeed Professor Alonzo j 


Church. 

For the Committee to Select Hour Speakers for Western Sectional 
Meetings, it was reported that Professors P. R. Halmos and Saunders 
MacLane have been invited to deliver hour addresses at the Novem- 
ber, 1948, meeting in Chicago. 

The election by the Trustees of Professor P. A. Smith as a member 
of the Board of Trustees to fill the unexpired term of Profeæor G. W. 
Mullins (to December 31, 1948) was reported. 

The Council approved, December 28-30, 1948, as the dates for the 
Annual Meeting and authorized the President to include December 
27, if such action proved necessary. 

The Council accepted the following slate of officers and committees 
for the International Congress of Mathematicians, presented by the 
Committee on Nomination of Officers and Committees of the Inter- 
national Congress: 

Secreiartai: Professor J. R. Kline, Secretary; Dr. R. P. Boas, Associate 
Secretary. 

Edstortal Commitee: Professors Salomon Bochner (Chairman), Einar 
Hille, P. A. Smith, Oscar Zariski. 

Financial Committee: Professors M. H. Stone (Chairman), J. L. Cool- 
idge, Dean M. H. Ingraham, Professors John von Neumann, 
W. L. G. Williams. 

Organising Commsttes: Professors Garrett Birkhoff (Chairman), 
W. T. Martin (Vice Chairman), G. C. Evans, J. R. Kline, Solomon 


1948] THE FEBRUARY MEETING IN NEW YORK 469 


Lefschetz, Saunders MacLane, Dean R. G. D. Richardson, Profes- 
sors J. L. Synge, Oswald Veblen, J. L. Walsh, D. V. Widder, 
Norbert Wiener, R. L. Wilder. 

President Hille was authorized to appoint a representative of the 
Society on the Cooperating Committee for the International Congress 
of Theoretical and Applied Mechanics, to be held in London in 1948. 

The Council accepted for publication in the Colloquium Series a 
volume entitled Diferential algebra by Professor J. F. Ritt. The 
Council also voted its approval of Professor G. A. Hedlund’s request 
that Professor W. H. Gottschalk be made a co-author of his Collo- 
quium volume. 

The Council voted to recommend to the Board of Trustees that 
- the number of pages in the 1948 volumes of the Transactions be in- 
creased to 1600. 

A report of the Committee on the Role of the Society in Mathe- 
matical Publication, dealing with the possibility of inaugurating a 
project for the publication of translations of important Russian 
mathematical articles, was presented. The Council voted as follows: 
(1) To authorize President Hille to appoint a committee to serve as a 
committee of selection for articles (in Russian and other languages 
to be chosen at the discretion of the committee) of sufficient im- 
portance and demand to warrant a translation into English and pub- 
lication thereof and to handle such other details as are necessary to 
inaugurate the project. (2) To authorize President Hille to appoint 
a committee to prepare a Russian-English vocabulary of important 
mathematical terms, supplemented by a pamphlet to include the 
Russtan alphabet, rules of syntax, and short bibliography of works 
available in parallel Russian and English versions. (3) To recommend 
to the Board of Trustees that the President and Secretary be author- 
ized to request the Office of Naval Research for $25,000 for the pur- 
pose of carrying out the projects mentioned above. 

Abstracts of the papers presented follow below. Abstracts whose 
numbers are followed by the letter “#” were presented by title. Paper 
number 188 was read by Dr. Chandrasekharan and paper number 
193 by Dr. Hirschman. Professor Wright was introduced by Professor 
Antoni Zygmund. 


ALGEBRA AND THEORY OF NUMBERS 
180. I. S. Cohen: Preservaiton of descending chain condtiton. 


Let Rand S be commutative integral domains with identity, RCS, Assume that 
R satisfies the ascending chain condition and that every prime ideal is maximal; this 
is equivalent to the assumption of the descending chain condition modulo every non- 
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zero ideal. It is proved that if S is integrally dependent on R and if the quotient 
field of S is finite over that of R, then S will also satisfy the restricted descending 
chain condition. Special cases of this theorem have been proved by Krull, Grell, 
F. K. Schmidt, and Akiruld. A result recently announced without proof by Grell is 
shown to be equivalent to the one given here. (Received February 20, 1948.) 


181%. H. E. Goheen: An elementary applecatson of the Hamulion- 
Cayley theorem. 


Using the fact that a square matric satisfies its own characteristic equation, the 
author develope the theory of the linear system with constant coefficients, de/di= Ae, 
in which A is an ** matrix of constants and e a column vector of variables, The 
results are believed new in case A isa singular matrix, but the point of the paper is its 
use of the Hamilton-Cayley theorem as a tool. Similar methods may be used to discuss 
the nonhomogeneous system, de/dt=Ae+-p(i), in which p(é) ib a column vector of 
functions of £ (Received January 21, 1948.) 


182%. L. K. Hua and Irving Reiner: On ike generators of the sym- 
plectic modular group. 


Let T denote the group of 2#-rowed matrices 9? with rational integral elements for 
which MEM =f, where M denotes the transpose of M and ¥ is the matrix of the 
coefficients of the bilinear form $r (*.140—9 4140). The structure of the symplectic 
modular group I’) (L. E. Hua, Trans. Amer. Math. Soc. vol. 57 (1945) pp. 441-481) 
-defined as the factor group of T over its centrum is investigated. It is ahown that 
there are exactly four (multiplicatively) independent generators of T's if x>1, and 
these generators are found explicitly. (For #=1, it is well known that there are two 
independent generators.) The same method is used to find independent generators 
of the generalized Picard group T's obtained by permitting the elements of 9 to be 
Gaussian integers, and algo to find independent generators of the group of automorphs 
of the quadratic form $ r ,2xpvei41. (Received January 23, ae 


183. Eri Jabotinsky: On Newtontan sequences of polynomials. Pre- 
liminary report. 

A sequence of polynomials P,(s) is said to be Newtonian if: (1) Pe{s)1i and 
Pa(x+y)= Dope (2) *Pa_(y) for n=0, 1,2, - - - . As particular cases of Newtonian 
sequences we mention: P.(s)—s*/nl; Pals) = Can; Pa(s)™Coei.. and Nielsen’s 
Stirling polynomials suitably normalized. It can be proved that conditions (1) are 
equivalent to: (2) Po{s)=1 and POr ew —s— h): Paa(s+h)/(s+h) 0 for #=Î, 
2,: °°. The proof is obtained by constructing the most general Newtonian sequence 
and using identities of which the following is typical: (c+6+b+c+d)3— } (x+a+6 
+) + >> (s+a +b) — >) (x+a)3+23 = 0. The particular case of this theorem for the 
Stirling polynomials is contained implicitly in Nielsen, Recherche sur les polyndmes 
de Stirling, Host and Son, Kobenhavn, 1920. Application: Since Pal) = s(s-+-8)* 1/21 
satisfy (2), they also satisfy (1) so that: (3) (1+y)(s+y+#)"! = Dia Cuae(e th) 

-y(y +n —k) i, whence, identifying the coefficients of xy: (4) On oa 
- (n — k)" >l 2 (n— 1)”. Identity (3) can also be deduced from a result of Pólya. 
(Received January 26, 1948.) 


184. R. E. Johnson: Conjugate modules. 
The present paper is the outgrowth of an attempt to examine more closely the 
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relationship between the right and left primitive ideal structures of a ring R. If M is 
a right R- and left S-module, the conjugate, C(M), of M relative to the ring S is the 
set of all S-homomorphisms of M into S. The natural definitions of operations make 
C( M4) into a left R- and right S-module. If Sis taken to be a division ring, the elements 
of C(M) correspond to the maximal Ssubmodules of M. Finally, by restricting M 
to be a simple right R-module and S the centralizer of R relative to M, every gon- 
rero submodule of C(AD is shown to have the same R-annihilator as M, and thus, if 
C(M) has a simple left R-eubmodule, the R-annihilator of M is both right and left 
primitive. In case elements of R have finite nonzero S-order over M, C( M) is shown 
to be subdirectly irreducible so that a simple left R-eubmodule r eS 
January 22, 1948.) 


185%. B. H. Neumann: On ordered division rings. I, II. 


Using results previously presented (Bull. Amer. Math. Soc. Abstract 53-9-305) the 
first part shows that every ordered group can be imbedded in the multiplicative group 
of an ordered division ring of formal power series. The method elaborates a proof 
sketch of O. F. G. Schilling (Bull Amer. Math. Soc. vol. 51 (1945) pp. 297-304). It 
follows that the free group of any number of generators can be so embedded, which 
answers a question raised by R. Moufang (J. Reine Angew. Math. vol. 176 (1937) pp. 
203-223). The group ring of the free group of two generators over any field of coefii- 
cients is, however, shown to contain two elements without nontrivial common left- 
multiples. In the second part it is shown that every ordered division ring can be so 
extended as to contain in its centre a field order-isomorphic to the field of all real num- 
bers. It is also shown that in an ordered division ring an element which is algebraic 
over the centre lies in the centre. (Received January 20, 1948.) 


186% B. J. Pettis: Remarks oa tenannn o oie inana 


The chief result established ls the following: a lattice L is distributive if and only 
if any bounded modular functional on a sublattice can be extended (mod a constant) 
to be bounded and modular on L. (Received February 2, 1948.) 


ANALYSIS 


187%. Richard Bellman: On the extstence and boundedness of solu- 
tions of nonlinear partial difereniial equations of parabolic type. 

The nonlinear partial differential equation of parabolic type is studied. The space 
variables range over the interior of a cube, and the time variable over (0, œ). The par- 
tial differential equation is transformed into a nonlinear integral equation, and the 
method of successive approximations is applied. Crucial for the method is the result 
that the solution of the linear problem is a continuous operation on the initial value 
(the temperature of the cube at ¢=0) under slight restrictions on the type of solution 
considered. This result is a consequence of an Inequality of Eversull. Further applica- 
tions of the method are indicated. (Received January 24, 1948.) 


188. Salomon Bochner and K. Chandrasekharan. On the localiza- 
tion property for mulitple Fourter series. 

If the function f(x, -- -, *a) is of period 2r in each of the 4 variables, belongs to 
L in OSx,<2x, r=1,---, k, and belongs to Ls in a neighborhood of the point 
(zu +++, %), and if Sela) }38y=0(8) a8 t-+0, then Sp {S*(R)}*dR—o(R) as Roo, 
for 8=p-++-(k—1)/2, where f(t) is the spherical mean of order p of the function f at 
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the point (m, +++, x4) and S?(R) is the Riesz mean of order 3 of the multiple Fourier 
series of the function (when summed spkerically). (Received January 14, 1948.) 


189% John DeCicco: Funcions of several complex varsables and 
mulitharmonsc functions. 

This paper is a brief introduction to the theory of polygenic functions of several 
complex variables. The importance of the mean and phase derivatives is demonstrated 
in the study of the Kaaner clocks. The author considers how analytic polygenic func- 
tions can be extended Into spaces of double the original number of dimensiona. Ap- 
plications are made to the theory of monogenic functions. The author proves that if a 
multiharmonic function (the real or imegmary part of a monogenic function) is ra- 
tional, algebraic, or entire, then the associated monogenic function is rational, alge- 
braic, or entire. A characterization of multiharmonic functions is studied. Finally, a 
discussion is given of several polygenic functions of several complex variables. An 
expression for the jacobian is obtained in terms of the mean and phase derivatives. 
Application is made to the pseudo-conformal group which may be defined as the 
group preserving the pseudo-angle of Kasner. (Received December 29, 1947.) 


190. Aryeh Dvoretzky. On changing the signs of the coefficients of 
Taylor series and of Dirichlet sertes. 


It is well known that if (1) >> ee ee ee 
then a sequence esl (mane) 1, 2,- ++) can be found such that (2) >) eass" 
has |s| = R as a natural boundary. Pólya (c. R. Acad. Sci. Paris vol. 184 (1927) pp. 
1526-1528) has shown that when R= « a sequence {ea} can be found so that every 
direction will be a Julia direction for |2), provided that (1) represents a function of 
infinite order. The author proved (Ph.D. thesis, Jerusalem, 1941) that the above 
result holds for every transcendental integral function. When information on the growth 
of tke function is available much more can be said, and essentially narrower domains 
which exhibit the Picard phenomenon given. Also when 0<R< œ similar results may 
be obtained. Thus if lim sup |a,|R*== 2 a sequence {e} can be found so that (2) 
assumes every value with one exception at most infinitely many times in every sector 
[s—-Ret| <8, vi arg (s—Re*) <¥q lying inside |s| =R, These and more general and 
precise theorems are obtained through the use of the theary of normal families. The 
methods and results carry over mutatis mutandis to general Dirichlet series. (Re- 
ceived January 22, 1948.) 


‘191. Paul Erdds: On the strong law of large numbers. 


Kac, Salem and Zygmund proved that if f(s+1)=—/f(x), [of(x) =0, hjem], 
"a/na >c >landif, for any e J (J (2)—d(f)) =0(1/(l0g#) 9, where S,(f) denotes the 
xth partial sum of the Fourier series of f(x), then for almost alll x, lim (1/ N) Sopa f(x) 
“Q, It is shown that the conclusion remains true if 1/(log )‘ is replaced by 
1/(loglog #)!+*. On the other hand some restriction on f(x) is necessary since an f(x) 
is constructed satisfying f(x+-1) = f(x), J f(2)=0, /G(f(~))?= 1 euch that there exists a 
sequence t41/M%y > ¢ > 1 for which lim (1 INCL J (tas) = œ for almost all x. (Received 
January 19, 1948.) 


192. G. J. Haltiner: On the theory of linear differential boundary 
systems when based upon a new definstion of the adjotnt. 
The author considers the formal aspects of the theory of an ordinary differential 
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boundary system aud of the associated theory of the expansion of an arbitrary func- 
tion. Specifically, the boundary problem studied is 1. DA wal (x) O* (x) [drt 
-+ag(x)s(x)=0, po(x)mi, 2. nasm a, AV Daan ANDO, A). 
m0, imf, 2,- n, in which the coeficients p,(x) and g(x) are differentiable func- 
tions of x on some closed interval (a, b); à is a complex parameter; and the a,,(A) are 
polynomials in A. The treatment of the theory is based upon a new definition of the 
adjoint system introduced and applied to differential systems of order 2 by R. E. 
Langer. Some of the features in which the present paper differs from previous discus- 
sions of the ath order linear system are: (a) the new definition affords the means for 
an explicit and inclusive representation of the entire adjoint boundary problem; 
(b) specific expressions are derived for the solutions of the adjoint system in terms of 
the solutions and coefficients of the given problem; and (c) in the derivation of 
generalized orthogonality and in the determination of the residues of the Green's 
function for use in the expansion theary, no restriction is placed on the index of the 
characteristic values, (Received January 26, 1948.) 


193. I. I. Hirschman and D. V. Widder: Inversion of a general class 
of convoluiton transforms. 


Let E(s) os? | T7 [1 —(s/aa) les, where the roots ay are real (not necessarily dis- 
tinct) and such that 9 ra, < œ. It is shown that in any vertical strip of the complex 
s-plane that is free of zeros as, 1/H(s) is the bilateral Laplace transform of some func- 
tion G(#). With this kernel the integral equation f(x) = /"_G(x—£)¢(édt is solved; in 
fact (x) = E(D)f(x), where Df(x) = f'(x) and oPf(x) =f(x+c). The above convolution 
of G with @ behaves very differently in the following two cases: (a) the a, are all 
>0 or all <0, (b) there are infinitely many a, of each sign. In case (a) it has con- 
vergence properties like a Laplace transform: in case (b), like a Stieltjes transform. 
Hence proofs of the above inversion are different in the two cases. No condittans are 
imposed on ¢{x) except those implicitly imposed by the convergence of the improper 
integral of the transform. The inversion then holda almost everywhere. In particular 
if B(s) =1/T(s) the convolution reduces to the unilateral Laplace transform, and the 
inversion becomes the Post-Widder formula. If E(s)=sin rs we have the Stieltjes 
transform, and the inversion reduces to a formula due to Widder. All the iterates of the 
Laplace transform appear as special cases of our theory since the a, may be multiple 
roots. (Recetved January 21, 1948.) 


194%. J. B. Rosser: The complete monotonicity of certain functions 
dersoed from completely monotone functions. 


By means of a generalization of Rolle’s Theorem, several theorems are proved, of 
which the following is an instance. Let F(x) be completely monotonic and have deriva- 
tives for Osr s ©. That is, (—1)*F@(<) 20 for 0gs g ©. If and C, are constants, 
CG a0 so that G(x) = F(x) —): exp (~ Gx) —M exp (— Car) — - + + —M exp (— C2), 
and G(x) and its first 2# — 1 derivatives all vanish at the origin, then G(x) /xz™ is com- 
pletely monotonic for 0 S25 œ. (Received January 26, 1948.) 


195. Arthur Sard: Best approximate iniegraiton formulas; best ap- 
proximaiton formulas. 


Let cfa,» be the set of approximations A =cyx(0)--eye(1)+ + + + +cex(m) of the 
integral I= {9 x(f)d¢ which are exact whenever x(t) is a polynomial of degree ». As- 
sume that x(f) is a function with absolutely continuous gth derivative and such that 
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x+ (4)? is integrable an [0, s ]. For each approximation inc4m,., the remainder can 
be expressed as R[x] —I— — A= fixttD()k()dt, where kli) is an appropriate func- 
Hon, The best forriula in e4e., is defined as that one for which Jek()%de is minimal. 
The best formula leads to the least appraisal of | R[x] | in terms of w+ (1), if Schwarz’s 
inequality is used. The best formulas are given for the cases m=i, 2,--+, 6; ” 
=0, 1, 2,3. More-generally, let R be a set of functionals R[x], cach of which ia linear 
(additive and continuous) on the space C, of functions x(t) with continuous gth 
derivative on oS &Sb and edch of which vanishes whenever x is a polynomial of de- 
gree # 2g. For each functional in R, R[x] — fer) b(t)dt, where k(t) is an ap 
propriate function. A best functional in K is defined as a functional (if any) which 
minimizes | X| /xk(#)*dt, where K is the set on [a, b] on which &(é) »#0 and |X| is the 
measure of K. (Received January 14, 1948.) 


196. F. M. Stewart: Integration in noncommutative systems. 


Let D:\, a, °++ be a topological space with a binary associative operation, -, 
such that à uE D for all à, aED and is continuous in à and y jointly. If p {h o} ED 
is defined for each ¢ in an interval [a, b] and each measurable subset, e, of [a, b], 
Riemann and Lebesgue integrability of » over [a, b] are defined. If D is the additive 
group of real numbers with its usual topology and uft, o} —f(t)-m(c) then the 
Riemann and Lebesgue integrals of a over [a, b] coincide with the ordinary Riemann 
and Lebesgue integrals of f(t) over [a, b]. Other specializations of D and p{t, o} yield 
the product integrals of Volterra and Birkhoff, the Riemann-Stieltjes integral, and 
certain integrals of functions with values in a topological linear space. Generalizations 
of theorems familiar in some or all of these specific cases are proved when the follow- 
ing conditions are imposed on D: (1) The topology in D is given by a metric, p(A, x). 
(2) D contains a two-sided identity, 6. (3) Given «>0, B, there is a 3>0 such that 
Die, 6)<Band Zopar, m) <8 imply o( Tf, Iim) <a (Received Janu- 
ary 21, 1948.) 


197%. E. M. Wright: The asymptotic expansion of integral funcions 
and of the coeficienis in their Taylor series. 


Let f(x) be an 1 integral function and let f(x+-d) = J eala)as, g(t) =P e¥O(6/at) 4, 
R(x) >0, vl) = Diath, RO) <1. If either (i) co(t)~g() for all large, positive, 
integral ¢ or Gi) ca) ~~g (t) in a sector of the é-plane enclosing the positive half of the 
real axis, then f(s) ~(2x)43n-1 OX Ur oP for large x in part (or all) of the x-plane. 
Here X is a suitable cth root of x and P(X)~X—«o0(X) is a finite sum of fractional 
powers of X. It follows from (ii) that oy(m)~ce(s)o¥O), where w(x, X) is a calculable 
polynomial in A (and is zero if R(x) >1). The same result follows very simply from 
Gf) if and only if R(«) 1. In the above Ay(y)~d2(y) denotes that Ai(y)/Aa(y) =i 
+0O(y"*), with K>0 and y one of x, t, n. (Received December 2, 1947.) 


198. L. C. Young: Some applicaitons of the Dirichlet integral to the 
theory of surfaces. 

A vector function «(#, v) in the closed unit square R of #, v is termed Dirichlet rep- 
resentation (N) if x(u, v) is absolutely continuous on almost every line parallel to the 
axes of # and s, and its Dirichlet integral is leas than N. A Frechet surface so repre- 
sentable is a Dirichlet surface (N), or a Dirichlet surface when N is not specified. 
Dirichlet surfaces (N) actually coincide with Dirichlet surfaces of Lebesgue area less 
than N. Use is also made of intrinsic area. An emodification of s(x, 9) is an £(«, 9) co- 
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incident with x(x, v) outside an open set on which the total intrinsic area of (w, v) 
is less than « An emodification of a surface S is defined similarly. Actually a Dirichlet 
representation q(x, 9) of Lebesgue area less than A possesses for each «>0 an emodi- 
fication £(#, v) of intrinsic area less than A. One main theorem states: a sequence of 
Dirichlet representations N, equi-continuous on the boundary of R, can be e modified 
into Dirichlet representations equi-continuous in R. It is deduced that given a se- 
quence of surfaces S.a with bounded Lebesgue areas, and with (say) simple boundary 
curves converging to a simple curve, there exists, for each «>0, a compact sequence of 
emodifications. (Received February 12, 1948.) 


APPLIED MATHEMATICS 

199#. Stefan Bergman: On ltnear partial differential equations with 
singular coeffictents. I. 

In the present paper solutions of-the equation L(y) =¥s9w+Fy=0, Z= ZHZ 
W=Z1—tZs, Z= tyn k= 1, 2, are considered. Let F be regular in Bt, Then the 
singularities of ¥ can lie only on characteristic planes Z =c =const., or W =c. To every 
Z=c (or Wc) there exist functions possessing, on Z =c, singularities of the same 
order of infinity and the same behavior as in the case of harmonic functions. Suppose 
F is regular in BAe R‘— J sS? where R= [|Z] <œ, |W|<%], and S, »—1, 2, 

- , #, are singularity surfaces of F. To every point Pe(Zo We) GB‘ there exists a 
system of solutions ¥,=P(Z—Ze)’, pryi=P([(W—Wa)’|, ym 0, 1, 2,--°, P(s)ms 
— fif t Fsdedi t S3 Pl af 7, sdendesds.de,, each of which is regular in B4 and 
such that every solution y can be developed in a sufficiently small neighborhood of 
Pe in the form y= > apy. If Pe completes a closed circuit along a curve C! which 
cannot be reduced to a point without cutting S$, then the , undergo a transformation 
A= { cern}, em, 2,:°°,em1,2,3,--+-.Suppose {xr} is another complete system 
of solutions of L and B is its transformation matrix of the x, corresponding to C1. 
Then B= D-%AD, where D is a suitably chosen matrix. (Received February 27, 
1948.) 


200%. Stefan Bergman: On linear partial dsfferentsal equaitons with 
singular coeficients. II. 

The author considers solutions of the equation ¥zw+ Fy =0, Z =Z: +Z, W=21 
—124, where F is an analytic function of two complex variables Z= XH Yn k ™=1, 2, 
which is regular in MS) =3, and single-valued in N*. Here At = [|Z] <P], P suff- 
ciently small, Si= [Z= } -ai Z7]. The problem of the determination of func- 
tions which are multiplied by a factor 4, when the variable makes a closed circuit CG 
around Ss can be reduced to the determination of functions f(Z) and g(W), satisfying 
a m of two integral equations, first of which is (y:—1) f(t) + Qx1—1) g(r) —(u—-1) 
fe te[Z,732;W]f (Z2dZ+u-L fet, Ws, wg (WAW = fos" lA, rs, wA) 
+is(t, B; 3, w)¢’(B) |pe“*¥d and the second has a similar structure. Here v(t, r; s, t) 
is the “generalized Riemann’s function,” A=(p cos ¢—Y™)+4(p sin o+x), 
B=(p cos +YP) HO sin ¢— XP); p, XY, YI? are suitably chosen constants, and 
à» are multiplication factors to be determined from the equations. The author con- 
siders two special cases, namely F=(WZ)72C,4+W2C(2)4+Z27°C(W)+Q(Z, W), 
and F=Z O+: GHZ) +27 CZ) +Z, W), Ca being regular functions 
or constants. In the first case the author obtains characteristic solutions of the form 
wezcre $, > BasW*®Z*, where p and Bo are arbitrary and in the second case 
722): Zy Where r and s are determined from the “indicial equations,” In 


476 AMERICAINX MATHEMATICAL SOCIETY " May 


x 


the second case a denumerable subset of the Bwa are arbitrary. (Received February 
27, 1948.) 


201. Lipman Bers: On tae continuation of a potenital gas flow across 
the sonic lene. 


Let there be given e two-dimensional potential subsonic gas flow occupying some 
domain D. Let G be a continuously curved boundary arc of D along which the Mach 
number (ratio of local speed to Iccal speed of sound) attains the value one. It is shown 
that if the velocity components possess continuous partial derivatives on G, and if 
neither the normal derivative of the speed nor the tangential component of the veloc- 
ity vector vanish along this curve, then the flow may be continued across G as a po- 
tential supersonic How without shocks or weak discontinuities. The supersonic flow is 
uniquely determined in some ne:ghborhood of G. The exact domain of dependence as 
well as the flow itself can be effectively computed. (The domain of dependence com- 
prises the entire supersonic region in the case of a transonic flow past an obstacle.) 
The proof of these statements depends upon the solution of a Cauchy problem for a 
linear partial differential equation of mixed type with Cauchy data on the critical 
line. A new treatment of this problem is given. It is believed to be simpler and more 
convenient than the previous ones due to Khristianowitch and Frankl (see Bull. 
Acad. Sci. USSR. vol. 8 (1944) ap. 195-245). (Received January 19, 1948.) 


202%. A. D. Fialkow and Irving Gerst: The transfer function of an 
L-network. ; 


The following theorem is proved: The necessary and sufficient conditions that A (p) 
be the transfer function of a passive L-network containing resistance and capacitance 
only are: (1) A(#)=K[I* ,(o+2,)/ ILK, (o+7,) where the y, are distinct positive 
numbers and the & are non-negative real numbers and M = N or M=N+1. (2) The 
number of 8's less than a particular y, (y7—=1, 2, +++, M) is equal to or one greater 
than the number of y's less than that y,. (3) The number K satisfies the inequalities 
0<K íK, where Kg is the least of the three quantities Ka, [7/18 1if MN 
and of the first two quantities if H = N+1. Here Ka is the least positive root (if it ex- 
ists) of the equation in K obtained by equating the discriminant of [[/(s+7,) 
—K [[} (=+) =0 to zero. (Received February 5, 1948.) 


203%. A. D. Fialkow and Irving Gerst: The transfer function of a 
ladder network. 


The transfer function of a four terminal network is the ratio of the voltage at the 
output terminals to the voltage at the input terminals. The necessary and sufficient 
conditions that 4A(p) be the transfer function of any ladder network containing 
resistance and cepacitance only are determined. An algorithm for the synthesis of the 
network corresponding to A(p) is given. Analogous results obtain for networks which 
contain resistance and inductance only or inductance and capacitance only. These 
theorems are applied to various engineering design problems. (Received February 5, 
1948.) 


204. F. G. Gravalos: Two new theorems in hydrodynamics and their 
technical applications. 


Instead of Euler’s well known formula Hy— H, a œ(Cuss— Cuiri) for the energy 
input (or output) in the flow about a compressor (or turbine) the first theorem gives 
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Hy— Hım —f"U- wrdi where U is the whirl component of the aerodynamic reaction. 
The second formula describes the flow aside the rotor and applies to any two points. 
Consequently it is shown that w(Casrz— Cur) = — i; U - ordi and this amounts toa 
generalization of Euler’s formula as obtained in the SAY way. The second theorem 
gives a general expression, (1/p) grade = (1/E)(1/2)(6/OuH, et (1/A1) (1/2) 
(8/éx:H,):, for the pressure gradient along the #)-direction in terms of intrinsic 
geometric elements of the coordinate surface of revolution #: = constant. As a conse- 
quence of these two theorems the necessary conditions for the determination of the 
flow about a compressor (or turbine) of general shape are determined and a method 
for the calculation of the characteristics of the flow follows together with new relations 
between the energy changes and the variation of axial velocity. (Received February 
24, 1948.) 


205. C. A. Truesdell: The energy theorem for Newtonian continua. 


A formula for the rate of change of the kinetic energy of an arbitrary finite mate- 
rial volume of a Newtonian continuum has been deduced. The general formula is 
specialized to the case of compressible viscous fluids, generalizing the classical theorem 
of Bobyleff for incompressible viscous fluids. It is shown that in a viscous compressible 
fluid the vorticity and the rate of change of the density play completely separate and 
exactly analogous roles in the viscous dissipation of energy. (Received February 2, 
1948.) 


GEOMETRY 
206%. Edward Kasner and John DeCicco: Physical famsltes of 


curves ón space. 


The authors investigate the geometric character of a system of twisted curves Ss 
of space connected with an arbitrary positional field of force. Such a system S» con- 
sists of curves along which a constrained motion is possible such that the osculating 
plane at each point contains the force vector and the pressure is proportional to the 
normal component of the force vector. There are four cases of physical interest: 
(1) The system S» of trajectories. (2) The system S_, of brachistochrones (in a con- 
servative field of force). (3) The system Sı of general catenarles. (4) The system Su 
of velocity curves. After discussing various geometric properties of the general sys- 
tems Sm the transformation theory of such systems S, is given. (Received December 
29, 1947.) 


STATISTICS AND PROBABILITY 


207. E. J. Gumbel: Normal extremes. 


The numerical values of the probability functions, averages and moments of the 
extreme values taken from a norma! distribution have been calculated, mainly by 
Tippett, up to sample sizes # «1000, The distribution of these normal extremes con- 
verges toward the double exponential distribution f(x)—exp [—exp (—y)] where 
y=ma(x—ws). Here, x is the expected largest value for a sample of #, and a the cor- 
responding intensity function. The calculated mean (median) differs from the asymp- 
totic mean (median) by 0.6 per cent of the calculated value for *=1000 (# = 10). The 
asymptotic distribution can be used for relatively small sample sires by an adequate 
estimate of the parameters, either from the definitions, or from the calculated dis- 
tribution of the extremes. Both procedures lead to practically identical results for #, 
The probability paper shows that the asymptotic distribution of the normal ex- 
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tremes may be applied for # = 365 up to a 95 per cent level, a fact observed by Bar- 
ricelli. The probability paper gives a criterion for the regularity of observed normal 
extremes. The theoretical straight line may be obtained from the means and standard 
deviations of the observations and of the reduced values y, the latter depending 
exclusively upon #. The modal sth extremes are obtained from the mode of the ex- 
treme through e recurrent procedure. The distribution of the Intervals between ex- 
tremes converges toward an exponential function. (Received February 2, 1948.) 


TOPOLOGY 


208. E. E. Floyd: On the extension of homeomorphisms on regions. 


Let P be a region in a compact A and let Q be a subset of e compact space 
B. Let f be a continuous map from Ë to Ọ such that f| P is a homeomorphism from P 
onto Q. A study is made of the action of the map f| F(P), F(P) the boundary of P, 
when various restrictions are placed on. Q. In the first place, if Q is a region of an #- 
sphere Sa, then the map J| F(P) is shown to be non-alternating. Secondly, attention 
is given to the case in which Q is alé—c,0S¢54.1f P is also wl i—c, O97 gk — ‘1,then 
f| FP) is »-monotone. If P is al ¢—c, Oi, then a necessary and sufficient tondi- 
Bao hat O Petkim Ves ees ees N BC) pele manetane. (Reseved Perea d 
1947.) 


209. R. H. Fox: On the tmbedding of polyhedra in 3-space. 


By a tebular figure is meant a regular neighborhood of a finite (but not necessarily 
connected) linear graph. Consider a system of  non-intersecting surfaces of genus 
:, ke polyhbedrally imbedded in spherical 3-space S. It was shown by Alexander 
(Proc. Nat. Acad. Sci U.S.A. vol. 10 (1924) pp. 6-8) that m the case m =—1, k=O each 
of the two (closed) complementary domains is a tubular figure and in the case m m 1, 
km1 at least one of them is. In the general case, although there need be no tubular 
figures among the complementary domains, each complementary domain is homeo- 
to the complement of some tubular figure. By means of this partial extension © 
of der’s theorem necessary conditions for a given polyhedron of dimension not 
greater than 3 to be a polyhedral subest. of 3-space may be derived. For example, from 
a theorem about 3-dimensional manifolds due to. Reidemeister (Monatshefte fir 
Mathematik und Physik vol. 43 (1936) pp. 20-28) one obtains the following theorem: 
If the first Betti number of a connected polyhedral subset of S is greater than 2 then 
its fundamental group is non-abelian. (Recetved January 21, 1948.) . 


210%. Deane Montgomery: Dimension of factor spaces. 

Let G be a locally compact topological group of finite dimension and let H be a 
closed abelian subgroup, then the dimension of G/H is finite. (Received December 24, 
1947.) 

2114 Deane Montgomery: Subgroups of locahy compac groups. 

Let G be a locally compact connected group of dimension s. If H is an #-dimen- 
sional closed subgroup of G, then H is all of G. (Received December 24, 1947.) 

212% Hing Tong (National Research Fellow): Note on minimal 
bicompact spaces. Preliminary report. 

In his Treatiss on sat topology, Part I (Madras, India, 1947) R. Vaidyanathaswamy 


ba 
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raised the question whether there exist minimal bicompact non-Hauadorff spaces 
(loc. cit. Preface). It is not difficult to see that a minimal bicompact space is neces- 
sarily a Tı. On the other hand, it can be shown readily that the space R constructed 
below is minimal bicompact non-Hauadorff: The points of R are the symbols am, aa 
and all ordered pairs (ms, #) of natural numbers. A neighborhood system of R consists 
of all sets of single point (m, #), all sets of the form {a and all points of the form 
(Maw 26-+1) for mup > Muss, #=0, 1, 2,--- }, and all sets of the form jas, all 
paints of the form (my, 24) for #a> Ma, i™ 1, 2, 3,» <, and all points of the form 
(m, n) for n>N}. Other properties of minimal bicompact spaces are also discussed. 
(Received January 24, 1948.) 


213. G. W. Whitehead: On spaces aspherical in dimensions less 
ihan n. 


Let X be a pathwise connected topological space whose sth homotopy group rX) 
vanishes for i<s. If #>2, superposition on the essential element of wa4:(.5") defines 
a homomorphism y:re(X)-wa4i(X). Let H(X) be the integral singular homology 
group of X, S,(X) the group of spherical homology classes. Then if #>2, Huii(X) 
Soryii(X)/Image y, and Haya(X)/Saia(X) Kernel 4/2ra(X) if #>3. Lf moreover 
weya(X)—0, then Heys(X)/Saya(X)% Hoy(X)/2He(X)-+2(re(X)). By means of 
these results the groups H,,s(w, #) defined by Ellenberg and MacLane (Ann. of Math. 
vol. 46 (1945) pp. 480-509) are calculated for 43 and x>3. (Received January 5, 


1948.) 
J. R KLINE, 
Secretary 
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THE FEBRUARY MEETING IN CHICAGO 


The four hundred thirty-third meeting of the American Mathe- 
matical Society was held at the University of Chicago, Chicago, 
Ilinois, on Saturday, February 28, 1948, with a total attendance of 
one hundred seventeen, including the following one hundred ten 
members. 


E. J. Akutowicz, A. A. Albert, W. R. Allen, Reinhold Baer, J. H. Bell, Herman 
Betz, S. F. Bibb, R- H. Bing, D. G. Bourgin, H. R. Brahana, G. W. Brown, R H. 
Bruck, P. B. Burcham, Lee Byrne, K. H. Carlson, R. E. Carr, E. D. Cashwell, T. E. 
Caywood, E. W. Chittenden, A. M. Christiansen, H. J. Cohen, J. J. Corliss, J. B. 
Crabtree, H. J. Curtis, W. M. Davis, D. M. DeWitt, Flora Dinkines, John Dyer- 
Bennet, J. H. Engel, G. M. Ewing, J. V. Finch, Harley Flanders, R. S. Fouch, J. S. 
Frame, Evelyn Frank, C. G. Fry, R. E. Fullerton, Albert Furman, H. H. Goldstine, 
S. H. Gould, Charles Hatfield, I. R. Hershner, Fritz Herzog, Edwin Hewitt, E. H. C. 
Hildebrandt, J. D. Hill, D. L. Holl, C. C. Halung, H. K. Hughes, T. J. Jaramillo, 
Meyer Jerison, Madeline Johnsen, W. C. Kalinowski, Irving Kaplansky, William 
Karush, Leo Katz, L. M. Kelly, M. Z. Krrywoblock, E. P. Lane, W. G. Leavitt, 
Walte> Leighton, M. M. Lemme, Benjamin Lepeon, C. T. Loo, W. J. Lyche, A W. 
McGaughey, Morris Marden, M. S. Ma-chett, H. F. Mathis, C. W. Moran, E. J. 
Moulton, S. B. Myers, E. P. Northrop, 7. S. Nowlan, E. N. Oberg, E. H. Ostrow, 
Gordon Pall, P. M. Pepper, Everett Pitcher, J. C. Polley, D. H. Potts, A. L. Putnam, 
O. W. Rechard, W. T. Reid, Haim Reingold, L. D. Rodabaugh, G, F. Rose, Arthur 
Rosenthal, C. H. Rust, H. J. Ryser, J. M. Sachs, R. G. Sanger, L. J. Savage, A. C. 
Schaeffer, W. T. Scott, I. E. Segal, Seymour Sherman, M. F. Smiley, A. H. Smith, R. 
H. Stark, M. P. Steele, H. E. Stelsan, B. M. Stewart, M. H. Stone, D. G. Velesz, C. 
P. Wells, L. R. Wilcox, C. O. Williamson. J. L. Zemmer, Antoni Zygmund. 


At 9:00 a.x., with Professor A. A. Albert presiding, Professor 
André Weil delivered an address entitled, Abelian vartettes. A session 
for short research papers was held at 10:15 am. with Professor 
Gordon Pall presiding. The meeting was closed at 12:30 P.M. 

In the interval between the two sessions the Associate Secretary 
read a letter from Professor Inzinger, President of the Austrian 
Mathematical Society, asking for names of mathematicians who 
would be interested in receiving free a copy of the Nachrichten der 
Mathematischen Gesellschaft in Wein. 

Local arrangements for this meeting were in charge of Dr. J. B. 
Crabtree. 

There follow the complete abstracts of the papers presented at this 
meeting. The papers presented by title are designated by the letter 
“1.” Paper no. 216 was presented by Professor Hatfield. 


ALGEBRA AND TEEORY OF NUMBERS 
2144. Marshall Hall: Subgroups of finite index in free groups. 
480 
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A standard representation for subgroups U of free groups is given in a paper (M. 
Hall and T. Radó, On Schroeter systems in froe groups, Bull. Amer. Math. Soc. Abstract 
53-11-357) to appear in the Transactions of the American Mathematical Society. 
Using this representation, some new relationships are established for subgroups of 
finite index. In particular, the total length of a system of generators for U is given io 
terms of the total length of coset representatives. Also a formula is found giving the 
number of distinct subgroups of index » in the free group with r generators. (Received 
January 22, 1948.) 


215:4. Sam Perlis and Gordon Walker: A generalisaiton and new 
proof of a theorem on scalar extensions of a field. 


The following theorem is established. Let K(¢) be a separable finite extension of 
the field K, and F be any scalar extension of K. Let the minimum function f(x) of ¢ 
over X have the irreducible factorization f(x) = []j_,fi(z) in the polynomial domain 
F[x]; then regarding K(¢) as an algebra over K, its scalar extension K(¢)r has the 
structure K(¢)r = F(a) D - -- D Flg) where filh) =0 and F(¢,) is the stem field of 
f(x). When F is (or contains) the scalar root field over K of K(¢), each f,(x) has de- 
gree ane and a well known theorem results (A. A. Albert, Siructure of algebras, Amer. 
Math. Soc. Colloquium Publications, vol. 24, Theorem 26). The proof, which con- 
sists of showing that the minimum function of ¢-+ +++ +e is f(x), is almpler than 
known proofs of the corollary. (Received January 20, 1948.) 


ANALYSIS 


216. R. H. Cameron and Charles Hatfield: On the summadtsiy of 
certain orthogonal developments of nonlinear functionals. 


The authors show that the Fourier-Hermite expansion (Ann. of Math. vol. 48 
(1947) pp. 385-392) of a bounded Wiener measurable (nonlinear or linear) functional 
is Abel summable (in an appropriate Infinite-dimensional sense) to the value of the 
functional at each point where the functional is continuous in the Hilbert topology. 
The Fourier-Hermite set of orthogonal functionals is a set of finite products of Hermite 
polynomials of Stieltjes integrals / (daxli) in which x is the variable function and 
the a,(#) form a C. O. N. on 0 3t 31. In the present case, the authors have taken a(t) 
to be 21 cos (}—1/2)rt. (Received January 19, 1948.) 


217. Evelyn Frank: Orthogonality properties of C-fractions. II. 


This paper constitutes an extension to the general case of special orthogonality 
relations for a-regular and regular C-fractions previously considered by the author 
(Bull. Amer. Math. Soc. Abstract 543-132). Consider the polynomials B,*(s) 
— s*a B (1/8), p=0, 1,--+ +. Here np™ sy if Sp ety, OF Ap™ tp if Sp<ty; sy Is the degree 
of the numerator and f, the degree of the denominator B,(z) of the pth approximant 
of amy C-fraction 1-+ays%/1—+aye%/i-+- +--+ (cf. Frank, Amer. J. Math. vol. 68 
(1946)). Let the sequence {c,} be the coefficients of the power series corresponding to 
the C-fraction, and let S be defined as the operator which replaces every £” by cpn 
in any polynomial upon which it operates. Then the orthogonality relations 
SB; *(s)BF(s))=—0 if a0, 1, : PH ap—He—2, SB (s) Be (s)) =(—1) Pats 

"Gpp if mem D Pa, —my— —1 hold relative to S. A necessary condition for the 
pice of the sal yacriials B,*(s) is the vanishing of certain determinants A with 
elements cp (op. cit. p. 93), and the nonvanishing of certain others. Conversely, from 
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the cp and these determiant conditions, there may be determined uniquely the poly- 
nomials B,*(s) such that the above orthogonality relations hold. (Received January 
21, 1948.) 


218. Morris Marden: On the zeros of certain real rational and 


. meromorphic functions. : 


The Jensen-Walsh theorems on the zeros of the derivative of a real polynomial 
are generalized to real rational functions of the form F(s)= $ ° p67 /(s—c,) with 
[o| <x/2 in this paper. By X, is denoted the circle passing through the points c; and 
č and having its center at a point $, such that angle č, cj}, k; measured counterclock- 
wise is wy. Ge ia then: groveditha’ cil'chb real erce oi FO) les tee tn teers Gotta 


. both all the real cy; and all the &,, that between any two real c lie an odd number of 


t 


zeros of F(s) and that on any interval of the real axis containing no c there lies at 
most one real rero of F(s). It is also proved that no non-real zero of F(s) may lie out- 
side of all the circles K, and that, if s: Ss paints c lle in a region R consisting of the 
closed interiors of some K; but not overlapping the closed interiors of the remaining 
K,, then at least #;—1 and at most #,-+1 zeros of F(s) lie in R. By iteration these 
theorems applied to the sequence of reel rational glia Tenala) fala) = F,(s) 
= FT porth /(8—Ctp), where | cor» <cp<r/2 and p0, 1,-+-, #~1, show that 
a realeeio ol k s) lies outside of each circle with center (ci EE 
| cje— čja] (cos oa) > csc oj. The theorems are extended to real meromorphic func- 
tions of the form F(s) = A —B%-+-(re/s)+ 2e { (r,/(s—c;) J+ (r/c) } with #=0 or 1, 
and A and B real. (Received January 23, 1948.) 5 


219. O. W. Rechard: A nots on the extension of rectangle functions. 


‘Let $(R) be.a real, finite, single-valued, non-negative function defined on the 
clase K of orfented closed rectangles R contained in a fixed oriented cloeed rectangle 
Re. A horizontal or vertical line segment s with end points on the sides of Re is said to 
be regular in case for every rectangle R tn X which ls divided by s into two rectangles ' 
R, and Rein K it is true that ẹ(R) = ¢(Ri) +(e). From an earlier result obtained 
by Rechard and Reichelderfer (Bull. Amer. Math. Soc. Abstract 53-5-224 accepted 


` for publication in the Duke Math. J. vol. 15 (1948)) it follows that ¢ admits a com- 
` pletely additive extension to an additive clans of subsets of Re including all Borel 


ects in Re if and only if it satisfies the following conditions: (i) the class of regular 
lines in Re is everywhere dense both vertically and horizontally; Gi) if a descending 
sequence Ri, Ra - ++, of rectangles in X has as a product the rectangle R in X, then 
lim (Ra) = (RX). A similar result is established for functions of oriented open rectan- 
gles. In this case, the sequence of rectangles in condition (ii) above is ascending with 
its sum equal to the rectangle R. (Received January 23, 1948.) 


APPLIED MATH EMATICS 


220. M. Z. Krzywoblocki: On two-dimensional steady laminar jets 
an compressible viscous flusds. 


Bickley and Schlichting solved the equations of the velocity distribytion in a 
steady two-dimensional laminar jet in incompressible fluid. In the present paper the 
problem of jets in compressible viscous fluids is solved. The following equations were 
taken into account: two equations of motion, continuity, state and energy. The two 
velocity components, the density and the temperature are given in the forms of the 
a a of functions: (Received January 14, 1948.) ği 


t 
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221%. M. J. Norris: Coordinate transformations from the operational 
mewpotse. 

It is shown that space-time coordinate transformation equations similar to the 
Lorentz equations can be obtained following the operational viewpoint of Bridgman. 
The problem treated is that in which the motions are restricted to one dimension. A 
local time for each observer is defined operationally, and then the time and distance 
of an observed event for a particular observer are defined operationally in terma of the 
obeerver’s local time. The transformation equations are then derived. The methods are 


‚entirely elementary and are adequate to handle the case of non-uniform motion. (Re- 
ceived January 26, 1948.) 


GEOMETRY 
222. P. M. Pepper: Local symmetry in meiric spaces. 


Let m be a point of a metric space S, 3 a real number not less than 0, and Sy(m) 
the set of all points s in S for which xm <8. If A is the least upper bound of numbers 
820 with the property that if x is in Sy(m) then there exists a point +, in S such that 
Lys m Lam m 2Y, then S is said to have local symmetry about the center m with the 
modulus A. The modulus may be infinite in which case the word local is dropped. If 
S is locally symmetric about two of ite points se,, a, (ms rím) with respective moduli 
Ao, Ai, and if mani <max (As, Ar), then the diameter of S is at least max[2 min (Ae, A1) 
—2mom, 2mm]. In case both moduli are infinite, the diameter of S is infinite. A 
corollary of this theorem is: If S is a complete, convex, metric space (of at least two 
points) which is locally symmetric about each of its points with moduli bounded 
away from 0 by a number A>0, then the diameter of S is not less than 2A. The metric 
space S is said to have local open-symmetry about its point s with modulus A if and 
only if A is the least upper bound of numbers 8 such that for each «>0 there exists a 
function f, which mape the points x of S(s) into Sin such a way that sf,(x) =2sm—« 
and |f.(z)m—2xm| Se The first theorem stated above for local symmetry holds also 
for local open-symmetry. (Received January 21, 1948.) 


STATISTICS AND PROBABILITY 


223i. Francis Regan and W. C. Kalinowski: A postulattonal treat- 
ment of ihe probabsitty for certain types of emissions. 


The transmutation of radioactive substances is accompanied with the emission of 
certain types of rays. Since these emissions occur spontaneously and at random, the 
problem ef radioactive transmutation can be treated statistically, that is, according 
to the laws of probability. This physical phenomenon is given a mathematical inter- 
pretation, in that a system of postulates is set up whereby the probability of the oc- 
currence of # points of a set E (half open interval closed on the left) beginning at 
the instant ¿ may be obtained. Probabilities are also found for a finite number of non- 
abutting intervals. These results are then used to include a set of points E whose 
frontier points are of measure rero. (Received January 21, 1948.) 


a” 


‘TOPOLOGY 


224. R. H. Bing: A convex meiric for a locally connected Continutem, 


If D(x, y) is a distance function, it is said to be a convex metric if for each pair of 
points x, y, there is a point s such that D(z, s)=D(s, y) =(1/2)D(a, 9). If M, (¢—1, 2) 


L 


Ca 
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is a compact continuum with a canvex metric D;and M, intersects Ma then there is a 
convex metric Dy on Mi-+f; that preserves D, on Mi. A necessary and ‘wuifficient 
condition that a compact s-dimensional metric space have a convex metric is that it be 
locally connected. (Received January 24, 1948.) 


225. S. B. Myers: Spaces of continuous functtons. 


Let B(X) be the Banach space of all real bounded continuous functions on a com- 
pletely regular space X. A subspace M of B(X) is called completely regular over X if 
given any closed set XC X and any xe& X —XK, there is a bÆ M such that b(x4) = ||b]| 
and, for «© K, sup |b(x)| <[lol]. The author has previously shown (Ann. of Math. 
vol. 49 (1948)) that.if B isa Banach space there is at most one compact X such that 
B is equivalent to a linear sibepace of B(X) completely regular over X. A further 


` study is made here of the space B(X) and its subepaces completely regular over X. 


For exampk, although B(X) cannot be reflexive unless X is finite, and B(X) cannot 
be separable unless X is compact metric, nevertheless (1) if X is separable metric,, 
there is a closed separable linear subepace of B(X) which is completely regular 


over X, (2) if X is homeomorphically imbeddable in euclidean s-space, there isan |’ 


w'{-2-dimensional lineer subspace of B(X) completely regular over X. (Received 
January 24, 1948.) 
- R. H. BRUCK, 


Associate Secretary 


BOOK REVIEWS 


Etgenfunction expansions assoctated with second order dsfferenital 
equations. By E. C. Titchmarsh. Oxford, Clarendon Press, 1946. 
8+-174 pp. $7.00. 


The subject of this book has its origin in the Sturm-Liouville ex- 
pansions. The author deals with the problem of expanding an arbi- 
trary function in terms of the e.f’s (eigenfunctions) of a second order 
ordinary differential equation, with emphasis on the singular theory. 
He puts aside H. Weyl’s method of handling of the singular theory 
on the basis of integral equations and also bypasses the use of the 
general theory of linear operators in Hilbert spaces (M. H. Stone); 
instead, use is made of contour integrations and the Cauchy calculus 
of residues. The material in Chapters 4, 2, 4, 5, 7 is in some essential 
parts due to the author; Chapters 9, 10 are entirely due to him; the 
highly important Chapter 3 involves some very heavy technical 
equipment and is due essentially to the author and to H. Weyl; the 
material in Chapter 6 is due to M. H. Stone. The book is written 
with complete rigor in a very readable style. Specifically is studied 
the operator Lenq(x)—d*/dx*, where q(x) is a given function, de- 
fined on some finite or infinite interval (a, b}. The values of A and the 
corresponding solutions (subject to suitable boundary conditions) of 


(1) Ly = dy 


are termed the e.v’s (eigenvalues) and e.f’s, respectively. 

In the regular case (chap. 1) ‘the following is proved. If real q is 
continuous on a finite interval (a, 6), then (1) has a solution ¢ so 
that d(a) =sin a, ġ'(a) = —cos @ (a assigned); if, in addition, f is in- 
tegrable over (a, b), then the Sturm-Liouville expansion s(x) behaves 
with regard to convergence as an ordinary Fourier series, while 
2-1(f(x+0)-+f(x—0)) s(x) when f is of bounded variation near x. 
In chap. 2 the author treats singular cases when the expansion is 
still a series and the interval is (0, ©). It is assumed that g is continu- 
ous on every finite subinterval of (0, œ). The general solution of (1) 
is of the form @-+-/¢, where 6, ¢ are solutions of (1) such that 6(0) 
= —¢'(0)=cos a, 6’(0)=¢(0) =sin a. If solutions are considered 
for which {6(b)+i6(4)} cos B+ {6’(d) +1’(b)} sin B=0, one obtains 
beal(d) = — [0(b) ctg 8+6’() }[(b) ctg 6+¢'(b) |“. As 8 varies, | 
describes a circle Cy; Cs—a “limit-circle” or a “limit-point” as b— œ. 
For every non-real à, (1) has a solution W(x, A) =6(x, A) +m) (x, A) 
CL*(0, œ), where (A) is the limit-point or is any point on the limit- 
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circle. It is assumed that the only singularities of m(A) are poles 
do, At, «°°, With corresponding residues "e, m,-°-°-.Iffand Lf are 
L?(0, ©), f(0) cos a+f'(0) sin a=0 and the lims. W(p(x, A), f(x)) 
=() (W is the wronskian) for all non-real A, then 


(2) f(x) = 2 Ca. (2). 


Moreover fefdx= Dig. Form &(x, A)=¥(x, fre, MOJdy 
+(x, NITY, Nf(y)dy; if f is L2(0, ©) and à is distinct from the 
Aa, then B(x, A) = $ oca A — A) alar). Indications are given for the 
case (= sad w). l 

In the general singular case (chap. 3) m(A) is not restricted. 
Form kA) =lims.e B ]—Im(u-+48) ]dw (8>0). If f is L0, ©), then 
the ga(A) = f(y, A)f(y)dy converge in the mean square with respect 
to ÇA) over (— œ, œ) to a limit g(A), while x f3 Pdz = f* .gtQ)dk(). 
The author gives some indications for the case (— œ, œ), The con- 
cept of s. (spectrum) enters as follows. When (a, b)=(0, œ) the s. 
is the A-set which is the complement of the set of points in the neigh- 
borhood of which kA) is constant. It is only the s. that contributes 
in the representation formula axf(x)=/".d(x, ujdi Oy, ulf(y)dy, 
where Q(y, #) = foly, AGRO) (valid when f is subject to the condi- 
tions imposed in (2)). If m(x) is meromorphic, there is a point-s. 
(consisting of the set of poles). The continuous s. is the set of intervals 
in each of which (A) is steadily increasing. 

Chap. 4 contains numerous applications to Hermite, Legendre, 
Bessel, and so on, expansions. In chap. 5 the following is proved. If q 
is L(0, ©), then the s. is continuous on (0, œ) and there is a point-s. 
on (~~, 0); when g— (steadily), g' 20, g’=O(|¢|*) (0<c<3/2) 
and g” is eventually of constant sign, then the s. is discrete. Let . 
qs0, g' <0, g>— ©, g’=O{|ql*} (0<¢<3/2) and q’’ be of constant 
sign; then, if aaa dym æ, there is a continuous s. over 
(— æ, ©) and, if ¢< œ, a point s. on (0, ©) and a continuous 8. on 
(— æ, 0). When q—=>œ as x- œ, there are discrete e.v’s, while the 
e.f associated with A, has z zeros. l 

In chap. 6 it is shown that the expansion of f, given in chap 3, 
will hold when the conditions on f are relaxed, while additional 
ones are imposed on g. The expansion of f is given when çq is L(0, œ) 
and f is L7(0, ©) and also L(0, œ). In chap. 7 a study is presented 
of the discrete e.v’a do, M,- when go. The following is 
one of the results. Let N(A) mn (Asma <À Sdn); if g'o, g’’20, 
q'S(q)"(l<y<4/3; x>x), then 1NA) = f}(A—g(x))"dx+0(1) 
(here p= (A) arises from the equation q(t) =A). In chap. 8 a further 
approximation to NQ) is given on the basis of a rigorous method, 


1948] BOOK REVIEWS , 487 


suggested by a heuristic argument used by physicists in connection 
` with the quantum mechanics equation ¥’’+8r*mh7?(E—- V(x) =0 
(Brillouin, Wentzel, Kramer). In chap. 9 it is proved that if q’>0, 
g” 20, g SAKY <43; saxo) and f is L?(0, œ), then f(x+0) 
+f(x—0)=2 > capax), provided f is of bounded variation near 
x. In chap. 10 the author proves the following summability theo- 
rem. If continuous g—* monotonically and f is L*(0, œ), then 
f(x) elime a(t) Yalar) for every x for which Safety) 
—f(x)| dy =o(n), as 7-0 (that is, almost everywhere). With the aid 
of the above result the expansion theorem of chap. 9 is then proved 
anew, which presents an analogy with the situation in the ordinary 
Fourier theory. i 

Some developments analogous to those in the book under review 
have been carried out in the field of partial differential equations by 
T. Carleman [Arkiv för Mathematik, Astronomi och Fysik vol. 24 
B (1934) pp. 1-7] and by the present reviewer [Ann. of Math. vol. 
43 (1942) pp. 1-55; also, Rec. Math. (Mat. Sbornik) N.S. 20 (1947) 
pp. 365-430]. The field of partial differential equations being so 
‘much more difficult than that of ordinary differential equations, 
much more remains to be done. The book of Titchmarsh may serve 
as a useful guide in the line of investigation just mentioned. 

W. J. TRJITZINSKY 


The theory of functions of real variables. By L. M. Graves. New York 
and London, McGraw-Hill, 1946. 10-300 pp. $4.00. 


The theory of functions of real variables occupies a central position 
in present day analysis, and it is typical for graduate schools in the 
United States to offer students in mathematics a one year introduc- 
tion to the subject. It has always been a problem to find a suitable 
text for such a course, needing, as it does, something shorter and 
crisper than one of the standard treatises. The volume under review 
- is written with this end in view. 

The first chapter is a short exposition of the ideas and methods of 
deductive logic. The notions of negation, conjunction and alternation 
of propositions are given symbolic notations, and regarded as unde- 
fined (but “generally understood”) operations: a list of laws by which 
their use is to be governed (for example, double negation, excluded 
middle) is discussed. The calculus of classes is briefly described, and 
the student is introduced to a technique of translating English 
sentences involving logical and class relationships into briefer sym- 
bolic formulae. We are warned about possible paradoxes which may 
arise through unguarded use of these notions, and the writer de- 
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scribes “common sense” safeguards which he feels are generally ade- 
quate to avoid trouble, 

Chap. II gives the traditional construction of the reals, starting 
with Peano’s axioms and proceeding via equivalence classes and 
Dedekind cuts to the real numbers, which are shown to form a com- 
plete ordered field. In chap. III point sets in n dimensions are treated, 
and a chain of theorems giving their fundamental topological prop- 
erties culminates in the Heine-Borel theorem. The concepts of con- 
tinuity and limit for functions of one or several real variables are 
defined in chap. IV; superior and inferior limits, semi-continuity and 
uniform continuity are discussed, and their relations and properties 
exhibited by a series of standard theorems, including max and min 
theorems for semi-continuous functions. The definition of the limit 
of f(x) at x=a is such that if it exists it must equal f(a) (when the 
latter is defined), contrary to most texts. A point with which the re- 
viewer believes some readers might take issue is the author’s addition 
of ideal points to Euclidean spaces of all dimensions, leading, for 
example, to the statement that if a function is continuous on a 
closed set S, it is uniformly continuous on 5S. 

Chap. V furnishes a detailed exposition of the fundamental defini- 
tions and theorems on differentiation of functions of one variable, 
including mean value theorems and a discussion of derivates. Total 
differentiability for functions of several variables, and theorems on 
partials of various orders, receive due attention. The Riemann 
integral for functions of one variable is treated rapidly and succinctly 
in chap. VI, and chap. VII is devoted to various aspects of uniform 
convergence, including a brief introduction to multiple series, the 
function space C, and non-differentiable functions. 

The next two chapters, while well within the spirit of the book’s 
title, have an element of novelty. Chap. VIII deals with functions 
defined implicitly by a relation f(x, y)=0. In connection with in- 
vestigating the solvability for one variable in terms of the other, 
some fixed point theorems are proved, involving a short excursion 
into the theory of simplicial partitions. Chap. IX is on existence 
theorems for ordinary differential equations. 

The last three chapters are on integration fin: Chaps. X. and 
XI deal with Lebesgue integration, using the Riesz device of approach 
by step functions for the definition. The detailed discussion is carried 
out for functions of one variable, but a good deal of side comment 
is furnished concerning generalizations. We are led to an intro- 
ductory exposition of the spaces L, and thence to a discussion of 
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orthonormal sets for the case p= 2. (It is rather surprising not to see 
Hilbert’s name mentioned in this connection.) The last chapter is on 
several types of Stieltjes’ integration. 

Very few misprints or misstatements have come to the reviewer's 
attention. Especial mention should be made of the valuable and well 
chosen lists of references to the literature which conclude each 
chapter. 

It seems to the reviewer that in scope and choice of subject matter 
this text is nicely calculated to suit the needs of introductory classes 
in real variable theory. On the basis of having used the text for such a 
class for one term, he would suggest only one respect in which it 
proved to be somewhat troublesome: namely, in the free use from 
the start of the logical symbols introduced in chap. I. It is suggested 
that students embarking on this subject have a good many new 
ideas, and an essentially novel ideal of precision, to struggle with, 
both of which are inherent in the subject itself. It seems open to 
question whether we really help them by replacing a possibly tedious, 
but clear, English sentence by such a formula as 


m = pDA D mtg pV iaDmapta 


for them to cope with in addition, almost at the outset of their voyage. 
James A. CLARKSON 


Topological methods in the theory of functions of a complex variable. 
By Marston Morse. (Annals of Mathematics Studies, no. 15.) 
Princeton University Press, 1947, 2+145 pp. $2.50. 


The theory of analytic functions is related to topology in two ways. 
On one hand it can serve as a powerful tool in the study of topological 
questions. On the other hand many of the basic theorems in the theory 
of functions are essentially topological in character and can be proved 
by such methods. It is the latter observation that forms the starting 
point for Morse’s booklet. If the purely topological properties of 
analytic functions are to be isolated, it is natural to study the class 
of functions which, in the small, share the topological properties of 
analytic functions. One of the main problems will then be to find out 
to what extent this new class retains the topological properties in the 
large. 

The author actually considers two classes of topologically defined 
functions, tmtertor transformations and pseudo-harmontc functions. 
They arise, respectively, from analytic and harmonic functions by 
sense-preserving local homeomorphisms. Interior transformations 
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have been studied previously by Stoilow and Whyburn, from different 
points of view, while the concept of pseeudo-harmonic functions is new 
except for pioneer work by Morse himself and in collaboration with 
M. H. Heins, It is clear from the definition that the local behavior of 
these functions at an interior point is perfectly known, but on the 
boundary of the region of definition a careful and detailed analysis is 
required, even in the case of relatively strong conditions of regularity. 

` The main theorems are enumerative in character, dealing with the 
number of singularities and similar characteristics. As a typical case, 
take the formula P 

| M+m—-S—sold—py, 
where M is the number of logarithmic poles of a pseudo-harmonic 
function U in a region G, m the number of relative minima of U on the 
boundary B, S and s the number of saddle points (critical points) on 
`G and B, v the number of contours. For harmonic functions, which 
remain such on the boundary, formulae of this type are of course 
familiar as more or less immediate consequences of Cauchy’s integral ` 
theorem, except for the fact that the number m of relative minima is 
usually not displayed. One recognizes, however, that m serves to meas- 
ure the turning of the tangent to the image of B under the analytic 
transformation U-+sV whose real part is U. In proving this theorem 
under more general assumptions a delicate point is the counting of 
singularities on the boundary; instead of counting half-multiplicities, 
as one would ordinarily do in the theory of analytic functions, Morse 
shows good cause for adopting a different procedure. In fact, the 
main point in the proof, which of course proceeds along purely topo- 
logical lines, consists in a careful scrutiny of the saddle-points on the 
boundary. 

The first four chapters deal with this and similar questions. Various 
types of boundary conditions are discussed in great detail, and certain 
enumerative theorems which have received special attention in the 
theory of functions are singled out. Throughout, important details are 
investigated with all the skill expected from the author. If the reader 
has any doubts, they will nat be concerned with the validity of the 
arguments, but rather with the degree of importance that can be 
attached to these questions. Since the appreciation of Morse’s work 
must necessarily hinge on such considerations, it is a pity that the 
limited size of this tract has prevented its author from presenting his 
material against a broader background. Personally, the reviewer be- 
lieves that a good case could be made for Morse’s point of view. 
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In the fifth and last chapter deformations of locally simple curves 
are studied. The main theorem that two locally simple curves can be 
deformed into each other (by an admissible transformation) if and 
only if they have the same angular order is proved in its full gen- 
erality. An admissible transformation is defined as one under which , 
the intermediate curves are uniformly locally simple. The same 
question is treated for the case of O-deformations under which the 
curves are not allowed to pass through a point O. Here the character- 
istics are the angular order and the order with respect to O. These are 
of course highly important questions whose systematic treatment in 
the non-regular case has been long overdue. 

There is finally a brief introduction to the deformation for interior 
‘transformations which has been more extensively treated in the 
author’s joint paper with M. H. Heins (Acta Math. vol. 80 (1947)). 
This interesting theory aims at a complete characterization of the 
homotopy properties of meromorphic functions as opposed to those of 
more general interior transformations. As an introduction to this 
theory the book serves a very laudable purpose. 

L. AHLFORS 


Vector and tensor analysts. By Louis Brand. New York, Wiley, 
1947. 9+-439 pp. $5.50. 


This volume bears a relation to the average elementary book on © 
vector analysis similar to the relation of the author’s well known 
Vectorial mechanics to the average elementary book on mechanics. In 
each case all of the expected topics are included and treated thor- 
oughly, carefully, and with rigor and sophistication. But a number of 
related subjects are brought into the picture. 

Thus in the volume under review one finds chapters on motor 
algebra, quaternions, dyadics, the application of vectors to perfect 
fluids and to elementary differential geometry. A long chapter on 
tensor analysis carries the subject beyond covariant differentiation 
and includes surface geometry in tensor notation. The author expects 
to include further applications of tensor analysis such as those made. 
by Einstein and Kron in a later volume. 

Many exercises are worked out in the text. These often include 
interesting results not found in conventional texts. These, together 
with some of the exercises to be worked out, should do a great deal 
for the reader interested in increasing the breadth of his mathe- 
matical education. | 

The book can be used as the basis of an elementary course in vector 
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The Society’s Third Symposium on Applied Mathematics will be 
held in the summer of 1949. Invitations from institutions wishing to 
act as hosts should be sent to the Chairman of the Committee on 
Applied Mathematics, Professor J. L. Synge, Carnegie Institute of 
Technology, Pittsburgh 13, Pennsylvania. All invitations received 
will be considered simultaneously, the closing date for receipt of in- 
vitations being June 30, 1948. It is requested that each institution 
indicate a proposed subject for the Symposium, and state whether 
adequate facilities for meetings and dormitory accommodation would 
be available. 

The Institute of Mathematical Statistics has announced the elec- 
tion of the following officers: Professor Abraham Wald of Columbia 
University as president; Dr. Churchill Eisenhart, Chief of the Sta- 
tistical Engineering Laboratory of the National Bureau of Standards, 
and Associate Professor Henry Scheffé of the University of California 
at Los Angeles as vice presidents. 

A new journal, Communtcations on Applied Mathematics, has been 
announced by the Institute for Mathematics and Mechanics at New 
York University. It will be issued quarterly and the first number ap- 
peared in January 1948. 

Professor Y. C. Wong of National Sun Yat-Sen University has 
been awarded an honorary doctorate of science by the University of 
London. 

Dr. Mina Rees of the office of Naval Research and Dr. Warren 
Weaver of the Rockefeller Foundation have received the British 
award of the King’s Medal for Service in the Cause of Freedom in 
recognition of valuable services rendered to the allied war effort in ° 
various fields of scientific research and development. 

Professor Selig Brodetsky of the University of Leeds has retired. 

Professor T. G. Cowling of the University College of North Wales 
has been appointed to a professorship at the University of Leeds. 

Dr. C. Y. Pauc of the University of Marseille has been appointed 
a lecturer at the University of Cape Town. 

Dr. H. W. E. Schwerdtfeger of the University of Adelaide has been 
appointed to the position of senior lecturer at the University of 
Melbourne. 

Dr. Valentine Bargmann of Princeton University has been appointed 
to an associate professorship at the University of Pittsburgh. 

Assistant Professor Richard Bellman of Princeton University has 
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been appointed to an associate professorship at Stanford University. 

Professor Richard Brauer of the University of Toronto has been 
appointed to a professorship at the University of Michigan. 

Mr, A. G. T. Carlton has been appointed to an assistant professor- 
ship at the University of Illinois. 

Assistant Professor F. O. Duncan of the University of Missouri has 
retired. 

Dr. H. H. Germond has accepted a position as research scientist at 
the Douglas Aircraft Company, Santa Monica, California. 

Professor L. K. Hua of Tsing Hua University has been appointed a 
lecturer at Princeton University. 

Associate Professor Witold Hurewicz of the Massachusetts Insti- 
tute of Technalogy is at Princeton University as a visiting professor. 

Mr. Sidney Kravitz of Newark College of Engineering has accepted 
a position as mathematician with the Ballistic Research Labora- 
tories, Aberdeen Proving Ground, Maryland. 

Dr. G. R. MacLane of Harvard University has been appointed to 
[an assistant professorship at Rice Institute. 

Mr. Richard Otter of Princeton University has been appointed to 
an assistant professorship at the University of Notre Dame. 

Professor Anna Pell-Wheeler of Bryn Mawr College will retire in 
June 1948. 

Professor Joseph Pierce of Atlanta University has been appointed 
to an associate professorship at Wayne University. 

Professor J. B. Reynolds of Lehigh University will retire at the end 
of this academic year. 

Mr. E. D. Schell has accepted an appointment as chief of the 
Mathematics and Electronic Computor Branch, Office of the Comp- 
troller, United States Air Forces. 

Associate Professor Max Shiffman of New York University has 
been appointed to a professorship at Stanford University. 

Professor J. L. Synge of Carnegie Institute of Technology has been 
appointed to a professorship in the School of Theoretical Physics of 
the Dublin Institute for Advanced Studies. 

Professor A. H. Taub of the University of Washington has been 
appointed to a research professorship of applied mathematics at the 
University of Ilinois. 

Assistant Professor P. M. Whitman of Tufts College has accepted a 
position at the Applied Physics Laboratory, Silver Spring, Maryland. 

Professor C. R. Wylie of the Army Air Forces Institute of Tech- 
nology, Wright Field, has been appointed to a proleseorsiHp at the 
University of Utah. 
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The following promotions are announced: 

R. E. Basye, Agricultural and Mechanical College of Texas, to an 
assistant professorship. 

W. M. Borgman, Wayne University, to the position of assistant 
dean of administration. 

Alonzo Church, Princeton University, to a professorship. 

T. F. Cope, Queens College, to a professorship. 

E. R. Heineman, Texas Technological College, to a professorship. 

P. W. Ketchum, University of Illinois, to a professorship. 

Harry Levy, University of Illinois, to an associate professorship. 

E. R. Lorch, Columbia University, to a professorship. 

C. W. Mendel, University of Illinois, to an associate professorship. 

H. J. Miles, University of Illinois, to a professorship. 

Vivian R. Nuess, University of Illinois, to an assistant professor- 
ship. 

Bob Parker, Texas Technological College, to an assistant professor- 
ship. 

J. W. Peters, University of Illinois, to an associate professorship. 

H. V. Price, State University of Iowa, to an associate professorship. 

L. W. Swanson, Coe College, to an associate professorship. 

H. P. Wirth, College of the City of New York, to an associate pro- 
fessorship. 

Leo Zippin, Queens College, to an associate professorship. 

The following appointments to instructorships are announced: 
University of Illinois: Mr. Furio Alberti, Dr. M. D. Springer; Uni- 
versity of Michigan: Mr. S. W. Hahn; New York State College for 
Teachers: Mr. Rudolph Cherkauer; Pennsylvania State College: Mr. 
M. M. Resnikoff; Princeton University: Dr. H. N. Shapiro; Texas 
Technological College: Mrs. Susie Kammerdiener, Miss Lillian Mc- 
Glothlin, Mr. E. H. Thomas, Mrs. Naomi Thompson; Wayne Uor 
versity: Mr. J. M. Patterson. 

Professor Emeritus M. W. Haskell of the University of California 
died on January 15, 1948 at the age of eighty-four years. He was a 
member of the Society from 1899 to 1929. 

Mr. A. L. McCarty of Merced, California, died on June 20, 1947. 
He had been a member of the Society aince 1923. 

Professor Emeritus A. B. Turner of the College of the City of New 
York died on February 5, 1948 at the age of seventy-five years. 

Professor G. E. Wahlin of the University of Missouri died on 
February 11, 1948 at the age of sixty-eight years. He had been a mem- 
ber of the Society for thirty-nine years. 

The following one hundred two doctorates, with mathematics, 


496 NOTES [May 


mathematical physics, or statistics as a major subject, were con- 
ferred during 1947 in universities in the United States and Canada. 
The university, month in which degree was conferred, minor subject 
(other than mathematics) and the title of the dissertation are given 
in each case if available. 

D. M. Adelman, California, June, Some arithmetic properties of 
sequences of integers satisfying linear recursion relations. 

E. J. Akutowicz, Harvard, September, The third iterate of the La- 
place transform. 

H. L. Alder, California, June, The existence and nonexistence of 
certain sdenisizes in the theory of partttrons. 

H. P. Atkins, Rochester, June, On fracttonal derivatives of unsvalent 
functions and bounded funcatons. 

Jacob Bearman, Minnesota, August, Rotations tn the product of two 
Wiener spaces. 

A. L. Blakers, Princeton, February, Some relations between homology 
and homotopy sequences. 

J. V. Breakwell, Harvard, June, An approximate method of calculat- 
ang the energy levels of configurations PF tn complex spectra. 

F. L. Brown, Notre Dame, June, Remarks concerning tri-operattonal 
algebra. 

'R. C. Buck, Harvard, September, Untqueness, interpolation, and 
characterisaiton theorems for functions of exponential type. 

W. C. Carter, Harvard, September, On the cohomology theory of 
fields. 

Abraham Charnes, Illinois, June, minor in physics, Wing-body inter- 
action in lanear supersonic flow. 

Y. S. Chin, Harvard. September, Curve systems covering a surface. 

K. L. Chung, Princeton, June, On the maximum partial sums of 
sequences of independent random variables. 

E. L. Cohen, Duke, June, minor in philosophy, Sums of an even 
number of squares in GF[p*, x]. 

Richard Cohn, Columbia, June, Properttes of the limiit a the raito of 
arc to chord. 

S. L. Crump, Iowa State, June, minor in genetics, The estimaiton of 
components of variance in mulitple classtficaitons. ` 

D. A. Darling, California Institute of Technology, June, minor in 
physics, Continuous stochasttc processes. 

H. F. DeBaggis, Notre Dame, June, Hyperbolic geometry. 

S. P. Diliberto, Princeton, June, Reducatton theorems for systems 
of linear differenital equations. 

W. W. Dolan, Oklahoma, June, minor in physics, Metric diferen- 
tial geometry of reciprocal rectilinear congruences. 
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Mary P. Dolciani, Cornell, June, On the representation of integers 
by quadratic forms. 

D. B. Duncan, Iowa State, June, minor in genetics, Stgntficance 
tests for differences between ranked variates drawn from normal popula- 
ttons. l 
H. W. Ellis, Toronto, June, Mean continuous integrals. 

Bernard Epstein, Brown, June, A method for the solution of the 
Dirichlet problem for certain types of domains. 

C. D. Firestone, Cornell, September, Suffictent conditions for the 
modelling of axtomattc set theory. 

M. P. Fobes, Harvard, September, On a conjectured inequality 
related to the product of Lipschtts skeleton cochatns. 

Marianne R. Freundlich, Ilinois, October, minor in physics, On 
normed rings. 

Irving Gerst, Columbia, February, On the integration of a certain 
class of diferential equations. 

A. W. Goodman, Columbia, June, On some determinants related to 
p-valent functions. 

W. S. Gustin, California (Los Angeles), June, I. A bilinear integral 
identity for harmonic functions. II. Sets of finite planar order. 

Franklin Haimo, Harvard, June, Daviston by the integers in Abelian 
groups. 

Edwin Halfar, Iowa, August, Reduction of topological operators 
and their canonical represeniaiton. 

G. J. Haltiner, Wisconsin, September, On the theory of linear dif- 
ferential systems when based upon a new defintion of the adjoint. 

T. E. Harris, Princeton, June, Some theorems on the Bernoullian 
multiplicative process. 

A. R. Harvey, Harvard, June, Some studies on functtons of ex- 
ponential type. 

Sister M. Agnes Hatke, Purdue, June, minor in physics, A certain 
cumulative probability function. 

I. R. Hershner, Harvard, June, The moduli of untoalence and of 
p-valence of funcitons analytic in the unti circle. 

I. I. Hirschman, Harvard, June, Some representation and inversion 
problems for the Laplace transform. 

Marshall Holt, Pittsburgh, June, minor in engineering, A study of 
the beam column problem. 

W. N. Huff, Pennsylvania, February, On the type of polynomials 
generated by f(xt)p(t). 

P. B. Johnson, California Institute of Technology, June, minor in 
physics, Some applications of functtonal analysts to parallel displace- 
meni in Riemannian geometry. 
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W. C. Kalinowski, St. Louis, August, minor in physics, A postula- 
tonal treatment of the probability for certain types of emissions. : 

L. H. Kanter, Stanford, October, On the seros of orthogonal poly- 
nomials and the related Christoffel numbers. 

Samuel Karlin, Princeton, June, Independent functions. 

J. R. F. Kent, Illinois, October, minor in physics, Separation 
theorems for differential equcitons of the third and fourth order. 

J. H. Laning, Massachusetts Institute of Technology, September, 
minor in physics, Mathematical theory of lubrication type-flow. 

E. H. Larguier, Michigan, June, Homology bases with applications 
to local connectedness. 

W. G. Leavitt, Wisconsin, May, A normal form for mairices whose 
elements are holomorphic fur-ctions. 

J. S. Leech, Yale, June, On convex sets in complex Banach spaces. 

K. B. Leisenring, Michigan, June, Hyperbolic geometry and trigo- 
nometry on the completed Larsbert sphere. 

M. M. Lemme, Purdue, June, On a new cumulative frequency func- 
iton. ‘ 
W. J. LeVeque, Cornell, Seotember, On the distribution of values of 
number-theoreltc functtons. 

Sister M. Teresine Lewis, Catholic University, June, minor in . 
physics and education, The construction and application of magic 
rectangles modulo p for small values of p. 

P. J. McCarthy, Princeton, February, Approxsmate solutions for 
means and vartances in a certain class of box problems. 
~ W. R McEwen, Minnesota, March, minor in physics, An upper 

‘bound for the number of orthogonal polynomials of any specified degree 
associated wiih an algebraic curve in space. 

A. M. Mark, Cornell, September, Limes theorems in the er. of 
probability. 

F. J. Massey, California, June, Estimation of a dtsirtbuiton function 
by confidence limits. 

C. W. Mathews, Illinois, June, minor in physics, Cauchy type in- 
tegral representation for functons of a complex variable. 

B. E. Meserve, Duke, Jure, minor in physics, Imequaltites of higher 
degree. 

W. H. L. Meyer, Chicago, December, Multiple integral problems 
involving n dependent funciicns in the calculus of variations. 

E. E. Moise, Texas, June, Anindecomposable plane continuum which 
is homeomorphic to each of iss nondegenerate subcontinua. 

B. N. Moyls, Harvard, September, Extensions of valuations with 
prescribed value groups and residue class fields. 
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Sigurd Mundhjeld, Nebraska, August, minor in physics, On cer- 
tain doubly periodic functions of the third kind. 

W. D. Munro, Minnesota, March, minor in physics, Orthogonal 
irigonomeiric sums with auxilary conditions. 

M. L. Nelson, California, February, An Abel integral equaiton with 
constant limis of integration. 

Paul Olum, Harvard, June, Homology with operators and mapping 
theory. 

T. G. Ostrom, Minnesota, June, minor in physics, The solution of 
linear tniegral equations by means of Wiener integrals. 

L. J. Paige, Wisconsin, May, Neoftelds. 

N. H. Painter, Massachusetts Institute of Technology, February, 
minor in physics, A pplication of Lagrangian procedures to a wave guide 
attenwator. 

S. T. Parker, Cincinnati, June, Convergence factor and regularity 
theorems for convergent integrals. 

Harry Polachek, Columbia, February, Stirling's series. 

D. H. Potts, California Institute of Technology, June, minor in 
physics, Mean value dertratsves. 

F. M. Pulliam, Illinois, October, minor in astronomy, Existence of a 
two-dimensional potential flow with wake past a symmetric convex 
profile. 

Irving Reiner, Cornell, June, A generalization of Meyer's theorem. 

J. O. Reynolds, North Carolina, August, On the trreductbeity of 
certatn polynomials. 

R. A. Rosenbaum, Yale, June, Sub-additive functions. 

Pierre Samuel, Princeton, June, Ulrafilters and compactsficaiton of 
untform spaces. 

W. R. Scott, Ohio State, June, On essentially absolutely continuous 
iransformaitons. 

Mary A. Seybold, Illinois, October, minor in education, Iso- 
morphism groups of metabelian groups generated by four independent 
operators of order p. 

E. B. Shanks, Illinois, October, minor in education, Homothettc 

correspondences between Riemannian spaces. 
` H. N. Shapiro, Princeton, June, On the iterates of arithmetic func- 
itons. 

W. H. Simons, California, September, Modular functions of stufe 2. 

S. S. Shi, Brown, June, On the method of successive approximaitons 
applied to compresstble flow problems. 

E. H. Spanier, Michigan, June, Cohomology theory for general spaces. 
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M. D. Springer, Ilinois, June, minor in economics, Joint sampling 
dssirsbutton of mean and standard deviation for a chi-square universe. 

F. M Stewart, Harvard, September, Non-commutaitve integration 
and abstract diferential equations. 

W. M. Stone, Iowa State, June, minor in physics and theoretical 
mechanics, The generalized Laplace transformation with applications to 
problems snvoloing finite differences. 

L. W. Swanson, Minnesota, August, minor in physics, Solutions 
of certain dtfferenital equations associated with the theory of orthogonal 
polynomials. 

J. D. Swift, California Institute of Technology, June, minor in 
physics, Pertodic functions over fields of characteristic p. 

D. L. Thomsen, Massachusetts Institute of Technology, Septem- 
ber, minor in aeronautical engineering, On the separation of variables 
in the two-dimensional scalar Helmkolts equation. 

Hing Tong, Columbia, June, The elements of the theory of transfintte 
numbers. 

E. A. Trabant, California Institute of Technology, June, minor in 
physics, Application of the tensor calculus to problems arising in 
dynamics. 

L. B. Tuckerman, Princeton, June, The embedding of products . 
and joins of complexes in Euclidean space. 

D. F. Votaw, Princeton, June, Testing compound symmeiry tn a 
normal mulitoartaie distribution. 

N. A. Wiegmann, Wisconsin, May, The theory of normal mairsces 
wik some analogs of the generalised principal axts transformatton. 

Albert Wilansky, Brown, June, An applscatton of pangon linear 
functionals to the theory of summabtlsty. 

Margaret Willerding, St. Louis, June, minor in physics, The de- 
termination of all classes of positive quaternary quadratic forms which 
represent all (positive) integers. 

Christine S. Williams, Yale, June, A theory of normal chatns. 

A. G. Wilson, California Institute of Technology, June, minor in 
physics, Axtally symmetric thermal stresses in a semi-infinite solid. 

R. L. Wilson, Wisconsin, May, A fintte method for the determination 
of the Galots group of an equation with an application to the problem of 
reductbihity. 

Miriam L. Yevick, Massachusetts Institute of Technology, Sep- 
tember, minor in physics, Lebesgue density theorem in abstract measure 
Spaces. 

Bertram Yood, Yale, June, Linear topologscal algebras. 

The following doctorate waa conferred in 1946, but was not in- 
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cluded in the list in the preceding volume of this Bulletin (vol. 53, , 
pp. 471—474). 

Irma R. Moses, Cornell, September, On the represeniation in the 
ring of p-adic integers A Penance a eared one in m 
variables. 


NEW PUBLICATIONS 

ARCHIBALD, PE see ny gs oe aa 3.) 
New York, Scripta Mathematica, 1948. 82 pp. $2.00. 

_ Bourraann, G., and Desearts, J. La mathématique et son unité. likod aur. 

éléments de Vanalyse et & la philosophie des sciences déductives. Paris, Payot, 

3 1947. 312 pp. 630 fr. 

: Dravx, R. Introduction à la géométrie des nombres complexes. Brussels, De Boeck, 

1947. 163 pp. 

Despats, J..See BoULIGAND, G. 

Krart, V. Mathematik, logik und erfahrung. Vienna, Springer, 1947. 129 pp. 

RELTON, F. E. Applied Bessel functions. London, Blackie, 1946. 64191 pp. 17s.6d. 

Rapé; T. Length and area. (American Mathematical Sockety Colloquium Publica- 
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FABER POLYNOMIALS IN THE THEORY OF UNIVALENT 
FUNCTIONS 


MENAHEM SCHIFFER 


Introduction. The Faber polynomials play an important role in the 
theory of univalent functions. Grunsky [1]! succeeded in establishing 
a set of conditions for a given function which are necessary and in 
their totality sufficient for the univalency of this function, and in 
these conditions the coefficients of the Faber polynomials play an 
important role. Schiffer [2] gave a differential equation for univalent 
functions solving certain extremum problems with respect to the co- 
efficients of such functions; in this differential equation appears again 
a polynomial which is just the derivative of a Faber polynomial (cf. 
Schiffer [3]; see also Schaeffer-Spencer [4]). 

It seems, therefore, of interest to study these Faber polynomials 
more closely, in particular their dependence on the given function 
with respect to which they are defined, their variation with the latter 
and certain characteristic inequalities for them and their coefhicients. 
This investigation is carried out in the present paper. In §1 we estab- 
lish a generating function for all Faber polynomials with respect to a 
given function. In §2 we establish variation formulas for the Faber 
polynomials and their coefficients. In §3 we solve certain extremum 
problems with respect to the coefficients of these polynomials and find 
again all the inequalities which have been established by Grunsky. 
In $4 we use our method in order to generalize our results and to find 
inequalities for the Faber polynomials themselves. 


1. Identities for Faber polynomials. Consider a function f(s) which . 
has in the neighborhood of g= © a development of the form: 


(1) f(s) = s+ 694 ax) + cp tee: 
Falt) is called the mth Faber polynomial with respect to f(s) if it is 
a polynomial of degree m in t and if we have at z= © a development: 
(2) Falf(s)| = 2" + DDES ga 

, town i 
The existence and uniqueness of all Faber polynomials with respect 
to a given f(s) are easily shown by recursion. 
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We shall now construct e generating function for all F(t). For this 

purpose, we consider the function 
g w i 
(3) UG, m) = p ) = fw) a 
gs — w 

which is regular for s and w in the neighborhood of infinity. We choose 
_the principal branch of the logarithm, such that if either z or w con- - 
verge to infinity, U converges to zero, as follows immediately fror 
(1). Hence, we have the following series development for the function 
U(s, w) of two complex variables: 


G reoriou dman 


If we construct next 
f(s) -# 
£ 





n _ 
(5) log = 2, fee 


N 
x 


where the development is valid again in a neighborhood of s= œ and 
the Fali) are polynomials of degree m, we find from (5) and (4): 


_ 5 Lee” ies oo =f 4 oa (1 B z) 
oe Í 


A comparison of equal powers of s on both sides gives finally 


(7) Fal f(O] = w” — >) Mdm to. 
f e T S 
This shows that the coefficients Fa(t) are in fact just the Faber poly- 
nomials defined above and that we possess in the left-hand i side of 
(5) a generating function fo- them. 

Comparing (2) and (7), we conclude 


(8) ug ™ — Mina 

Now we have, because of the symmetry of U(s, w) in s and w, 
O) dae ™ bam 

whence 


(10) Nomen | Meam 
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an identity previously proved by Grunsky [1] and Schur [5]. 
Differentiating (5) with respect to #, we obtain: 


1 
Ip s 

fyi” Ba 
a generating function for the derivatives of Faber’s polynomials which 
will be of use later on. . 

Numerous further relations might be obtained, as for example the ` 
_ following: Differentiating (11) with respect to $ we find: 


(11) 





1 © 1 F Ta © 1 4 , 
2) Gp ae PRO en PORES 
whence 
1 1 , , 
(13) =r ()— $ — FaF À. 
i miami MA 


For pür further developments, however, formulas (5), (10) and 
(11) will be sufficient. 


2. A variation formula for the Faber polynomials. Let us suppose 
now that the function f(s) is regular and univalent in a domain D of 
the s-plane which contains the point at infinity and is bounded by a 
finite number of proper continua. It will, therefore, map D con- 
formally upon a domain A of the {-plane. Lf {) is an arbitrary point in 
the f-plane which does not belong to A and p any positive constant, 
there exist infinitely many functions which are univalent in A and 
have in the domain - fo| >4p a development of the form: 

p? o b -cpf 

4 ‘ai ie ee era ee 
a eo a oe 
where |a| 34%, |b] mn ey 34‘, ---+ (see Schiffer [2]). 

The function 


(15) PO = offa)] = O + 
. J = 

is again regular and univalent in the initial domain D and has still a 
development of the form.(1) at infinity. It maps the domain D upon a 
new domain A* in the {-plane. If p is small enough, A* will be very 
near to A and we may conceive the mapping (14) as a small variation . 
of this domain. Variations of the type (15) which transform’ a uni- - 
valent function f(s) into a function f*(s) of the same type are of great 
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value in solving extremum problems within the class of normalized 
univalent functions. 

Suppose now that to a given univalent function f(s) the sth Faber ` 
polynomial F,(2) has been: determined. If we subject f(s) to d varia- 


=. tion (15), how does the corresponding Faber polynomial change? In 


order to-settle this question, we make use of, the: pence ane function 


(5). We have in view of (15) o 
FF = og E 
1 mai 7 
™ a ee. a 
, s D — ef) — fo]: 


where o(p’). shall denote henseforth a term containing at least p’ as 
a factor. We transform (16) by making again use of identity (5) and 
applying (11): 


— È — Fe" = — L- — Pa 


= Í F a Fe 0 f 
+ a $, — FLD = Fab) s= + olp’). 


ml 1% t— te 


(17) 


Comparison of equal powers of s an both sides gives, therefore, the 
following variation formula for Fult): 


$ Fä Fa Qa 
(18) Fali) = Falt) — gp TO = Felt + o(p’). 


Let us now consider the value Fa [r(w) ] as a functional of f(s) for a 
fixed point weD. Its variation is given by: 


lite 


(1) FSIS) SRI] TEF “+ ol", 
whence, in view of (18), E 

j Falte) i i 
(20) FI") = Falf] + ap M = + of). 


f(w) — 


Using ie series development (2) for Fa nee an ae repre- 
sentation for F*[f*(w)], and the identity (11) for the second right- 
hand term, we obtain by comparison of the coefficients of s> on both 
sides: 
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+ E r: 
(21) Cuma ™ Con + ap* Faa) FG) + o(p). 


This variation formula for the Caa exhibits, of course, again the sym- 
metry of the matric #cas- 
Finally, let us ‘differentiate (15) with respect to s; we obtain: 


ap? 
(22) PO = [1-4 om, 
which may be written as a variation formula for log f’(s) as follows: 
23 i l s) =] 1 o\p*), 
(23) og f(s) es Tie cat o(p”) 


and which will be used in this form later on. By differentiating (20) 
with respect to w and applying (22) we get after elementary trans- 
formations: i 

f Falf(w)] — Falto) 
(28) aranea AV Fo) in, 

: Cæ) — to) 
This is a variation formula for the functional F4 [f(w) | and is interest- 
ing in that it contains only the functional itself in addition to f(w) - 
and fo. 


3. Application of the variation formulas in extremum problema. 
We use now the formula (21) in order to solve certain extremum 
problems with respect to the family ® of all functions (1) which 
are univalent in D. Let xm (x;, x}, -° ©- , æy) denote a vector of N 
complex numbers, not all zero, and consider the quadratic form 


3 N 
(25) Q(x, x) = pD MC mam Ty. 
aml 
For each given function f(s) of the family ® this form has a well de- 
fined complex value. We ask now the following question: 

What is the maximum modulus of Q(x, x), if f(s) is a function of 
the family $, and for which functions f(s)€® is this maximum 
attained? 

It follows easily from the theory of normal families that this ques- 
tion is significant and that there exists at least one f(s) C® for whith 
the maximum value is obtained. We may, therefore, restrict our- 
selves to the task of characterizing these extremal functions and 
computing the corresponding value of | Q(x, x)|.- 
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Suppose that we know already an extremal function f(s) and the 
corresponding value of Q(x, x)+f(s) will map D conformally upon a 
domain A in the {-plane. Let {> be a point in this plane which does 
not belong to A and subject A to a variation (14) as described in §2. 
Under this variation A is transformed into a domain A* which is ob- 
tained from D by means of a mapping with a function f*(s), given 
by (15). Since f*(z) also belongs to the family ®, ite corresponding 
value |Q*(x, x)| cannot be larger than the maximal | Q(x, x)|. On 
the other hand, we may easily compute |Q*(x, x)| by means of 
formula (21). We have, in view of this formula, 


(26) (x, a) = Q(z, 2) + so ( 3 zaleo) ) EG: 


The extremal property of | Q(z, x)| implies 





Lora, 2) | = [Oe 2) + ont( 2 arit) + oto 


S| Q(x, 2)|, 
which is equivalent to 


(28) Re farora, a ( p> arit) + o(a} 50. 


This inequality has to be fulfilled for every function o(}) as defined 
in (14). We now make use of the following lemma (Schiffer [2]): 
, Let A be a domain in the {-plane whose complement consists of 
continua T, (y=1,---,c) and o({)»40 a function analytic in each 
of the I’,. Let, further, the inequality maps 
(29) Re {ap%olto)} + o0 S 0 
hold for every function (14), univalent in A. Then each I, is an an- 
alytic curve with the parametric representation ¢{(s) and satisfying 
for properly chosen (real) parameter s the differential equation 
(30) AOAO = 1 

Application of this lemma to the particular inequality (28) leads 
to the result: The extremal function f(s) maps the domain D upon a 
domain A in the {-plane which is bounded by analytic slits [(s) each 
of which satiafies the differential equation 


G) ` rOYa, 2( 2 sFal(]) = 1. 


(27) 
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We see now that our particular extremum problem leads to a dif- 
ferential equation (30) with a term o{f) which is a complete square. 
Thus, this differential equation becomes immediately integrable in 
closed form. Among all extremum problems arising in the theory of 
univalent functions, the particular’ class of those problems with the 
above property plays an important role, since these problems permit 
a particularly easy solution. 

We conclude from (31) that the boundary curves I, ‘of A satisfy 
the requirement - 


(32) im fotz $ eePalt)} = by 
. t ET; k& = constant; y = 1,2,--+,6 
The function 
N 
(32) S(s) = Q(x, x)73 2 tuk’ n[ f(s) | 


wer 


is regular in D, except for an. Nth order pole at infinity and possesses 
constant imaginary parts on each boundary continuum of D. 

In order to exploit these conditions, we introduce the following 
class of functions with respect to D. We define associate pairs of 
functions Ag(s) and Bya(s), having at s= © the respective develop- 
ments 


(33) Aalst) = 5" + È Gees’, 
(337 Ba(s) = £ bomas" 


which are regular in D except for the pole of Aa(s) at infinity. On 
each boundary continuum of D we require: 


(34) Ag(s) = B,(s) + const. 


where the complex constant depends on and the particular 
boundary continuum. The existence and uniqueness of these function- 
pairs is easily proved (cf. Grunsky [1]). | 

We construct now the function 


‘ N X 
(35) T(x) = Q(z, aya teAm(s) +-O(x, x) tf 2 fnBau(s). 
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This function has at s= œ the same principal part as S(s) and, in 
view of the characteristic property (34) of Aa(s) and B,(s), it has 
on each boundary continuum of D a constant imaginary part. The 
function S(s)—T(s) is, therefore, regular throughout D and has on 
each boundary continuum a constant imaginary part. Hence, it 
follows by the usual considerations that this nen is a constant, 
that is, 


Q(z, gay tal n| f(z) ] = Q(z, DNE seAnli) 


(36) . 
+ O( x, gy 13 >> 4anBu(s) +C. 
N | 
Comparing in this equation the terms in s*, we find from (2), (33), 


and (33’) at once that C0. Let us introduce the real parameter 8 
by the definition 


(37) ef = sgn O(n; 2); ` 
then (36) may be written in the form s 


X Xy X 
(36) 2 tal’ a[f(s)] = 2 Smá n(3) + a>) £nBu(s). 


Let us now apply the formulas (2), (33), and (33’); comparing the 
coefficients of s>” on both sides yields: 


(38) = Zalan = 2 , (Fatma + e42ub nn). 


Multiply the sth equation with ax, and ada all resulting equations 
for n=1 till n=N. We obtain: 


N N 
(39) >> Nema lmla ™ D, NOmatmtn tc D>) mma tn, 
we] : m,m] m,a] ` 
whence: 
N 
m,m 1 m, Ram] C , thom I 








The last right-hand side term is non-negative, since it can be shown 
that (sb...) is a positive-definite Hermitian matric; we mention here 
that (nan,) is a symmetric matric (cf. Grunsky [1). : 
The significant feature of (39’) is that the right-hand terms de- 
pend only upon D and not upon the mapping function f(s). The in- 
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equality (39), proved for the aenal function, holds, therefore, a 
fortiori for every other admissible function also. 

The form of (39) leads us to the following extremum problem: 

What is the maximum modulusof P(x,x) = Q(x, =) — PDT AE A 
if f(s) is a function of the family #? ` 

One sees easily that the above considerations have to be repeated 


and that the same sequence of formulas appears, except that instead 


of Q(x, x) we have always to introduce P(x, x). We obtain finally, by 
putting 


(40) eiT = sgn P(x, 2), 
the equation 
N 
(41) >, Mems — Gma) Lely = 6'7 >> nectar 
m a1 i em l 


for the coefficients Cus ‘belonging to the extrernal function ny (s).. TSIO 
we have in general; 


N 


(42y > ina wn) lata) S > tDuntmLn- 

wel 2 ew] 
These are just Grunaky’s inequalities, derived here by variational 
methods. We have obtained, moreover, the following equation for 
extremal functions: 


N N N 

(42’) D tal? e] = 2 uÁ sls) + e? 2nByu(8), 

which shows that f(s) is an algebraic function of the A, and By 
(mal, - +, N) 


4, Inequalities for the Faber doanak The extremum prob- 
lems of the last paragraph were so easily solved since they led to a 
variational differential equation with a complete square expression. 
It will, therefore, be useful to discuss other extremum problems of the 
same class.- 

Consider, for example, the d 


(43) R(w, x) = È MemnãaTa + 2 2 uF alf(w)] — log f’(w), 

om) i 
which depends upon the function f(s), assumed to be of the clase &, 
and upon a fixed point wED. In view of (20), (21) and (23), we have 
for R(w, x) the following variation formula: 


at 
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(44) RC, 2) = R(w, 2) + 0p (x D seats) + asc) + o(p. 


f z 

We see that R{w, J has a variation TERT onining again a per- 
fect square term and we expect, therefore, that the connected ex- 
tremum problem will permit an easy ee Therefore, we propose 
the following-problem: : 

Uf f(s) is an arbitrary function of the ee ®, what is the maximum 
modulus of R(w, x) and for woe junction f(s) is this extremum at- 
tained? 

Assuming that f(s) is the desired extremum function and that it 
maps the original domain D upon a domain A, we find, by reiterating 
literally the conclusions of the last paragraph, that A is bounded by ~ 
analytic alits Ss), each. of which satisfies the differential equation 


(45) Rim, pe) D sral Geese E 
| WOE t(s) 


This equation may be integrated and a 7 
(46) Im See yaf È raPalt) i jw) |} = const. 
along each boundary continuum of A. The function 

WN UG) = R ia] È eaFals()] — log 0) — fe) 


is regular throughout D, except for an Nth order pole at infinity and 
a logarithmic pole at s=w. It has a constant imaginary part along 
each boundary continuum of D. 

In order to make use of this fact as in the last paragraph, we have 
to define another pair of functions. Let A(s, w) and B(s, w) be uni- 
valent functions of z in D which map it upon the whole {-plane, slit 
along circular arcs with center at the origin, and along straight seg- - 
ments pointing to the origin respectively, and such that wED cor- 
responds to the origin in the {-plane. We suppose at infinity the de- 
velopments: 


(48) > log A(s, w) = log (s — w) + Daxter 


(48) log B(s, w) = log (2 — w) + 35 Bale)”. 
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On each boundary continuum of D, log A will have constant real 
parts while log B will possesa constant imaginary parts. The functions 


1 £ = 
(49) $(s, w) = > ee [A(s, w): B(s, w)] = log (s — w) + 2) aa(w)s* 


$ ` 


and l , 
B(s, w) 3 
= bal w) 
A(s, w) 2 tw) 
are, therefore, regular in D with the exception of the logarithmic 


poles at wand œ for d(s, j On each boundary continuum of D, we 
have obviously: 


(50) o(s, Je = JG, w) + const. - 


where the constant depends on the PaE boundary continuum 
and on w. 

There exist, of course, close laton bétween the functions ¢, ¥ 
on the one hand, and the functions Aa(s), Ba(s) on the other. In fact, 
let us consider the integral around the whole boundary C of D: 





(49°) ¥(s, w) = = log 


st) — A ate adi | es Aas 
(51) af. nP, w)ds = Aalu) + mwona) = 28; 9 = Te 


The above equation is an elementary consequence of Cauchy’s 
residue theorem. On the other hand, we have in view of (34), (50) 
and the single-valuedness in D of all functions concerned: 


1 l 1 
mif pwe isg BO RE 


i 1 
= — at Baty. 
2at/ oc 


Again, we apply the residue theorem which shows that the above 
integral is zero, Bw and Y being regular throughout D. Hence, we have 
proved: 

(52) Am(w) = — Minal) + w”. 


Using (33) and (49), we find, for fixed w and s near infinity, the de- 
velopment 


(52) 


(53) p(s, w) = log (s — w) — ` ie a "T. 
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Since (nama) is a symmetric matric, we see that ¢(s, w) —log (s—w) is 
a symmetric analytic function of s and w. 

~ Let us consider next the following consequence of the residue 

theorem: 


(fy = ¢ Aa, w)ds = mal). 


In view of (34) and (50), we may write this integral also in the form: 


1 . dt — 
ane ¢ Aanls)dy =o [4 2-6) dẹ 
(55) E Ae 
= = gA P was 


which gives, again because of the residue theorem, 


(56) mbala) = — Ba(w). 
Therefore, in view of (33) and (499: ` 


(57) ¥(s, w) = — > TA = L 3 a eee 


m -l M manal MA 


Using the Hermitian character of Mbwa, we find finally: 


(57) ¥(s, w) = >> = ban 
= mel 
(57) and 57) show that Ņ is analytic in z and w. 
Let us return now to the function U(s), defined in (47). We prove 
easily, as in the last paragraph, the identity: 


$ 


N 
R(m, Tal È eaFaLf(6)] — log (6) — K) | 


(58) aki aan] SaO di »)| 


mal 


+ R(w, z)? | 3 2_B u(x) ~ Ws, i} 


Putting again 
(58%) o" = sgn R(w, =), 


we may write (58) in the form: 
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> zaal] ~ log UO — fe) 
(59) : 


= 2 ta m(s) — (sz, w) + e| $ D taBla) — ¥(s, z) |. 


™~ 


Comparing the coefficients ae s~* on both sides, we find in view o! 
(2), (5), (33), (33), (49), (49°), (52%) and (56): , 


> ulm + SAO 
(60) Moma | 


N 1 pX 1 
Mom | % | mal # : 
Multiplying with nx, and ee up for 1 ans, we get: 


24 a a F` Py Euf al f(t) | = È NO mn Xm Zn 


(61) 
ox N 
+ AO + “(> > tbwaknts + 2, Balw sn. 
Sm Í m,i] i We 1 


‘On the other hand, we obtain from (59) in the limit sow: 


2 tal a [f(w)] — log f’(w) =D) teAn(w) — x(w) 
(62) : mo | P : 
-+ e| 2 aBa(w0) — (w, x), 


where x(w) elses [o(s, w)—log (s—w)]. Adding together (61) 
and (62) yields: 


£ nemam Ta + 2 > 2 F.[f(s)] — log f’(w) . 


wh Mowe) 


(63) = > a a a D? mA w(t) — x(w) 


m,f 


+ [> > thanints + 2 Re e {Lean} aren »)|. 


Tanai 


From (63) we derive: 
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| x(m, 2) || E nomntete +205 taAa) x(a) 





(64) 


N 
> ee ae 


™ m=) 


+ 2Re PO = lm, w) : 


+ 





Since the right-hand side depende only on D and not on the icular 
function f(s), this inequality, provec for the maximum of | R(w, x) | 
only, holds a fortiori for the rest of the family ®. 

As before, we may improve our result and prove: 


Row, 2) — >) Gwetete — 2), teAn() + x(a) 





(68) a x 
S| 32 sbentntte + 2Re p Balt) } — ¥(w, w) f 
= pl free Í, 

This result contains of course Grunsky’s inequalities as particular 
cases. If, on the other hand, we put s1=%,=:+ +--+ =xy=0, we get 
from (65) 

(66) | log f’(10) + xw) | < | (em, w) | 


or, in view of (53) and (57), the following inequality which is valid 
as long as all series concerned are convergent: 


66) |tog fm) + Some a E ete 


mam) M manl A 


In the particular case that D is the domain |s| >f, we have Gu» ™=0, 


ban ™ bmn, Whence: 
7 2 
(66 Hog f(e) | slog 2, 
| w|- 1 
a well known inequality. 

It would be of interest to derive estimates for F,[f(w)] without 
combining this functional with other terms. But since the variational 
differential equation in this problem is much more complicated, no 
easy solution is to be expected. To indicate the difficulty of these 
auestions, let us remark that the determination of exact bounds for 
| Fi[f(w)]|, even only in the case that D is the exterior of the unit 
circle, would solve simultaneously the Bieberbach problem for func- 


1948] FABER POLYNOMIALS | 517 


tions which are univalent inside the unit circle. On the other hand, 


the determination of exact bounds for the coefficients Ca, in the Faber .. 


development would lead to such bounds for the ĉia, that is, the coeffi- 
cients of univalent functions of the type (1). Since this problem is yet 
unsolved, we see that little progress is at the moment to be expected 
in the general question of the Cwn. It appears, therefore, particularly 
interesting that for the functionals discussed above such an easy 
and complete answer is possible. Numerous other functionals of such 
variational behavior might be constructed and new equentiees be 
established. 
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THE MULTIPLICATIVE COMPLETION OF SETS 
i OF FUNCTIONS 


kK. P. BOAS, JR. AND HARRY POLLARD 


1. Introduction. A set {f,(x) }r of functions of L?(a, b), where (a, b) 
is finite or infinite, is called complete if g(x) GL? and /2f.(x)g(x)dx 
=(,s=1,2,---,imply that g(x) =0 almost everywhere on (a, b); 
a well known equivalent property (“closure”) is that every element of 
I? can be approximated in the L> metric by finite linear combina- 
tions of the f,(x). 

Suppose that {f,(x) } is not complete. It will sometimes be possible 
to find a function m(x) such that the set { m(x)f a(x) } is complete. 
This can also be considered as completeness after a change of weight 
function or a change of measure; but we shall not attempt to consider 
` the most general change of measure here. We give some results on 
when a set can or cannot be completed by multiplication; the prob- 
lem of finding necessary and sufficient conditions is left open. 

We first state our results. 


THEOREM 1. If {f,(x) }2 is an orthonormal set which is nokcomplete, 
` but can be completed by the addition of a finite number of functstons to 
the set, then there is a bounded measurable funcitton m(x) such that 
{ n(x) fala) }? ts complete. 


The condition of Theorem 1, while necessary, is not sufficient, as 
Theorem 2 shows. 
. THEOREM 2. The orthogonal set {e*"Lga(x)}3', where Lanla) ts the 
2nth Laguerre polynomial, cannot be completed on (0; œ) by the addi- 
tion of a finite number of functions, but +s completed on mulstplicatton 
by m(x) met, l 


Our next three theorems give examples of sets which cannot be 
completed by multiplication. 

THEOREM 3. A set of even funcitons cannot be completed by multiplica- 

tion by an integrable functton in any tnterval containing 0. 

THEOREM 4. The set {e*}". cannot be completed in (—x, r) by 
mulitplecation by an tniegrable function. 
THEOREM S. The set {x}, where X.>0, D1/Aa<o, cannot be 
completed in any interval by multtplicatson by a continuous function. 
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2. Proof of Theorem 1. For simplicity we suppose that the func- 
tions are real. We first consider the case where the set has deficiency 


i, that is, can be completed by the addition of one function fo. We.. 


may suppose that fo is orthogonal! to fa, n==1, 2, +--+ ; for otherwise 

- we could replace fo by fo— $a fal2) Jefofa(t) ds, where > implies 
convergence in L?, that is, convergence in mean square. Suppose that 
m(x) is measurable, bounded, never 0, but such that f(x) /m(x) does 
not belong to L? on (a, b); then if : 


(1) f saoo, TETA 


with g(x) EL’, we have, since {fa(x) Ti is orthogonal and complete, 
mx) g(x) = cfo(~) almost everywhere for some constant c. Then c must 
be 0, since otherwise g(x) =cfo(x)/m(x) would not belong to L? on 
(a, b); that is, since m(x) is never 0, g(x) =0 almost everywhere. In 
other words, the set { m(x)f a(x) }* is complete. 

It remains to construct m(x). Let E be a bounded set of positive 
measure on which |fo(x)| Ze>0; choose m(x) on E so that m(x) is 
bounded and measurable and 1/m/(x) is never œ but does not belong 
to L? on E; let m(x)=1 elsewhere. This function has the desired 

` properties. 

We now consider sae genera case. Here there are k functions 
fala), #=0, —1, —2,-+-, ~k +1, such that {fa(x)} s: is com- 
plete. We may again ippo% that {fa(x) } "r1 is an orthogonal set. 
It is enough to construct a bounded measurable m(x), never 0, such 
that (m(x) aS er afla) peinga to L’ only if all the gj are zero. 
For, if (1) is true, 


Yooo mala = E afa), 
f——b}1 


and unless all the a, are ZETO, (2) contradicts the fact that g(x) belongs 
to L. 

We now construct m(x). Let Eo be a bounded set of positive meas- 
ure on which f(x) 0. Construct a bounded measurable mo(x), never 
0, such that fo(x)/mte(x) does not belong to L? on Ey and miy(x) = 1 
outside. We now proceed by induction. Suppose that 0&7 <4—1 and 
that we have determined a bounded measurable m,(x) and a bounded 
set E, of positive measure such that {m,(x) j= 52 a a,f;(x) belongs to 
D(a, b) only if all a; are zero. Consider all linear combinations F = aafo 
+afit--- +inf- tf- At most one function F(x)/m,(x) can 
belong to D(a, b), since, if F,/m, and F/M. both did, their difference 
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would not involve f_.1 and so could not belong to L? by the induc- 
tion hypothesis. If no F(x)/m,.(xi belongs to L’, take Esp ™ En 
Mayilx) =m,(x). If same F(x)/m,(x> belongs to L, | F(x)| >0 on some 
bounded measurable set E* of positive measure; by making E* smaller 
if necessary, we may suppose that either (a) E* is disjoint from £E, 
or (b) E* is a subset of E.. In case (a), let E,y:=E,+E*; incase 
(b) let Enp =E*. Define a bounded measurable m,,:(x) so that 
Mait(x) Sm,(x) and so that F(x)/tau(x) does not belong to L? on 
Eau. Then Mmalx) has the propertizs of ma(x), since a(x) S Mala), 
and, in addition, {masi(x)}—1 30°, afix) does not’ belong to L 
unless all the a; are zero. This completes the induction; take m(x) 
= My _1(x). 


3. Proof of Theorem 2. (a) The functions e~**Z4,,1(#) are orthogonal 
to all e~*"Z4,(#); hence no finite set of additional functions will 
complete the latter set. 

(b) Suppose thar g(#)CL(0, œ) and fte-g(t)Is.(é)di=0, 
n=l, 1,2, +». That is, 

2 (=1)* 
rar’ 





f o's (f)i*dt = 0, 
€ 
or A*u = 0, where 


By = (1/k)) f " te'e( dab. 


| pox | = LERT Poga = S constant; - 


RTTY 


that is, {uy} is bounded. By a theorem of Agnew [1]! and Fuchs [2], 
[3], wes 0, km0, 1, 2, . Hence [4, p. 20] g(#) =0 almost every- 
where. 


4. Proof of Theorem 3. Let the functions f,(x) be even and be- 
long to L?( —a, a). We shall show that for every integrable m(x) there 
is a bounded g(x), not almost everywhere zero, such that 


(3) f mO = 0, m=1,2,-++, 


1 Numbers in brackets refer to the references at the end of the paper. 
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This is trivial if m(x) = ('on some set al positive measure. Otherwise, 


since m(x) is integrable, there is a set E of positive measure in (0, a) °° . 


on which m(x) ia bounded and not zero. Let E; be the symmetric - 
set in (—a, 0). E contains a subset E, of positive measure on which ` 
m(x) is bounded and not zero. Let Es be the symmetric set in (0, a). ` 
Let g(x) =m(—x) in Ea, g(x) = —m(—x) in Esn g(x) =0 elsewhere. . 
Then s(x) g(x) is odd and f,(x) is even, 80 (3) follows. 


5. Proof of Theorem 4. As in $4, if m(x) is integrable we have to 
‘find g(x); not almost everywhere zero, such that 


N g(x)m(x)e*edx = 0, '4 0, +1, +2,--> 


This is trivial if m(x) =0 on some set of positive measure. Otherwise, 
we can find #, of positive measure, in (—, 0), with m(x) bounded 
and bounded from zero. The set E; obtained by adding r to every 
point of E is a subset of (0, x); it contains a subset Ey of positive 
measure on which m(x) is bounded and bounded from zero. Let E, be 
the set obtained by subtracting r from every point of E, and let 
> Em Eat Ea Let f(x) =1/m(x) in Ey, f(x) =0 elsewhere. Then 
f(x)m(x) has period r and so is orthogonal to ed, n=0,; +1, 
+2,---+, and is different from 0 on a set of positive measure. 

The same argument shows that {e*} cannot be a ee oy 
multiplication on any interval of length exceeding vr. 


6. Proof of Theorem 5. It is known that the L? span of {aru}, 
>1/\.< ©, on any interval not containing 0, contains only func- 
tions analytic in that' interval [5]. Suppose that {m(x)x+} were 
complete, hence closed, with m(x) continuous. Let I be an interval 
in which | 278 (cc) | >e>0. Then to every f(x) of L‘(7) and every positive 
ô there would exist constants a, such that 


i} | m(2) axe — f(a) de < te, 
J | D a — f(x) /m(x) [3de <8. ' ; 


Thus f(x)/m(x) would be in the span of {x=}, but we can certainly 
find f(x) of L? with f(x)/m(x) not analytic in I. 
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DERIVATIVES OF INFINITE ORDER 
R. P. BOAS, JR. AND K. CHANDRASEKHARAN 


Let f(x) have derivatives of all orders in (a, b). If, as n— œ, f™(x) 
->g(x) uniformly, or even boundedly, dominatedly or in the mean, 


-then g(x) is necessarily of the form ke*, where k is a constant; in fact, 


if cE (a, b), 


fD (g) — f(e) => f eoa 


and sọ 
s(a) — 2) = f eat 


It then follows first that g(x) is continuous, then that g(x) is differ- 
entiable in (a, b), finally that g'(x) = g(x) and so g(x) mae’. 

If f™ (x) approaches a limit only for one value of x, however, it does 
not necessarily do so for other values of x. On the other hand, G. 
Vitali [10 |! and V. Ganapathy Iyer [6] showed that if f(x) is analytic 
in (a, b) and f™ (x) approaches a limit for one x€ (a, b), then f(x) 
converges uniformly in each closed subinterval of (a, 6). Ganapathy 
Iyer asked two questions in this connection: 

(I) If f™ (x) (%) for each x in (a, b), where g(x) is finite, does 

g(x) = ker? 

(II) If f(x) belongs to a quasianalytic clase in (a, b) and 
lima, eo f™ (xo) exists for a single xo does lim,., f(x) exist for every 

xin (a, b)? 

We shall show that the answer to both questions is yes. We also 
indicate some possible generalizations. 

We first answer (I). 


THEOREM 1. If f™(x)—+4(x) for each x in (a, b), where g(x) 4s finite, 
then f(x) ts analytic tn (a, b). 


It follows from Ganapathy Iyer’s result that then g(x) = ke”. 
Proor. At each point x of (a, b) form the Taylor series of f(x). The 
radius of convergence of this series, as a function of x, has a positive 
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lower bound; in fact, it is infinite for each x. By a known theorem 
[2, 5, 11] (stated with an incomplete proof by Pringsheim [9, p: 
180]), f(x) is analytic in (a, b). 

Next we answer (II). à 


THEOREM 2. If f(x) belongs to a Denjoy-Carleman quastanalytic 
class in the (open) interval (a, b), and if f™(x)->L for one xo in (a, b), 
then f(x) is analytic in (a, b). 


Again, by the result of Viteli and Ganapathy lyer it follows that 
f{™ (4) Le? in (a, b). 

Proor. We say that f(x) EC{ M,} if [f~(x)| Sa*M., «Cl, for 
each closed subinterval I of (a, b), where k depends on f(x) and on J. 
The class C| Ma} is quasianalytic if >) My "< œ; in this case any 
two functions of the class whith coincide, together with all their 
derivatives, at x€ (a, b), are identical. It is known [3, 8] that 
C{M,} is identical with the class C{M{} obtained by a certain 
regularizing process; the only property of Mg which we need here is 
that Mz,,/M$ is nondecreasing. It follows that every class C{M,}, 
_ except the trival class C{0}, contains C{1}. This seems to have been 
first pointed out explicitly by T. Bang [1, p. 16]; we reproduce the 
simple proof. 

We have to show that ki S kiM, or that My a k3 for some ky. Now 
we have M/M- 2 Mi/ Moea, say. Hence Mie Msa n Mj yo" 
aes: 2a*. 

Now suppose that f™ (x) ->L and let 


2 


g(x) = Do f'(0)(2 — 0) */ aL 


bt} 


For some number Q, |f® (x)| £0. Hence l 
| ga) | m | 35 fort (0) (2 = z) ’/ kll S Oo 
dene) . 


‘and so g(x)€C{1}; hence g(x)EC{M,}. But g™ (xo) =f (x) for 
every n and so f(x) mg(x), an analytic function. 

A natural generalization af the problem is to interpret the relation 
f™(x)—g(x) in a generalized sense. For example, if f(x) g(x) (C,:1), 
dominatedly, the proof given in §1 shows that g(x) = ke”; this proof, 
in fact, applies to any generalized limit such that s,_1(x) converges to 
the same limit as s,(x) (see [4, p. 418], [7] for discussions of such 
generalized limits, which inclade, in particular, (C, k), k> —1). | 

We can also replace f™ (x)—»g(x) by f™ (x) /Aa—re(x), {da} a given se- 
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| quence of constants. We give two simple theorems in this direction. 
THEOREM 3. Le 
(1) lim f (2)/M = 8(2) cS 280. 


(i) If lim inf [rua/Ae| =( and (1) holds uniformly, g(x)m04 nGSxaQd.. 
(ii) If lim inf |\.1/A.| >0 and (1) holds dominatedly, g(x) = ke. > 

The example f(x) = = 1/2, ,=(—1)*"!, am1, b=2 shows that uni- 
formity is essential in (i). It would be interesting to know whether 
(without uniformity) there can be an exceptional point in the in- 
terior of (a, b); if f(x) is analytic, there cannot, as the next theorem 
shows. 

THEOREM 4, If 


(2) lim sup si| A, |15 < œ 
*~> 


and (1) ts true for cachxitna<x <b, then g(x) mke*®ina<x<b. 
If f(x) is analytic, lim sup #7} | f™ (x) | Ys < œ for each x and hence 
either (2) is true or (1) implies g(x) =90. , 
PROOF OF THEOREM 3. We observe that ifa<c<b 


If (i) of Theorem 3 is true, the left side of (3) E Zero as 
-+œ through a suitable sequence; hence g(x)=0 almost every- 
where; but g(x) is continuous because (1) holds uniformly, and so 
g(x) m0. 

If (ii) is true and lim [ro1/Aw| = ©, ,—0 and so f™(x)—0; other- 
wise, for some sequence of #’s8, \,1/A.—7L, where L <0, L= ©. Then 
(3) gives | 


L{e(z) — g()} = f eas 
and hence g(x) = ke" E, | 


Proor or THEOREM 4. We have from (1), for each x and for 
n>ne, JO SA+) M], and so | 


lim sup | f)(x)/m1|2/* S lim sup | Aa |/*/(w/e) < œ. 


The reasoning given for Theorem 1 now applies. 
f 
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ON A NOTE OF GALBRAITH AND GREEN 
EDMUND PINNEY 
In a recent note y Galbraith and Green evaluate the integral 
2 -rr l 
oP] 

This may be identified with Laplace’s second integral for the 
Legendre function. Thus if arg [(1-+-r°)/(1—r*)]<2/2, by [2, §15.23], 
(1) o = P(t Arei- e). 

By? [2, §§14.51, 15.22] this may be written 

Inm (T(—26—1)/T?(—n) (1/1 F#4 1, +1; 2+2; 1—1/r) 

+ [T (2s+1)/T:(n+-1)|(1/r2— 1) "F(~#, —n; —2n; 1—1/79. 

From this it is readily seen that 
| (2) lim (1—r)"l = 2 "IT (2# +1)/I° (s+ 1) when R(#)>—1/2, 
(3) lim {1—r) Ia 2° (—2#—1)/M(— 8) when R(m)<—1/2. 


The alight difference between (2) and Theorem 2 of Galbraith and 
Green's paper is due to-an error in the latter. (3) does not appear in 
that paper. 
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ON SOME CRITERIA OF CARLEMAN FOR THE COMPLETE 
CONVERGENCE OF A J-FRACTION 


H. $. WALL 


1. Introduction. Carleman [1, pp. 214-215]! derived, from his 
theory of integral equations, a aumber of criteria for the complete 
convergence of a real J-fraction 


(1.1) —K 





(do = 1, ay 4 0). 


The most important one of these criteria states that the J-fraction 
is completely convergent if the series >)(1/c,)"9? diverges, where 
Ce, G, G, >° -are the coefficients in the power series > \(c,/s?+) 
associated with the J-fraction. In [2] Carleman gave an algebraic 
proof of this theorem for the case where 6,=0, p=1, 2, 3,» -. The 
present note contains an algebraic proof for the general case, and 
some remarks concerning the other criteria of Carleman, especially 
with reference to their application to J-fractions with arbitrary 
complex coefficients. 


2. The determinate and indeterminate cases. Let ao=1, a,>0, 


b,, p=i, 2, 3, - ++, be complex constants, and consider the system 
of linear equations 
(2.1). — Bp ity1 + (bp + 8)%y — ppn = 0, P= 1,2,3,-°-. 


Since the a, are not zero, these equations determine xa, 3, Za °°° 
uniquely in terms of arbitrarily chosen initial values xo, xı. If xo = —1, 
x0, let x,=X,(s), and if xo—0, 2,1, let x= Y,(s). Then, 
X941(8)/ Y541(s) is the pth approximant of the J-fraction (1.1). If 
the infinite series >| X>(s)| 3? and >>| Y,(s)|* both converge for one 
value of g, then they converge for every value of s [7, p. 120]. We 
may accordingly distinguish two cases for a J-fraction (1.1) with 
complex coefficients. In the sndater minate case, both the infinite series 


(2.2) >. | Xp(0) f, 2| Y,(0) |? 


are convergent. In the determinate case, at least one of these infinite 
series is divergent. A real J-fraction is completely convergent if and 
only if the determinate case holds. This is also the case of a de- 
terminate moment problem [4]. 
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1 Numbers in brackets refer to the bibliography at the end of the paper. 


528 


+, 
COMPLETE CONVERGENCE OF A J-FRACTION 529 


On applying S&hwarz’s inequality to the determinant formulas 


4 


l i 

(2.3) X p(s) Y p(s) — Xp(s)Vpii(s) = z. 

and 

(2.4) X pa) Yaa) — X>(s)¥ pale) = ee 
GyG p+ 


after setting s™0, we find immediately that when the indeterminate 
case holds then the series 5 >(1/|a,|) and >>| bp1:/a,¢p41| are con- 
vergent. These and other criteria obtained by applying Schwarz’s 
inequality to other determinant formulas were found by Dennis and 
Wall [3]. They were not aware of the fact that Carleman [1, p. 215] 
had given the first of these criteria for the case of real J-fractions. 
Hellinger [6] showed that the determinate case holds for a real 
J-fraction if lim inf |a,| is finite. This criterion, which is contained in 
the first criterion mentioned above, was given by Carleman [1, p. 


215]. | 
Let 6, ĉn 3, -be complex numbers euch that ô< |,| SA, 
p=i, 2, 3,---+, where 6 and A are positive constants independent 


of p. If the determinate case holds for the J-fractton (1.1), then the de 
terminate case holds for the J-fraction 
2 
” a Opl p15» 
(2. -K ——— (ĉo = 1). 
» pet Oy +t ° 
The introduction of the factors 5, into (1.1) effects the replacement 
of the series (2.2) by the series T 
34 
|= 
so that the theorem is obviously true. Carleman [1, p. 215] obtained 
this for the case of real Gp, bp, 6, as a corollary to his general theory. 
Let a, and f, be complex numbers such that 
la| <M, |B| <M, G, + ap á 0, $ —1,2,3,--+. 


If the determinate case holds for the J-fractton (1.1), then the determinate 
case holds for the J-fractton 








zo E = Y,(0) |3, 


” — (G1 F api)’ 
2. vee w. 
ae ant btb, +s i 


Carleman [1, p. 214] gave this theorem for the case of real ay, bs, 
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a, By. If these numbers are complex and a, =0, k=1, 2, 3, - - - , then 
the theorem can be proved by means of an easy modification of the 
proof given in [7, pp. 120-121]. (Cf. also [8, p. 557].) The hefi 
used in [7] can be modified to cover the case 60, k=1, 2, 3, 

and hence to establish the theorem in the general case. We shall indi. 
cate briefly those modifications. Let 


L(x) = = Gpitp—1 F brip ~ Opptil $= 1, 2, 3, ee | 


and let Ly (x) denote the expression L,(x) in which a, is replaced by 
a,-+a,, where the a, are any complex constants such that ap! <M, 
Gta *0, p=1, 2, 3,---. The solution of the system L,(x) =0 
under the initial conditions xo = —1, x,=0 is x,=X,(0), and under 
the initial conditions xọ=0, xı=1 the solution is x= Y,(0). Let x, 
be the solution of the system ZL, (x)=0 under the initial conditions 
xd =a, x{ =b, where a and b are arbitrarily chosen constants. The 
theorem will be established if we show that the convergence of the 
series |X(0)| 2 and vy ¥,(0)| 2 implies the convergence of the 
series xg | 3, 

If £, and &J are arbitrary solutions of the systems L,=0 and 
L; =0, respectively, then we have the Green’s formula 


E ELSE) — ELO] = etin — Etna 
an m i 
m ui (asip + astr)Ër a (), 


If, in particular, £= X,(0), £ =<, , this gives 
— b H (aX uti — SmX a)in — 2o (api3p i + atp) X p ™ 0, 
pool 


where we have written X, for X,(0); and if £,— Y,(0) = Y,, £; =x}, 
we obtain i 


— at (tnVnti — tepiVa)dn — Jo (ap itp i + aptyis)¥, = 0. 


pool 


On multiplying the first of these equations by Y,, the second by 
—X,, and adding, we find that 


ta a > he.pXs = Re 
p=1 g 
where 
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~~ 


Ay(X ails — X aY +1) T p(X pila — XY p1) 
Se ee eae ee Se 


hap = | D ees Oy eee ae 
0, p ='A, 
bY. — aX, 

ae (an—1/ an1) 


Under the hypothesis that the series >>| X,|? and rat Y,|? con- 
verge, it follows, as indicated before, that the series 1/a,| con- 
verges, 60 that limp. |Gs-1| = ©, Since, by hypothesis, ss <M, 
p=i, 2, 3,- --, we then find at once by Schwarz’s inequality that 
the double series }°|ky,_|? and the series >>| A,|? are convergent. 
It then follows exactly as in [7, p. 121] that the series J |x} |? is 
convergent, and the theorem is thereby established. 


3. Criterion involving the moments c,. Let (c/s?) be the power 


series expansion in descending powers of s of a real J-fraction (1.1). 
If the series i 


(3.1) (H 


diverges, then the determinate case holds for the J-fractton. We shall 
give a-simple algebraic proof of this well known theorem of Carleman 
[1, p. 215]. 

The quadratic forms 


Ma 


Fy Do Creato n= i,2,3,°--, 
Pel 


are all positive definite [4], and we may therefore write 
Fa m (bixi + biati +o + + Dinan)? + (Dane + burs + +++ + bmt)? 


-+ SAET + (Dantn)?, 
where the bp. are real constants independent of n for p Sn, gSn, and 
where b0, p™1, 2, 3,++-+,n. The bpp are connected with the 


partial numerators of the J-fraction by the formulas [9] 
(dedi ++ Gy) = Detroit (do = bn = 1) 


and, obviously, 


yt, . 
Cap = 2) bert (p= 0, 1,2,-++) 
gl 
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y 


so that cap 20541511. Consequently, 
(God: +++ Gy)? S Cay 
Hence, by Carleman’s inequality? [2], 


Èg Tal? AE ey * ò 


Therefore, if the series (3.1) is divergent, then the series Ds! 1/a,| 18 
divergent, ao that, as indicated in §2, the determinate case holds for 
the J-fraction. 
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A NOTE ON CONVERGENCE IN LENGTH 
MIRIAM C. AYER AND TIBOR RADO 


1. Introduction. Let IJ be a closed linear interval a9 StS bo Let 
rli) = (x(t), YÒ, 3(4)), LEI, represent a vector function whose three 
components x(t), y(t), s(#) are of bounded variation and continuous 
on I. This vector function determines in Euclidean 3-space a curve 
xmax(t), ym y(t), ss(t) whose length we denote by L(g). By con- 
vergence in length of a sequence of such vector functions a(t) = (x(t), 
Yalt), z,(t)), nQ, 1, 2, Poi is meant that xa(#), yalt), a(t) converge 
uniformly on I to x(t), Yo(®, so(#) respectively and that L(ga) con- 
verges to L(go). We denote by V(f) the total variation on J of a scalar 
function f(#) which is continuous and of bounded variation on J. By 
convergence in variation- of a sequence f,(#), #=0, 1, +--+, is 
meant that f,(#) is continuous and of bounded variation on J for 
n=0, 1,---, that f,(#) converges uniformly on J to fo(#), and that 
V(f.)—-V(fo). These concepts are due to Adams, Clarkson, and 
Lewy [1, 2]. 

We are concerned here with the problem of determining conditions 
under which convergence in length holds. Uniform convergence on I 
of the components x,(t), Yalt), sa(t) to xolt), Yot), Zot) respectively 
implies only that lim inf L(z.) 2 L(ro). It is also well known (see 
[2, 4, 5]) that convergence in length of such a sequence gẹ implies 
convergence in variation of each of the three sequences of com-. 
ponents—and, indeed, convergence in variation of any sequence of 
scalar functions obtained by projecting the curves r=7,(é), EI, 
n=O, 1,+--, on any line whatever. As a consequence of this we see 
that convergence in length of the sequence 7,(#) implies convergence 
in variation of the sequence cxa(t)+caye(t)+cea8,.(¢) for arbitrary 
choice of the constants ¢;, ca, cs. Convergence in variation of each of 
the three sequences of components is not sufficient to ensure con- 
vergence in length of the sequence of vectors (see [2]). In connection 
with the work of A. P. Morse [4] there arose the question as to 
whether convergence in length is implied by convergence in variation 
of every linear combination of the’ components. This has already 
been proved by Morse [4] for the case where 7,(#) is of the special 
form (t, ya(#), 0), n= 0, 1,-+-+.In this note we generalize Morse’s 


result to the parametric case. The proof is based on a generalization, 
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due essentially to Steinhaus [6], of a remarkable formula for arc 
length devised by Cauchy [3]. 


2. Preliminaries. If each component of a vector function f{#) = (x(t), 
y(t), (4)), ŁE&I, is BV (of bounded variation), then g(ż) is said to be 
BV; if each component is AC (absolutely continuous), then y(#) is 
said to be AC; if each component is continuous, then z(t) is said to be 
continuous. We denote by z’(#) the vector (x'(#), y’(£), s'(t)) wherever 
the derivatives x’(#), y’(#), 3’(é) all exist. If the components x,(¢), 
Yalt), Za(t) of a sequence of, vectors z,(#), EI, #=0, 1, >», con- 
verge uniformly on J to xo(t), ye(t), so(f) respectively, we say that 
ta(¢) converges uniformly on I to f(é). 

Let A denote any subinterval ft’ Sis#’’ contained in I and let D(J) 
denote any subdivision of J into a finite number of nonoverlapping 
intervals A. The length Z(r) of a vector function g(t), #€J, is defined 


as 


L(g) = Lub. $ | E(N) ~ P), AE DN, 


where the least upper bound is taken over all subdivisions D(J). 

We note that this definition of length of vector functions is the 
exact analog of total variation of scalar functions and that it agrees 
with the usual definition of length of a curve if r(#) is BV and con- 
tinuous on J and we think of y(t) as determining a curve x=<x/(f), 
ym y(t), s= s(t), do StS bo. 

We mention now the following well known facts which will be used 
in this note. 

(a) If x(t) =(x(s), y), s()) is BV and continuous on J, then 


V(z) S LO S V(x) + Vy) + VG). 


(b) If fa fo(V), then kfa—>kfo( V) for arbitrary choice of the 
constant $. 

(c) If falt) converges uniformly on J to f,(¢) and if f,(#) is BV and 
continuous on J for all », then lim inf V(f,.) & Vo. 

(d) If f(é), EI, is BV and continuous, then f’(t) is summable on I 
and V(f) 2 fr|f'| dt, the sign of equality holding if and only if f(#) is 
AC. l 


(e) If :( is BV and continuous on I and if r=y,(#), EI, 
mui, 2,---,ig a sequence of polygons inscribed in the curve 
=r), EI, and converging uniformly on I to t=1(#), EI, then 
a —>r(L). 

(f) Let E(t) = (x,(é), ya(t), z,(t)), tel, nw (), 1, soe If ta—t0(L), 
then £a >x V). 
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(g) If r(é), #EJ, is BV and continuous, then lr’ (é)| is summable on 
I and L(t) 2 Jr\r’| dt, the sign of equality holding if and only if (8) 
is AC. 


LEMMA. Suppose t.—to(L). Let u be any fixed unti vector and falt) 
the scalar product of the vectors lalt) and u; that is, 


AORE AOA tC I,n~-0,1,--: 
Then fafo V) and Vf.) SL (ta) for n=0, 1,+-- 


The function f,(#) defined here is the projection of the curve r=f,(?) 
on a line parallel to the given vector u. This fact is well known, as was 
mentioned in $1, but a proof will be included for the convenience of 
the reader. Let u be the vector Pr b, c), a? +b? +c m1. Then falt) 
m Aka lt) HOY (t) FH Enlt), n0, 1, . Let us st up a new system 
of rectangular coordinates x*, +A *, sick that the x*-axis coincides 
with the line through the origin with direction cosines a, b, c. Then 
x* is expressed in terms of the old coordinates as ax+dy-+cs. Let 
tat (t) = (xa (t), Ya (E), Za (t)) denote the vector 7,(#) referred to the new 
coordinates. Since arc length is independent of the particular co- 
ordinate system used, we have f,*—7,"(Z) and hence (see (f), (a)) 

*ox#(V) and V(xt)SL(re*). But x.*(¢) =ax,(t) +y +02, (2) 
=af,(t), tEI, n=0, 1,---. That is, 


fafo(V) and Vifaa) S L(t.) 
for all ». 


3. Cauchy’s formula. The formula for arc length which is stated in 
Lemma 4 applies to any continuous, rectifiable curve in Euclidean 
3-space. It is a direct generalization of a formula of Cauchy [3], the 
method of proof given here being due to Steinhaus [6]. A proof of the 
formula is included in this note because the reasoning involved in it is 
used in §4, as well as the formula itself. 


Lemma 1. Let a be a fixed vector and u a variable unti vector from the 
center of a unii sphere to any potmi p on the surface S of the sphere. Then 


ff la-n| do = 2rlal, 
8 


where do +s the area-element on S. 


Proor. Choose rectangular coordinates so that the s-axis coincides 
in direction with a. In terms of the spherical coordinates 1, 9, œ of the 
point p on S, we have a-u = |a| -cos é and hence 
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ers, Sf l | - | cos ġ | sin ¢ dôdġ 


= lal f | cos œ | sin ¢ dẹ 


z/2 
= æla] f sin 26d = 2r | a]. 


LEMMA 2. Let t(t) be BV and continuous on I. Let S be the surface of 
a unit sphere, p any potni on S, and u the vector from the center of the 
sphere io p. For each point p on S let V (p) denote the total variaiton of 
the function f(t, D =r) u, EI. Then V(p) ts summadle on the sur- 
face S. 


Proor. Since fi, #) is clearly BV and continuous on J for each 
point p on S, V(p) is defined for every p. Consider now a sequence of 
points #„ on S such that p,—>p». It is easily veriffed that the sequence 
f(t, Pa) converges uniformly on I to f(t, po), from which it follows 
that lim inf Vids) = Vipo) (see (c) of §2). This means that V(p) is 
lower semi-continuous on S and hence measureable on S. From the 
fact that V(p) is bounded on S by L(g) (see Lemma of §2), we con- 
clude that V(p) is summable on 5S. 


LEMA 3. Given a sequence of BV, continuous vector functions galt), 


tCI,n<0,1,---. Let S, p, ube defined as in Lemma 2. For each p on 
S let V.(p) denote the total variation of the functton fall, p) =7,(¢) +1, 
tcl, n=0, 1, . If the sequence falt, p) converges in variation for 


a ee then 


Jf 7-00 f f Tie 


where do is the area-elemeni on S. 


Proor. By hypothesis the sequence f,(#, p) converges in variation 
for every point on S. Hence 


(1) Va(b) > Folt), ES. 


Let a, b, c be any three (real) constants such that 6'+d?+c?= 1. 
Since the point (a, b, c) lies on S, we then have by (1) convergence in 
variation of the sequence ax,(t) -+5y,(é) -+cs,(¢) and therefore i | 


V (aa + Syn + CB) — V (azo + byo + oso). 
In particular, 
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(2) Vex) > Vem), VO) >O), V(x) > V0). 


,  Summability of each function V,(~) follows from Lemma 2; V,(%) 

converges on S to Valt) by (1). In order to prove convergence of their . 
integrals it will therefore be sufficient to show that the sequence 
Valp) is bounded on S. For each point p on S we have by the Lemma 
1 and (a) of §2 


(3) Vad) S Lite) S V(t) + Vion) + Vise), m=O, ten, 
But (2) implies the existence of a constant M such that 
(4) V(t) E M, Vy) S M, V(t.) S M, an T - 


Inequalities (3) and (4) establish the fact that the sequence V,(f) is 
bounded on S and hence, as remarked above, 


ff rsende f f ra 


LEMMA 4. Under the hypotheses of Lemma 2, 


LG) = (2x) f f VO), 


where do ts the area-elemeni on S (this is the generalised Cauchy formula, 
see $3). : 


Proor. Let us suppose first that y(#) is AC. It is clear that for 
fixed $ the function f(t, p) is AC on J arid that its derivative is equal 
to r'(t)-u except on a subset of J of measure zero. Hence (by (d) of 
§2) 

Q) O= f Oula 
I 
But absolute continuity of r(#) also implies (see (g) of §2) 
(2) — 1a =f Ola 
3 I 


- Since V(p) is summable on S (see Lemma 2), we obtain by use of (1) 


Jf var = ff] flex | ao 
=f] Sfiivo-lae]a 


(3) 
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where the theorem of Tonelli justifies the changes in the order of 
integration. From (3), Lemma 1, and (2) we conclude that 


an= f f VOdo = On) f f MEZIJE 


= On) f (2x) | P | di = LG). 


Let us suppose next that r(#) is merely BV and continuous on J. 
Define y=z,(#), EI, n=1, 2, +++, to be a sequence of polygons in- 
scribed in the curve r=f{(t), EI, s(t) converging uniformly on I to 
r(t). By (e) of §2 we then have r,—47(Z) and hence 


(4) L(t.) > L(g). 


By the lemma of $2 we also have convergence in variation of the 
sequence falt, H) = g(t) u, ET, for every point p on S. Application of 
Lemma 3 then yields the result that 


(5 [J v-o ff veers, 


where V,(p) is defined as in Lemma 3 for n=1, 2,---. But since 
each approximating function 7,(¢) is AC, we can express its length in 
the form 


Le) = (2x) f J V-O, ci ee 
In conjunction with (4) and (5) this implies 
1G) ny =n f J vee = (2x)! f f V(p)do. 


4, The theorem. Let 7,(/) =(z,(t), Yalt), sn(t)), n=0, 1,---, bea 
sequence of vectors which are BV and continuous on J. Then gp, —>go(L) 
if and only if the sequence cx,(t) +caya(t) + css,(¢) converges in varia- 
tion for every choice of the (real) constants cı, Cs, Cs. 

PRooF. Sufficiency. By hypothesis the sequence cixa(?)-+cyn(t) 
+c, (t) converges in variation for every choice of the constants 
(1, Ca, c3. This implies uniform convergence of f,a(#) to ro(é) and also 
convergence in variation of f,(#, p) for every point p on S, where 
a(t, p) is defined asin Lemma 3. From Lemmas 3 and 4 we then con- 
clude that 
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lim L(t.) = lim (2x)7! f f _Vate)ae = (27)! f f PLO = L(¥) 


agi 


and hence t,.—>f0(Z). 
Necessity. lf t.—t0(L), the sequence f,(?, p) converges in variation 
for every point p on S (see Lemma of §2). Let cı, cs, cs be any three 
(real) constants. If ¢;=c@=cy=0, then the statement is trivial. 
Otherwise let u be a unit vector with direction cosines proportional 
tO cı, Cs, Ca. The desired relation now follows readily from the lemma 
and (b) of §2. l 
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ON UNIQUE INVARIANT MEASURES 
HENRY M. SCHAERF 


1. Statement of the problems. Let S be a o-field! of subsets (meas- 
urable sets) of an abstract group G. What can be said about the 
structure of Sif there is a unique measure defined on S and invariant 
under the group operation? What are the conditions for the unique- 
ness of an invariant measure? These are the problems studied in this 
note by means of a simple lemma. 


2. Definitions and results. 
DEFINITION 1. “Measure” means in this paper a non-negative, 
countably additive function of the set XES such that G is not of 


. measure 0 and is the union of a sequence of measurable sets of finite 


measure. For any two measures m and n we denote by Sw,«„ the o-field 
of subsets of GXG, defined so as to allow the appacanan of the 
generalized theorem of Fubini [, p. 87].3 

DEFINITION 2. A measure m is called invariant if AES, gEG i im- 
plies gA CS and m(gd)=m(A). An invariant measure is called 
unique if it differs from any other invariant measure only by a multi- 
plicative constant. 

FUNDAMENTAL ASSUMPTION. It is assumed that g EG, A ES implies 
AgES and that any two invariant measures m, # satisfy the follow- 
ing condition Mı: The transformation [(x, y)—>(y~1z, y) | sends every 
set 4G with AES into a set of Sus. 

DEFINITION 3. A measurable set A is called almost congruent by 
finite (resp. denumerable) partition with the measurable set A’ if there 
is a finite (resp. infinite) sequence of disjoint measurable subsets A, of 


_ A with m(4 —U,4;) =0 and a corresponding sequence of elements g, 


` 


of G such that the sets gy'4: are disjoint subeets of A’ and 
m(A’— User Ax) aĝ, 
The answer to our firet problem is given by the following theorem. 


THEOREM 1. If the measure is untque inoartani then any measurable 
set A, whose measure is not greater than thai of a measurable set B or 
equal to ti, is almost congruent by finite or denumerable partition 
with some measurable subset of B or with B, respectively. 
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COROLLARY. A unique invariant measure m accepts any of tts values 
that are less than m(B) on some subset of B? 


The answer to our second problem is contained in the following 
theorem. 


THEOREM 2. In order that an invariant measure m be unsque, t is 
necessary and sufficient that m(Xg) be an absolutely continuous function 
of the measurable set X for every g in G. 


COROLLARY. A bt-tavartant measure ts unique. 


To formulate two easy consequences of Theorem 2 we introduce 
the following definition. 
- DEFINITION 4. The measure m satisfies the conditton Ma (resp. Mi") 
if the transformation [(x, y) (yx, ¥)] (reap. [(x, ¥) (ey, y) ]) sends 
every set AXG with ACS into a set of Sun. 


THEOREM 3. Every invartant measure which saitsfies the condition Ma 
45 unique. 

THEOREM 3*. Every invariant measure which satisfies the condition 
Ms" is untgque. : 


Theorem 3 has been found before by A. Weil [2, pp. 140-149]. Its 
new proof given here seems to be simpler and more natural than that 
of Weil. Theorem 3* is new and completes Weil’s result. 


3. Two lemmas. The proof of the above theorems relies upon 2 
lemmas. 


LEMMA 1. TEL N OIE TS Mea Se eS SOHSE AEE COTAS DA OA 
A and B measurable sets. Then we have 


(3.1) \ f m (Ax *)de(ax) = f n(y714 O B)dm(y), 


(3.2) f ie TAN Gn f n(Ay"? (\ B)dm(y). 
B a ; 


Indeed, let H be the image of the set A XG by the transformation 
- Ke, ygs, y)] and filx, y) resp. falx, y) the characteristic func- 
tions of HOB XG resp. HOG XB. 

Then the above relations result from the evaluation of the integrals 


+ It follows from [4] that these values either are multiples of a positive number or ' 
fill a closed interval (which can be infinite), 


\ 
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of fi(x, y) resp. fe(x, y) over GXG by the generalized theorem of 
Fubini [2, p. 87]. 

Remark. The relations (3.1), (3.2) remain valid for the group 
operation x»y=y¥-x.4 So do the theorems 1 and 2, as they will be 
deduced from Lemma 1. 


LEMMA 2. Let m be a measure such thai m(Xg) is an absolutely con- 
tinuous function of the measurable set X for every g in G. Then: 

(a) For any two measurable sets A, B of positive measures there is an 
element g such thet g14 meets B in a set of positive measure, provided 
that the measures m, m satisfy the condition Mi; 

(b) m(Z)=0 implies n(g-3Z)=0 for almost al elements g of G, 
provided thai nis a measure such that n and m satisfy the conditton My. 


PROOF. Lf m is substituted for ø in (3.1), then the left side of (3.1) 
is positive. Therefore the integrand of the right side can not vanish 
identically, which is the assertion (a). If Z is substituted for A and G 
for B in (3.1), then both sides of (3.1) are zero, which implies the 
assertion (b). 


4, Auxiliary theorem and proof of Theorem 1. 


AUXILIARY THEOREM. Let m be a measure such that m(Xg) ts an ab- 
solutely continuous function of the measurable set X for every gin G. 
Let A and B be measurable sets and let B be of finite measure. Then ons 
of these two sets is almost congruent by finite or denumerable paristton 
with some subset of the other. 


ProoF..Assume that no subset of one of these sets is almost con- 
gruent by finite partition with the other and that disjoint subsets A, 
of A and elements g of G were chosen go that the sets g; '4,™= B, are | 
disjoint subsets of B for k=1,2,-++,n. 

Then both sets A —Uf., As, B—UfP., Bs are of positive measure. 

Therefore the function 


ru =nfe(a = ò aJa (8 - om) 
kæ] b= 1 
has, by Lemma 2(a), a positive upper bound M.. We define gai 
to be any element g in G with Fey (g) > Maii/2 and put 


Ban = gori( 4 - U As) a (2 - VU By), Anyi ™ 8ni1Bay1. 


ben] bal 


4 Indeed, the relations (3.1) and (3.2) for the new group operation * are identical 
with the relations (3.2) and (3.1), respectively, for the old group operation. 
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Thus an infinite sequence of disjoint measurable subsets Ay of A and 
a corresponding sequence of elements g, of G has been defined by 
induction so that the sets g‘. B, are disjoint subsets of B. 

If 


mA — U Ay)-m(B— U Bi) 
b= ben 


were positive, the function 


F(,) = „e(a sU Ay) A (3 -U Ba) 
b-i ben] 
x 
would have a positive upper eee M and as F,(g)e@F(g) and 
M,2M>0 for every gin G, k=1, 2, , the series > z., My would 
be divergent. This is in pone oars to the inequalities M,/2 S Fa(gu) 
= m(Ba), Dimer M(B) Sm(B) < œ. 

Hence either A — Uk 4, or B—UZ.B, is of measure 0, which 
proves the assertion. 

4.1. Proor or THEOREM 1. As m(Xg) is an invariant measure for 
every fixed g in G, it can differ from: m(X) only by a multiplicative 
constant and is, therefore, an absolutely continuous function of the 
measurable set X. 

First case: m(A) is finite. The inequality m(A) Sm(B) and the in- 
variance of m exclude the existence of a subset A’ of A almost con- 
gruent with B by either finite or denumerable partition (symbolically: 
A’ssB) and. such that m(A’)<m(A). Therefore there is, by the 
auxiliary theorem, a subset B’ of B with AB’. If m(B)=m(A), 
then we have m(B—B’) =0, which implies A ~B. 

Second case. m(A) is infinite. Then A is the union of a sequence of 
disjoint measurable sets A; of finite measure, and there is a subset B: 
of B with A,»B,. The measure of B—B, being infinite, there is a ` 
subset B, of B—B, with 4aœB,. By continuing this reasoning one 
proves the existence of a measurable subset B’ of B with AB’. 
As m(B) is infinite too, there is also a subset A’ of A with B œA’. 
From 4 =B’CB and B=A’CB one deduces 4 œB by replacing in 
the proof of F. Bernstein’s equivalence theorem [3, p. 27] the equiva- 
lence relation by the relation ». This is legitimate as the transitivity 
of the relation = is not difficult to prove. 


5. Proof of Theorem 2. 

Necessity. See $4. 

Sufficiency. Let m(X) and #(X) be invariant measures sad m(Xg) 
an absolutely continuous function of the measurable set X for every 
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g in G. Let Xo be a measurable set with 0<m(Xo) <œ and with 
c=n(Xo)/m(Xo) <o. 

(5.1) n(Z) =0 imphes n(Z) =cm(Z). 

In fact, by (3.1) (with A =Z, B =G), m(Zx>) vanishes for some x, 
which implies m(Z) =m[(Zx7)x] =0. 

(5.2) 0<n(Z)< œ and n(Z) =dm(Z) implies dSc. 

Indeed, one sees from Lemma 2(b) that m(Z) =0 implies n(Z) =0. 
Therefore #( Y) is an absolutely continuous additive function of the 
measurable set Y¥CZUX». By the theorem of Radon-Nikodym [1, p. 
36] there is. therefore, a function f(y) such that ‘we have #(Y) 
m fyf(y)dm(y) for every measurable set YCZUXo. 

Assume that c is less than d. Then there are numbers a, b>a be- 
tween c and d and the sets 


AsXAElfy) Sa], BaZOElfy) zt] 
. are of positive measure. Therefore, there is (by Lemma 2(a)) an ele- 


ment g of G such that m(g-“L4\B) >0. As g AAB =C is a subset of 
B, we have 


MO) = f fo)am(y) & C). 


On the other hand, gC being a subset of 4, we have 
CEC) = f f(s) dml) S alec) = om(C) < bm(C). 
s0 


Hence n(gC)<n(C), althcugh » is invariant. 

(5.3) 0<n(Z) <œ impies n(Z)=cm(Z). 

Indeed, by (5.2) the relations n( Xo) =cm(X0), #(Z) — imply 
dsc. By interchanging Zand Xo we get c=d. 

Finally, if Z is an arbitrary measurable set, it is the union of a 
sequence of disjoint sets Z, with #(Z,)< ©. By (5.1) and (5.3) we 
have #(Z,) =cm(Z,) hence n(Z)=cm(Z), which was to be proved. 


6. Proof of Theorems 3 and 3*. Extension to transformation 


(6.1) If the measure m satisfies the condition My resp. Mi", then ACS 
implies the relation ` 


(6.2) J eA) = J Adimo) 


resp, 


} 
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(6.25 J anima = f manino). 


Indeed, let H be the image of the set A XG by the transformation 
[æ yx, y)] resp. [(x, y)-(xy, y)]. The evaluation of the 
integral of the characteristic function of H over GXG by the gen- 
eralized theorem of Fubini furnishes the above relations. 

If m is an invariant measure which satisfies the condition Mg, then 
m(A)=0 implies m(A~?)=0 on account of (6.2). Hence we have 
m(g71A-1) =m(A7!) =0 and m(Ag) =m|(g-1471)-!] = 0 for every g in 
G, which—according to Theorem 2—proves Theorem 3. 

If m and n are two invariant measures, which both satisfy the © 
condition M;*, then A €S implies A~1ES (by (6.2") and the funda- 
mental assumption).§ Then the functions of A, m*(A)=m(A7}), 
n*(A)=n#(A-), are readily seen to be measures invariant under the 
group operation «*y =~. As M," is the condition Ms for this group 
operation, #* differs from m* only by a multiplicative constant. There- 
fore n differs from m by the same constant. 

(6.3) The above results can be extended to measures invariant 
under any transitive group G of transformations operating on a 
measure space M, by inducing either a measure structure in G ora 
group structure in M. 

To do this one denotes by t, the transformation which sends a fixed 
element x) in M into xin M. Then the images t.{.A } of the measurable 
subsets A of M by the mapping is of M onto G form a o-field, on 
which one defines a measure u by the relation 


u(ta{A}) = m(A).° 


A group structure can be induced in M by putting either xy ły or 
xy = tyr. 
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A NOTE ON LACUNARY POLYNOMIALS 
MORRIS MARDEN 


1. Introduction. In the present note we shall give an elementary 
derivation of some new bounds for the p smallest (in modulus) zeros 
of the polynomials of the lacunary type 


(1.1) f(s) = Got ays bs + + ays? H ays! + Gays? + + 4 ays, 

dey £0, OS Pemca<-::-: < my! 
This will be done by the iterated application, first, of Kakeya's 
Theorem! that, if a polynomial of degree » has p zeros in a circle C 


of radius R, its derivative has at least p—1 zeros in the concentric 
circle C’ of radius R’ | Rd(n, p); and, secondly, of the specific limits 


(1.2) p(n, $) < cac [x/2(n — p+ 1)], 
(1.3) o(m, $) < ii A TE, 


furnished by Marden?’ and Biernacki’ respectively. 

2. Derivation of the bounds. An immediate corollary to Kakeya’s 
Theorem is: 

THEOREM I. If the derivative of an nth degrees polynomial P(s) has at 
most p—1 seros in a circle T of radius p, then P(s) has at most p zeros în 
the concentric circle I’ of radius p' =p/o(n, p+1). 

We shall use Theorem I to prove the following theorem. 

THEOREM II. If all the zeros of the polynomial 


(2 1) fo(s) = 7 Arto + (nı — 1) (ms pare 1) ae ("a _ 1)ays 
; +- + (m — p(n — p) ee (na — Pape? 


lie in the circle |3| SRo, al least p zeros of polynomial (1.1) lie in the 
circle 
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|s] £ RG, &) = RJL om m= p+ 1), 


For this purpose we define the sequence of polynomials 


(2.2) Fo(s) m s%f(1/3), 

(2.3) F (8) m gicsetiter ifs al), jmd, 2, ee, k 
We may verify èasily that 

(2.4) F,(s) = s?fo(1/s). 


All the zeros of F,(s) therefore lie outside the circle |s| 2 (1/Ro). 
By equation (2.3), the zeros of Fj_,(s) are the zeros of F,(s) and a 
zero of multiplicity m —p—1 at the origin and, hence, only the latter 
lies inside |s| <1/Ro. By Theorem I, F(s) has at most #:—p zeros 


j 15 | < [Rolan m — p H It = RG, 1). 


Let us now assume, as already verified for j=1, 2,---, s, that 
F,_;(8) has at most ;—p zeros in the circle |s| <1/R(p, j). From 
equations (2.3) with j replaced by k—s, it follows then that Fi_,_;(s) 
has zeros of total multiplicity at most 


(aai — % — 1) 4 (n p) = m1 pol 


in this circle. By Theorem I, therefore, Fy_.1(s) has at most #541—P 
zeros in the circle 


|s| < [RE A(t mor — p+ 1) = 1/R(P, 8 + 1). l 
By mathematical induction, it follows that F(s) has at most na—p 
zeros in the circle |s| <1/R(p, k). 
By (2.2), f(s) has therefore at most #—p zeros outside the circle 
|z| = R(p, k) and hence at least p zeros in or on this circle. 


By using the limits (1.2) and (1.3), we now deduce from Theorem 
II the following corollary. 


COROLLARY 1. At least p seros of polynomial (1.1) lie in each of the 
circles 


(2.5) |s| & Ry csc” (x/2p), 
(2.6) i jal s RIT Tmt p/m ~ 9. 


If it is known that all the zeros of the polynomial 
h(s) = do + ays +’: ++ + ays? 
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lie in the circle |s| SR, then the application of a theorem in a 
previous paper* permits us to take 


Ro S [Rimina- + - sta/(m1 — £) (a — p) +++ (m — p) = Ra. 


As (2.6) with Ro replaced by R, is the bound furnished recently by 
Biernacki,? we see that the bound (2.6) is at least as good as his 
bound. 

3. Application to lacunary series. We shall now use Corollary 1 to 
prove the following theorem. 


i 


THEOREM III. Let pı, OCP S œ, be the radius of convergence of the 
Series 


g(s) = as + ais +--+ 4+ a,c? + as + ast H ; 
At, 3£ Q, 1sSp<mcm<---. 
“Let the series X (L) nj) be convergent, so that the product 
Alm) = |] [1 — (m/,)] 
j=l 
is also convergent. Let p, the radius of the circle |s| =p containing all the 
geros of the polynomial 


G(g) = A(O)ao + A(1)au +--+ + Alpas”, 
be such thai 


p—l 
jii E ETT 


‘Then g(s) kas at least p zeros in the circle |s| Spa. . 


_ Let us consider equations (1.1) and (2.1) as defining the sequences 
of polynomials f(s, k) and fo(s, k) respectively. When A>, the 
sequence [fo(s, 2) /niny © - - na| converges uniformly to G(s) in |s|. Sp. 
By Hurwitz’ theorem, for any given positive e, we may choose a posi- 
tive kı so large that all the zeros of each fo(s, k), &&h:, lie in the circle 
|z| Sp-te. By Corollary 1, at least p zeros of the f(s, k), k Zk lie in 

the circle 


miscall Uar moa SaeeG = © 
Suet imj 


4M. Marden, Bull. Amer. Math. Soc. vol. 49 (1943) p. 97, Corollary. 


i v 7 as = 
at Y, i ae 1 
t ` —_ 
t "m 


y \ 
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E 
Choosing e 80 small that pf‘ +e<&p, we see that the f(s, k) converge 
uniformly to g(s) in | s| Spf. Thus g(s) has p zeros in the circle 
|s| <p{ +e and, since-e is arbitrary, in’ the circle |s| Sos ; 
-As a corollary to’ Theorem III, we may prove that, if g(s) is an 
entire function, it assumes every finite value an infinite number of 
times. `, 
Unrvensrry oF Wisconsin, MILWAUKEE 
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A REFINEMENT OF PELLET’S THEOREM 
MORRIS MARDEN 


1. Introduction. S. Lipka’ has recently announced a refinement of 
the classic theorem of Cauchy that all the zeros of the polynomial 


(1.1) JE) = aot au t +--+ + ast, a, » 0, 
lie in the circle |s| Sr, where r is the positive root of the real equa- 
tion 

(1.2) F(t) =| ool tlalst+---+[oulert—|o|s = 0. 


Lipka’s refinement consists in replacing the circle |s| {r by a curve’ 
G(ro, 7; n, &) which bounds a gear-wheel region. This region is formed 
by deleting from the circle nee the points common to the annular 
' ring 0<ro<[s/| Sr and to the # sectors 


Ce T 2r ao x 2rk 
(1.3) — — — + — í args 5 — + — + a 

n 2" n # è 2# # 
km0, 1,++-+, 2-1. In these formulas ro is the positive root of the 
equation 


(1.4) Bal) =| al tlale lanal s — |an] at m 0 


and ao = arg o/a. 
Now, the Cauchy theorem is but a special case of the iii 
theorem due to Pelet.’ 


PELLET’s THEOREM. If the polynomial 
(1.5) f(s) = do + as + +++ + Gps? +--+ + ast, Gy Æ 0, 
ss such that the real polynomial 
1.6) F,(s) = | ao] +| a1; s+ +++ +] araile —| a,| 2? 
+ | opps] arti + +++ +] ay] a 
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kas two postive zeros r and R wih r <R, then f(s) has exactly p zeros in 
or on the circle |3| Sr and no zeros in the annular ring r<|s| <R. 


It is Pellet’s theorem which we propose to refine as indicated in the 
_ following theorem. 


THEOREM 1.1. Under the hypotheses of Pellets Theorem the poly- 
nomial 


®(s) =| ai] +] alst + |ar| sr —|a,| 277 


1.7 

oe) +| opi] st -ee H] an) 5° 
aa a erie aerate oem 

(1.8) r<r<R< Rp. 


Furthermore, f(s) has exactly p zeros in or on the curve G(ro, T; P, Qo) 
where ao arg do/d, and no zeros between the curves G(ro, T; p, ao) and 
G(R, Ro; b, aotr). * 


Theorem 1.1 will be proved in §2 and applied in §3 to the refine- 
ment of various known bounds on the zeros of a polynomial. Finally, 
the theorem will be generalized in §4, first by replacing the poly- 
nomial $,(s) by the polynomial ®,,(s) = F,(s) — |ar| =” and secondly 
by replacing the polynomial f(s) by a power series. 


2. Proof of Theorem 1.1. Let us first prove the existence of the 
roots rọ and Reo of equation ®,(s)=0 and the validity of inequality 
(1.8). Since r and R are the positive zeros of F,(s), it follows from 
(1.6) that, for any sufficiently small positive number e, 


(2.1) Fp) < 0 firtesSpSQR-e 
In view of the equation . 
(2.2) F,(s) = | ae | + s®,(5), 


the zeros r and R of F,(2) satisfy the relations 

(2.3) g(r) = —| a] /r <0, SR) = —| | /R <0. 
When taken together with the facts that 

(2.4) ` ®,(0)>0, &,(%) >0, 

the relations (2.3) imply the existence of two positive zeros ro and Ro 
of ®,(s) and the validity of inequality (1.8), as well as the inequality 
(2.5) © s &() <0 

forn+eSp a Rie 
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Let us now set s=pe* and 


(2.6) a/a, = Area, __ ease a 
In this notation, the real part of p*f(s)/a,s? is 


pol i 
Re [p*f(s)/ayz”] = 2, A yp! cos [(p — 7)@ — ay] + p” 
fol) 
(2. ' 7 | 
+ 2, Ap cos [G — #)0 + al 
j=p+l 
and the inequalities (2.1) and (2.5) become 
(2.8) P> Aot Aip + +++ + App? + Appt + ++ ++ Aap" 
for r+eSpSR~e«, and l 
(2.9) p? > Arp + A + +++ + Ap ip?! + Appt + +++ ++ Aao" 
for roteSpSRo—t. 
On substituting from inequality (2.8) into (2.7), we find 


Re (p?f(s)/a,8") > S 4 !{cos [e -De-al + 1} 
(2.10) E 
+ Z 4w {cos [G — Da +a] +1} 20, 


fpl 


for r-+expS.R—e. On substituting from inequality (2.9) into (2.7), 
we find 


Rè (p?f(s)/ay8”) > Ao cos ($6 — as) 


(2.11) +E Avifeos [Q — jI — ay] + 14 


+È Apilo (Gj —2)9-+ a] +1} 
f pI 


for rot+eSpSRy—e. The right side of (2.11) is surely non-negative if 
6 is such that cos (p9 —aæo) 2&0, that is, such that 


T X 
— = + rk Sf — a S yH Deh, 


where & is an integer; that is, if 


1948] A REFINEMENT OF PELLETS THEOREM 553 


In other words, 
(2.12) Re (p?f(x)/a,8”) > 0 
and hence f(s) 0 at all points s between the curves Gre, f; P, ca) 
and G(R, Ro; b, aotr). 
-Inequality (2.12) also may be used to show that in or on the curve 


G(ro, T; D, @o), there are exactly p zeros of f(s). For, let us consider the 
net change Ag, arg w in the argument of the point w= [p*f(s)/a,s*| 
as s describes counterclockwise the curve G.=G(ro+e, r+e; p, ae) 
where e is a small positive number. Since Re (w)>0, w describes a 
closed curve entirely in the right-half w-plane. That is, Ag, arg w= Q 
on this curve. This means that the functioh w has as many zeros as 
poles in the curve G, and this, in turn, means that f(s) has precisely 

p zeros in G, for every sufficiently small positive e. | 

3. Applications. Let us first apply Theorem 1.1 to the class of 
polynomials | i 
f(x) = doe + (b — bojes mf ss 

-t (Bu = be_1)6%ms™ -= bye Patig ett 

where the b; are real numbers such that 


(3.2) bp < bpa <i es Sin KO <b L On St <b, 


(3.1) 


The corresponding polynomials F,(s) and ®,(s) are 
F,(s) = — by + (bo — bijs + ++ + (bpa — By)? 
(3.3) — (by — by-1)5” + (by — bps! + e 
F (bm — ba)” + bas™t, 
` $ls) = (bo — b) + + + (bpi — Bp-1)87 
(3.4) — (bp — bpas + (by — bps? + -- 
O p (baa — bast bus, 
On defining 
(3.5) - gl) = be bis + +++ + bas”, 
we may write | 
Fi(s) = (s — 1)g(s),  s®,(s) = ba + g0) 6s — 1). 


Clearly F,(1)=0. Since F (1+8) =8g(1+8), then for 8 sufficiently 
small g(1) >0 implies that F (1+8) >0 or <0 according as ô>0 or <0 
and g(1)<0 implies that F,(1+8)<0 or >0 according as 8>0 or 
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<0. That is, using the notation of Theorem: 1.1, we see that 


r<r<1LoR<R, if ¢(1) > 0, 
rm<r=1<R<R, l if g(1) <0, 
ap = Bo — Bp + T. 


We thereby conclude that the following is true. 


THEOREM 3.1. Let f(s), By(s) and g(s) denote the polynomials (3.1), 
(3.4) and (3.5) respectively. Then, tf g{1) >0, f(s) Aas exactly p zeros in 
the curve G(ro, 1; P, Bo-Bptax) and g(s) has p seros tn the curve 
G(ro, 1; b, x). If g(1) <0, f(s) kas p seros in or on the curve G(ro, 1; 
P, Be—Bp +r) and g(s) has p—1 zeros in or on the curve G(ro, 1; p, T). 


An analogous result for g(s) with, however, curve G(ro, 1; p, T) re- 
placed by the circle |s| =1 was first'stated by Berwald.? His result 
was a generalization of the Kakeya-Enestrém‘ theorem that all the 
zeros of the real polynomial (3.5) with O0<b<bı< -+° <b, lie in 
or on the unit circle |s| =1. Our analogy to the Kakeya-Enestrém 
theorem will be included in the following theorem. 


THEOREM 3.2. Every polynomial of the form 
fe) = (by benesi, bam b, O<b <<? <b 
j=0 


has all of its geros în or on the curve G(ro, 1; n, Bo—Ba +r) where re is 
the positiive root of the equaiton 
Pa = (bi — bo) + (ba — bs + +- + (Dni — baa)? — buig] = O, 
Furthermore, every polynomial of the form 

g(s) = bo + bis +--+ H bee, O0 < bober < bni 
kas all of iis seros in or on the curve G(ro, 1; n, r). 


This theorem may be dərived from Theorem 3.1 indirectly by a 
limiting process or directly by the same methods as used for Theorem 
TAR ` 

In our next application, we shall use Theorem 1.1 just in the case 
pen. This restriction is made only to simplify the statement of re- 
sults, since a similar application may be made when 9 is an arbitrary 
integer, 0<p 5&7. The result to be proved is the following. 

? L. Berwald, Math. Zeit. vel. 37 (1933) pp. 61-76. 


4S. Kekeya, Téhoku Math. J. vol. 2 (1912) pp. 140-142 and G. Enestrim, Ibid, 
vol. 18 (1920) pp. 34-36. 
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THEOREM 3.3. Let Mu As, °° e, Ae GRG ih, ba, © + +, Hai 08 any two 
sets of numbers such that 


n #—i i 3 f 
Dd, (GA)J=1, 2 (i/s) = 1; 0 < uis àn] =1,2, n- 
fume,” fumed 


For the polynomial f(s) =ae+ais+ >>- +a,s*, let _ 
(3.6) M = max [r] ama] /{ a| Pe, h m 1,2, A- 
(3.7) My = max [ur] awx] /} an| J>, k = i,2,-+-,8—1. 


Then al the zeros of f(s) lie in or on the curve G(Mo, M; n, as), where 
Qomarg (Go/da). - 


From (3.6) and (3.7), obviously 0 < Mẹ < M. Also, 


| dev} S| a | af”, mi| amr) S| an| Me 
and thus . 


69 Dilawar s È OM | an] MO =| og] a 


09 Ll oal Mes È m) | a] MS = | | M3 


An equality in (3.8) would imply that M is the positive root r of the 
equation (1.2) whereas an inequality in (3.8) would imply that M>r. 
Likewise, an equality in (3.9) would imply that Mẹ is the positive 
root ro of the equation (1.4) whereas an inequality in (3.9) would 
imply that Mo>ro. Since by Theorem 1.1 all the zeros of f(s) lie in or 
on the curve G(ro, r; #, ae), they surely all lie in or on the curve 
G(Mo, M; A, Œo). 

Theorem 3.3 whose proof we have just completed is a refinement of 
the result due to Fujiwaraë that all the zeros of f(z) lie in or on the 
circle |s| SM. 

As a aes application of Theorem 3.3, let us take A, =# for 
jml, 2,-+-,n and py=n—1 for j=, 2,-::,n—1. We obtain - 
thereby thë following corollary. . 


COROLLARY 3.3a. For the EO ad dated f(s) aotay+ +++ +a,s* let 
Nmax [nla.s/cs||¥*, k=1, 2,-:+,, and Nommax [(n—1) 
| y2/Ga| |H”, km1, 2, +, 8-1. Thenal the tarosaf f(a) lis tn ofon 
the curve G(Ne, N; n, œo) where ap=arg (Go/a.). 


. $ M. Fujiwara, Tôhoku Math. J. vol. 10 (1916) pp. 167-171. 
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W 


As another simple application of Theorem 3.3, let us take . 


a—i . 
he = >>| a;| /| axl, k= 0,1,2,3,--+,%, 
j0 ‘ 
w—1 
us = >, | a| /| one, km (0,1,2,°-°-:,8—1. 
foal 
Clearly, 
z a1, 
DA m1, $ i/y" 1.. 
j=l ful 
Here 


#—i ijk TA 
M = max| Zl al/la] ae 
fumni} 
according as A,>1 or <1, and 


My ~ naz] Elele] m Àg OF rag 


- according as po>1 or <1. We thereby obtain the following corollary. 
COROLLARY 3.3b. For the polynomial f(s) =aot+aist ++ + +a,s*, le 


d= Èl o| /|o| and po = Zl al/la: 


Let y =o or N” according as Xy>1 or <1, and let 8 = po or ui” accord- 
ing as o> or <1. Then ch the zeros of f(s) lie in or on the curve 
G(5, Y; n, œo) where ap arg ao/Gs. 

4, Generalizations. Let us define W,(s)=F,(s)—|as|s*, kæp. 
Since Vo,(s) =s®,(s), the positive zeros of ,(s) are also the positive 
zeros Of Wo,(s). By modifying somewhat the details of proof of 
Theorem 1.1, we may prove the following generalization. ' 


THEOREM 4.1. Under the hypotheses of Pellet's Theorem the poly- 
nomial 

W,,(s) = F ís) — | a| s’, kx p, a, = 0, 

has also two postitvs zeros r, and Ry, wih n<r<R<R,. Furthermore 

f(s) kas exactly p zeros in or on the curve G(r, r; p—k, ax) where 

a, arg (a,/a,) and none between the curves G(rs, 7; b—k, ay) and 
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Our final generalization vill consist in replacing the polynomial 
f(s) of Theorem 4.1 by a' power series. 


THEOREM 4.2. If the power series 
f(s) = aot ast- tapte, Gr, á 0, 
having a radius of convergence of p,0 <p < œ , is such that each polynomial 
Fapt) = | oo| +| a|s ee + | api 37 — | p| 2? 
a -~+»+la,|s* 


with ngN >p has a positive zero r™, r™Spi<p, then the function 
F,(3) = lim, Fay(8) kas a positive sero r<p; the function | 


Wap(s) = Fs) — | a| 2è, kA p; 


kas a postitoe gero rs, Ta <r <p, and the function f(s) has exactly p zeros 
on OT om tne cue Gta ts p—k, ay) and hence tn the curve Gifs p; 
p—k, ay). 


This theorem results from Theorem 4.1 orf the use of the TE 
theorem that within its circle of convergence a non-constant power 
, series f(s) = > so a,s/ has as zeros the limit points of the zeros of the 
polynomials f,(s) = J 3o a,s/. ` 

If F,,(s) has two positive zeros in | s| <p, we may choose r™ as 
the smaller one. Letting 


Warps) = Fay(s) — | 0a | 2°, 


we see that Y4,(s) has a positive zero r®, r <r™. Clearly, the power 
series F,(s) and F(s) have the same radius p of convergence and 
have respectively the positi” e zeros r= lim... 7 and r,;=lim,., 19, 
with r,<r<p. Now, given any small positive e, we can find an N>0 
such that the circle of radius e drawn about the point s=r will contain 
_r™ for all rev and the circle of.radius e drawn about s=r, will 
` contain r for all n2N. This means that in or on the curve 
G(ryte, rte; p—k, œ), which for any sufficiently small positive e is 
contained in the circle |s| <p, lie exactly p zeros of each polynomial 
f.(8) for all nè N. Since a circle of radius e about any zero of f(s) in 
|s| <p contains a zero of each f,(s), #2 N, it follows that in or on the 
curve Grate, r-+-e; p—k, ax) lie exactly p zeros of f(s). Since eis an 
arbitrary, small positive number, it follows that exactly p zeros of 
f(z) lie in or on the curve G(rz, r; p— k, a,) as stated in Theorem (4.2). 


University or Wisconsin, MILWAUKEE 


ON THE FACTORISATION OF ORTHOGONAL 
TRANSFORMATIONS INTO SYMMETRIES 


H. C. LEE 
Consider the quadratic form 
guas!) + Enla’)? +++ F Enla”)? 


where each g; is -+1 or —1 (but fixed once for all). A homogeneous 
linear transformation in the variables x’, -- +, x* (or its matrix) is 
called orthogonal if it leaves this form invariant. If and only if all gu 
have the same sign we have orthogonality in the classical sense. In 
any sense it can be easily seen that the orthogonal transformations 
form a group and that they have determinants +1. 

All quantities considered may be either in the real field or in the 
complex field (or in any field whatever). 

Let gu 0 (447). Then, if s‘is a contravariant vector, its covariant 
is defined by s;=gus* (summation convention). The vector s is said 
to be tsotropic if it has zero length, that is, if s*s,—0. If sis not an 
. isotropic vector, the matrix 
Sa = Bs ~~ 2552/8 Sh, 
where 31 or 0 if t=k or isk, defines a special erceens trans- 
formation of determinant —1 which we call a sym 

Now, by a series of arguments, E. Cartan has proved the following 
theorem. 


THEOREM.’ Every orthogonal transformation is decomposable inio 
- the product of a number not preater than n of symmeirtes. 


I shall give a short proor of this theorem below: 
Let a, be the matrix of an arbitrarily given orthogonal transforma- 
tion. Form the product matrix 


by m sioh ma ay — 2s'sa,/5- Sh 


Received by the editors July 22, 1947. 

1 E. Cartan, La théories des stimeurs, vol. 1, p. 13. 

3 Cartan, loc. cir. pp. 13-17. 

3? The firat half of the present proof is similar to a pert of another simple proof given | 
by W. Givens, Factorisation and signatures of Lorents matrices, Bull. Amer. Math. 
Soc. vol. 46 (1940) p. 82, but Givens’ proof only establishes the weaker statement 
that the number of sy-nmetries in the factorisation is not greater than 22. 
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and consider its first column bi. We show that one can choose the 
vector s such that B=. In fact, it suffices for this to take 
s'=p(a,;—8), p40. Then we find 


à Ad i 2 i 
Ssa m gus S = 2p (gu — guai) = 2p guli — an). 


(1) If a1, we have s4s,»£0 and so s is not an isotropic vector. 
Then 


bi m g — 25's 401/2p gn(1 — a) = A 
This being the first column of the matrix b}, the orthogonality be- 


tween this column and each of the other columns implies that the 
matrix b has the form 
(0 
Oc 


where c is evidently an orthogonal matrix of order »—1. Hence, by 
induction, the theorem is proved in this case. 

(2) If aim 1, we can evidently transform the given orthogonal 
transformation by another orthogonal transformation sa as to render- 
ai741, and we have only to observe that the symmetries are trans- 
formed again into symmetries by an orthogonal transformation. 


CAMBRIDGE, ENGLAND - i ; 


NOTE ON DISCRIMINANTS OF BINARY QUADRATIC FORMS 
WITH A SINGLE CLASS IN EACH GENUS i 


J. DEAN SWIFT 


When discriminants of binary quadratic forms have a single class 
in each genus, the number of representations function may be ex- 
plicitly determined. The completeness of the lists? of such dis- 
' criminants is still an open question. Dickson," Townes,’ and Hall’ 
have given extensive lists of tests based on the fundamental criterion: 

A. If and only if the discriminant possesses, a primitive reduced 
form, (a, b, c), c>a>b>0, there is more than a single class in each 
genus. 

These tests are based on the prime decomposition of numbers de- 
fined recursively from the discriminant, and are thus rather difficult 
to apply in screening all possible discriminants up to a large N to 
check the completeness of the list. For this purpose, a simple linear 
congruence test capable of mechanical application would be far 
preferable. Accordingly, the following tests were developed: 

B. A discriminant has more than a single class in each genus if: 

a. Am7 (mod 8) unless A=7 or 15. (Note: All odd A are congruent 
to 3 or 7 modulo 8.) 

b. Amii2 (mod 16) unless A=12, 28, or 60. 

Am0 (mod 16) unless A=16, 48, 64, 112, 192, 240, 448, 960, or 
Am 32 (mod 64). | 

c. Am0 (mod p*), p an odd prime, unless A=27, 36, 72, 75, 99, 
100, 147, 180, 288, 315. 

d. Ais a negative quadratic residue of an odd prime, p, such that 
p?< (A+ §")/4, where § is the largest number less than p of the same 
parity as A. 

Test (a) is proved by Dickson! and tests (b) and (c) by Hall.’ For 
test (d) assume Ams — b (mod p). Then A+B'=4mp, m>p>bd. Thus 
the representation, (£, b, m), exists, satisfying A. Possible imprimitive 
forms are taken care of by test (c). 

- Test (d) is essentially similar to that used by Lehmert | in checking 
the completeness of the “class number one” tables to 5,000,000,000. 

Received by the editors July 29, 1947, 

1 L, E. Dickson, Introduction to the thaory of numbers, University of Chicago, 1929, 
chap. 5, pp. 63-90. The notation and zerms used herein are as defined in this work. 

t N. A. Hall, Amer. J. Math. vol. 62 (1940) pp. 589~598. 

*N. A. Hall, Math. Zeit. voL 44 (1938) pp. 85-90. Further references to this and 
associated problems will be found m these papers of Hall. 

4D. H. Lehmer, Bull. Amer. Math. Soc, Abstract 39-5-188. 
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The T; and S, tests given by Dickson, Townes, and Hall are derivable 
from these tests by consideration of the requirements imposed by 
test (d) on the T, and Sa 

Using a small linear congruence machine developed by D. H. 
Lehmer, and with the kind assistance of Prof. and Mrs. Lehmer, 
the author checked the possible discriminants to 10’, Men the 
following theorem. 


THEOREM: There are no dtscriminants with a single class in each 
genus, 3315 <A < 10,000,000. 


The largest prime necessary in this test was 79. 
CALIFORNIA INSTITUTE oF TECHNOLOGY 


ON FINITE EXTENDING GROUPS ` 
ALBERT NEWHOUSE! 


In his paper Non-assoctaises algebras? A. A. Albert defined extend- , 
ing groups @ for algebras A with a unity element.’ Such groups are 
merely finite multiplicative groups of nonsingular linear transforma- 
tions on a linear space A of order s>1 over a field {§ defined so that 
all the transformations leave the unity element 6 of X unaltered. With 
respect to the basis (6, ts, t3, © * * , #4) of A over ff these groups are 
then isomorphic to finite groups © of #-rowed square matrices of 


the form . 
eo) 
G = i - 
B M) | 
where M is an (#—1)-rowed nonsingular square matrix and B a 1 by 
n—1 matrix. 
In his paper Albert‘ has raised the question of the existence of such 


groups @ “such that no = of A exists for which © may pe regarded 
as a permutation group.” 


“Presented to the Soclety, April 29, 1944; recetved by the editors March 14, 1944, 
and, in revised form, April 18, 1947, and July 29, 1947. 

1 The author is indebted to the referee for his helpful comments, 

t Ann. of Math. vol. 43 (1942) pp. 685-723. © 

3 Ibid. p. 712. 

4 Ibid. Footnote, p. 722. 
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We shall prove that such groups exist for every algebra A whose 
order #>2 over f and shall completely settle the case # = 2. 

If #>2 and the characteristic of {§ is different from 2 then the 
matrix 


Ins 0 0 
G=] 0 —1 0j, 
Soor 0 Q —i 


where J,» is the identity matrix of order #—2, generates a cyclic 

group © of order 2. The minimum function of G is x° —1, its character- 
istic function is (x—1)*}(x+1)". This group is isomorphic to the 
permutation group of order 2, = [I,, P], with P similar to 


Ts 0 0 
0 0 1]. 
\ O 1 0 


The minimum function of P is x3—1, its characteristic function is 
(2 —1)*" (42-1) = (4 —-1)*"(4-+1). Thus G is not similar to P and ®© 
is not a permutation group on any base of A. 

Now let the characteristic of be 2. If s is not a power of 2 then 
there exists an integer m such that 2*>n >21, Let My be the 
companion matrix of x*"-*+-1, a square matrix of 2*-' rows. Now let 

1 0 0:--0 
1 


Nea © 0 Mo $ 


0 
a square matrix of 2™—1-+1 rows. 


Then 
G = as "e 
0 N 

will generate a cyclic group of order 2™ since the characteristic and 
minimum function of Na is (<+1)!" “4, a divisor of (*-+1)” 
=xt"+1 and not a divisor of (x-+1)2"7' a2!" '-+1. Thus G is of order 
2" and G cannot be any permutation of # letters since one cycle 
would have to have 2"> y letters. 

If n=2">4, let 
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whose characteristic and minimum function is x*+2x+1. Then let 
Iria 0 0 
G= 0 Ne Oil 
0 0 N 
an #-rowed square matrix. Its characteristic function is (x+1)* 
-(8+-2-+-1), its minimum function is (x+1)!"-"H#(29+2%+1) which 
is a divisor of 23-2" 1 = (x34 1P7 = (x +1)2"(23-+-2-4+1)2". Thus Gis of 
order 3-2". No permutation on #=2* letters is of order 3-2" since 
one cycle would have to have 3 letters and one cycle 2™ letters. 
H n= 4 let 


100 0 

1 1 0 0 
Q c 

0 0 0 1 

0011 


Its characteristic and minimum function is x#4-++-x?-+-*%-++-1, a divisor of 
1 (attat) lata). Thus G is of order 6 and not similar 
to a permutation matrix since the corresponding permutation matrix 
would have to have cycles of 3 and 2 letters each, and there are only 
4 letters. 

If n= 2 the extending group @ consists of 2-rowed square matrices 


a. 
G = : / 
a bf. 


Let m be the order of O then G*= Jj, ‘but 


ee: 
l a(l +b +- +5") Rm)? 


thus 6" =1 and b is an mth root of unity. Thus if § contains a primi- 
tive mth root of unity b for m>2 then 


aeaa) 


generates a cyclic group of order m. The characteristic function of G 
is x?’—(b+1)x+b, different from the characteristic function of any 


F 


4 
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permutation matrix on two letter3. 
Lf § does not contain any roots of unity besides 1 and —1, b must 
be 1 or —1 and G has the form 


G G: c p 0 
a oe ar | 


on h Doo oa (1°) i 
: wa 1)” >" \o1 


If § is non-modular © can only contain elements of form Gs. Now let 


1 0 1 9 
s=( ), T= ( | a b, St = T? m J, 
a —Íí b —i 


( | a 
ST = . 
g— bi 


ST is of form G, and cannot be in @. Thus for n=2 and ¥ non- 
modular there exist finite extending groups only if § contains a 
primitive mth root of unity for m>2.' 

If %§ is of characteristic p>2, 


10 
a 
ii 


generates a cyclic group of order p. This group is not a permutation 
group on two letters since such a group has order two. 

If {§ is of characteristic 2 anid contains an extension of the prime 
field GF(2) then §§ contains at least four elements 0, 1, a, 1+a, 
(a40, 1). Then 


10 1 0 
eoa) GEN 
; al, 1+a1 ; 


nse sna(1°) wese (R= RF 


so that 


then 


form a group of order 4 not a permutation group on two letters, since 
two letters have only two permutations. l 

If §=GF(2), the only nonsingular linear transformations of the 
prescribed form are 


1948] FINITE EXTENDING GROUPS 565 


r(x) (14) 


However, the characteristic and minimum function of G is (x41)? 
=x'-+1 and G is similar to the permutation matrix 


0 1 
pi ( ) 
10 
Thus we have the following theorem. 


THEOREM. For every finite algebra U over X there exist finte extending 
groups © which are not permutation groups on any basis of A if the 
order of A over Y ts greater than 2. 

If the order of X over ty is 2 there exist such extending groups if and 
only if 

(a) § is non-modular and contains a primstive mth root of unity for 
m>2, 

(b) % is of characteristsc p and contains more than two elements. 


UNIVERSITY OF HOUSTON 


DECOMPOSITICNS OF A LOOP INTO CHARACTERISTIC 
FREE SUMMANDS 3 


GRACE E. BATES 


It is known! that if the group G is the free sum of proper subgroups 
.Gyand Gs (or free:procuct for multip:icative groups), then neither G, 
not Gis normal in G. Clearly, then, there is no nontrivial decomposi- 
tion of a group into characertstic free summands. In this paper we 
show that the ebove statement on normality holds for free summands 
of a loop, but that it is possible, nevertheless, with relatively few re- 
strictions, to obtain decompositions of loops into characteristic free 
summands.? 

We use definitions and theorems from a previous paper, referred 
to throughout as [I], but the staterments of these are here repeated 
for the convenience of the reader. ; 

Notations. If J, K are subsets of a loop L, we dence by JUK 
the set-theoretical sum of elements in J and K: by JAK the cross- 
cut of J and K; and by J+K the subloop of L which is generated by 
JUK. If a is a single-valued map of the subset J of L into some loop 
T, we denote by Ja the image of J under a, and by xa, the image of 
any element x in J. l 

A kalf-loop J is a set of elemente with a rule of combination, +, 
defined for some ordered pairs of elements (a, b) of J, and subject to 
the following three conditions: 

i. If a+b=c and a+bed, then cmd. 

ii. Ifv+tanmyta, then x =y; if b—-x=b+-y, then xey. 

iii, There exists an element, 0, in J, such that 0+-x =x-4+0 = x, for 
every xin J. 

A loop L is a hali-loop satisfying the added condition: If any two of 
- the three elements a, b, c, are in L, then a +b =c determines the third 
as an element of L. Every subset of a loop L which contains the 0-ele- 
ment of L is a half-loop and, since every half-loop is embeddable in a 
loop,‘ it follows that every half-loop is a subset of some loop. 

By a homomorphism B of a half-loop J, we mean a single-valued 


~ 


Presented to the Society, April 26, 1947; received by the editors August 18, 1947- 

1 See Baer and Levi [1] and Kuroech [1]. The numbers in brackets refer to the 
bibliography at the end of this paper. - 

2 Bruck pointed out the fact that a characteristic subloop need not be normal. See 
Bruck [1]. 

sae wi 

‘See Bates |1 
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mapping of J inio some loop T such that if x+y isin J, then (x+y)8 
=x6+y68 in T. An tsomorphtsm a of the half-loop J upon the half- 
loop K is a homomorphism of J upon K which is one-to-one and for 
which a~! is a homomorphism of K upon J. 

The half-loop J is closed in the half-loop K if JCK and if, given 
any two of the elements a, b, c in J with a+db=c in K, the third 
element is in J. We may then define generation as follows: The half- 
loop K is generated by its sub-half-loop J if no proper sub-half-loop of 
K containing J is closed in K. 

The half-loop K is free over its sub-half-loop J if every homo- 
morphism of J into any loop T may be extended to a homomorphism 
of K into the same loop T. In particular, a free loop F is one whichis 
freely generated by a subset J (called a free basts of F) having the 
property: a+5=c in J implies that at least one of the elements a, b 
is 0. The cardinal number of nonzero elements in a free basis of the 
free loop F is called the rank of F. A free cycltc-loop is a free loop of 
rank one. 

The loop L is the free sum of its subloops L(v) (we write 
L= >>*L(a)), if L(v) VL (w) =0 for ow, and if L is freely generated 
by UL(»). A free loop, then, is the free sum of free cyclic loops. 

In [I] it is proved that if J.is any half-loop, there exists one and 
essentially only one loop L which is freely generated by J, so that the 
existence of free loops and of free sums of loops is assured. In the ap- 
pendix of [I] it is also shown that the above definitions are (rela- 
tively) analogous to the usual definitions of free groups and free sums 
of groups. 7 

The following statements, here numbered for future reference, 
either follow immediately from the statements made above or have 
been proved in [I]. 

1°. If the loop L is freely generated by J, if the loop T is freely 
generated by K, and if there exists an isomorphism a of J upon K, 
then there exists one and only one isomorphism of L upon T which 
induces & in J. 

2°. If JC K are two sub-half-loopa of the loop L, 

(a) If Lis freely generated by K and if K is freely generated by J, 
then L is freely generated by J, and: 

(b) If Z is freely generated by J and if K is generated by J, then 
L is freely generated by K. 

3°, If L= >-*L(v), then L=L(w) + S* LE (0). 

4°. If L= A + B, and if there exists an isomorphism e of L upon the 
loop T, then T = Aa » Ba. 
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| Since our definition of free sum of loops is not a constructive one we 
need the following Jemma? 


Lemma A. If L=A+B, A, BH, then: 

(a) If 0x, y are elements of AUB for which x+y=ytxin L, then 
x, y are both in A or x, y are both in B. 

(b) If Ox, y, z are elemsnis of AUB for which (x+y)+s=x 
+(y+s) in L, then x, y, z are ah in A, or x, y, z arealin B: 


ProoF. (a) Suppose that 0x, y are elements of AUB for which 
xrx+y={y+zx in L. Assume that x, y are not both in A and are not 
both in B. Then x is in A, y in B, or x is in B, y in A. Since these 
two cases are symmetric, we consider only the first case. 

Since AAB =0, x+y and y+z are undefined in AUB. Consider 
the system S composed of elements in AUB together with symbols 
xoy, yox, with xo yxyox. Define a rule of composition, +, in S$ 
as follows: 

If s,s’ arein A, let s+s’ be the uniquely defined sum of (s, s’) in A. 

If s,s’ arein B let s+s’ be the uniquely defined sum of (s, s’) in B. 

For the given elements x, y, define xty=xovy and ytxayox. 

Furthermore, we define: (x+y) +0—=x2+y=04+(x4+y) and (y+) 
+0=y+tx2=0+(y+2). 

We require the above to be the only sums defined in S. In particu- 
lar, then, a+b for 0a in 4, 0b in B, is defined only for a =x, b =y; 
and b+a, for 0b in B, 0ain A, is defined only for b=y and a =x. 

Then S is a half-loop under this composition and there exists one 
and essentially only one loop L’ which is freely generated by S. But 
then EL’ is generated by A\'B since the subloop of L’ which contains 
AUB must contain S (since it must contain x+y and y+). Further- 
more, if æ is any homomorphism of AUB into a loop T, then in T 
there exists one and only one s’, and one and only one w’, such that 
xat yams’ and ye+xa™=w’, so that a may be extended to a homo- 
morphism $ of S by mapping x+y on s’ and y+x on w’. Since L’ is 
free over S, there exists one and only one homomorphism y of L’ 
inducing § in S and a in A\ /B—that is, a may be extended,to a 
homomorphism of L’ into T and hence L’ is free over AUB. 

But L is freely generated by 4\/B, since L= A +» B. Hence (by 1°), 
there exists an (A\/B)-isomorphism of L upon L’ and therefore 
x+yxytx in L. But this is a contradiction since we chose x, y in 
AWB such that x+y=y+x in L. Hence our assumption that both 

s It is fairly obvious that a much more general proposition than Lemma A is valid 
but as its statement would be somewhat tedious the simpler form sufficient for the 
purposes of this paper is here preferred. ; 
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x, y were not in A and not in B is false, proving (a). 

(b) Given 0x, y, s in AUB, with (x+y)+s=x-4+(y+82) in L, 
suppose that x, y, s are not all in A and are not all in B. Then there 
are only two nonsymmetric possibilities: (1) x, y in A, but sin B, or - 
(2) x, sin A, but y in B. We discuss these separately: 

(1) x, y in A; sin B; then x+y =a, where a is a uniquely defined 
element in A, but y+z and x+(y+s) are undefined in AUB. 

i. If a=0, then a+s=z. We define a system S consisting of the 
elements of AU B, together with distinct symbols y os and x o (yo 8), 
and define a composition, +, in S as follows: s+s’ is the uniquely 
defined sum of s, s’, when this sum is defined in AUB for s, s’ in 
AUB; yts=ayos; xt(y+s) =2e+(y 02) =>x0(yos); and s+0 
=0+s =s for all sin S. Then S is a half-loop and the argument from 
here on goes through as in part (a). 

ii. If a0, then a+s is also undefined in AUB and we adjoin to S- 
in ia new symbol, a o z, and define in the extended system one more 
sum, a+z=4 0 g, before completing the argument. 

(2) x,sin A, but yin B; then x+-¥, y+s,x2+(y+s), and (x-+y)+s 
are all undefined in AUB. Hence, as before, constructing a system S 
to include the elements of ALB, we adjoin now four distinct symbols, 
xoy,yos,x0(yos), and (xo y) os, and define an operation, +, 
in S as follows: For s, s’ in AUB, with a (unique) sum defined in 
AUB (hence s, s” both in A or both in B), we define s+s’ to be this 
sum; we define, for the given x, y, zg, the following sums: x+y=%0 y, 
yt+smyas, (x+y) +s5(xo y)tsm(xoy) os, and xt(y+s) =x 
+(y o s)=x o (y o z). We also require that 0+s=s4+0 =s, for every 
sin S. Then S is a half-loop, as is easily verified, and the argument 
proceeds as before. ` 

We define a normal subloop of the loop L to be one which is the 
kernel of some homomorphism of L. We may now prove: 


THEOREM 1. A free summand of a loop L ts normal sf and only tf the 
free summand ts 0 or L (that ts, nonirivial free summands are not 
normal). 


Proor. Let L=A » B (by 3° this is no loss in generality). If A (or B) 
is 0, then B (or A) is equal to L and hence A and B are both (trivial) 
normal subloops of L. 

Suppose that B is a normal subloop of L. Then there exists a homo- 
morphism æ of L into a’ loop T such that B is the kernel of a. If 
B= LZ or if B=0, the theorem is proved. Hence suppose that B0, 
BL. Then A 540 and there exists a0 in A and b40 in B. Let a’ be 


` 
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the unique solution x m A to the ecuation x+a=0, and consider 
the element ¢=a’+(a+5) in L. 

Suppose that cmc’+(a+5) is in B. Since L=A«B, there exists 
one (and only one) andomorphism f of L which is the extension of 
the identity map in B together with the null homomorphism of A. 
Then c=cf8= [a’+(a+5) |B ma’B+(a8+58) =b8=d. That is, if c isin 
B, then c=a’-+-(a+5) =b. But this is impoesible since then a’-+(a-+B) 
= bm (a’+a)-+b, which, by Lemma 4, implies that a, a’, b, are all in — 
A or all in B. Hence c is not in B. 

But, under the homomorphism a of L into T, we have ca 
= [a+ (a +b)]a =a'a + (ax+òba) =a’a+aa=(a'+a)a=0, so that c 
is in the kernel of c. 

Hence B is not normal in L if E0, BL, and similarly, A is 
not normal in L if A 0, A L. proving the theorem. 


Lemma B. If LD= FeG ts a nontrivial decomposition of the loop L - 
into free summands F, G, where F is a cyclic fres loop on generator f, 
then for any nonsero element g in C, L=Z*G, where Z ts the cyclic 
(free) subloop of L generated by sf +g. 


Proor. L is generated by the half-loop, sUG, since the subloop of 
L which is generated by s and G contains f+g and G, and therefore 
contains f and G. 

Let 8 be a homomorphism of s\/G into a loop T. In T there exists 
one and only one element f’ euch that f’+g8=s8, We define a map- 
ping a of fUG into T as follows: Let ga = 6 for every g in G, and de- 
fine fa=f’. This map is well-defined and is a homomorphism of fUG 
into T. Since L is freely generated by fUG, a may be extended to a 
homomorphism y of L into T. Then sy (f+g)y=fy+gy=Ja+ga 
=f’ --gf m s8. Hence y induces 8 on z. That is, the homomorphism 8 
of sUG into T has been extended to a homomorphism of L into T. 
Hence L is freely generated by s\G and, therefore (by 2°), by ZUG. 
That is, L=Z +G. 

We restate next a theorem proved in [I]. 


GENERAL SUBLOOP THEOREM FOR SUBLOOPS OF FREE SUMS. If 
L= > *L(v), and if S ts a subloop of L, then S= Fs» Do*(SOL(0)), 
where: 

(i) Fs ts a free loop whose rane ts untquely determined by S and the 
Liv). 

(ii) Fg has a free basis, Fo, with the property: If ats an automorphism 
of L such that Sa=S and L(v)a=L(v) for every v, then Fram Fs and a 
effects a permutation of the elements of Fo. 
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A corollary of this theorem is the statement that every subloop ofa 
frees loop ts free. 
Note. If L has a free summand, F0, then F is a free loop if and 
only if in every decomposition of L into free summands there is a 
free summand which has as a free summand a free loop 0. For, sup- 
pose L =A +B is any decomposition of L into free summands. Then 
I= F+G is also a decomposition of L and GL, since F#0. By the 
subloop theorem, A=Fy«(AQNF)«(AQG) and B= Fg» (BOF) 
* (BOG). Now if neither A nor B has a free loop not equal to 0 asa 
free summand, then Fy@Af\F=aFg=B(\F=0, since all these are 
free loops. But then 4 = AAG and B= BAG, from which we see that 
GDAWUB. Since L is (freely) generated by AUB, then L=G, which 
ig a contradiction. 


THEOREM 2. If L=xA+B, A, B 40, then A is a charactertsiic sub- 
- loop of L if and only sf both the folowing conditions are satisfied: 

(1) No free summand not equal to 0 of A tsa free loop. - 

(ii) No free summand not equal to 0 of A is isomorphic to a free 
summand of B. 


Proor. Suppose first that A is a characteristic subloop of L. We 
prove first the necessity of (i). 

Assume that A has a free summand 0 which is a free loop. Then 
we may represent A as A= /F«A;, where F is a free cyclic loop 
generated by f0 (see 3°). Then L=(FeA1)+B=Fe(A,+B). Let d 
be any nonzero element in B and consider the unique element s of 
L satisfying s=f+6. Then s is not in A and notin B, since AAB =0. 
By Lemma B, we have L=Z+(Ai+B), where Z is the cyclic subloop | 
of L generated by s. 

We define a mapping 8 of fU(A1+B) upon sU/(41*B) as follows: 
Let x8 =x for every x in Aı + B, and let fp =s. Then £ ts single-valued 
since f is notin A,+ B. Furthermore, 8 is an isomorphism of f\/(A1+ B) 
upon sU (A+ B). Since L is freely generated by f\/(41+B), 8 may 
be extended to an endomorphism a of L, but this endomorphism is 
actually an automorphism of L since L is also freely generated by 
s\/(4,+B) (see 1°). Since æ is an extension of 8, Fa=Z. But 
Aam(FseAva=FaeAya= Fas Apm A, and hence AaxA, since 
s is in Z + Aj, but sis not in A. This is impossible, however, since A is 
a characteristic subloop of L. Hence 4 can have no free summand s40 
which is free, proving the necessity of condition (1). 

If A has a free summand not equal to 0 which is isomorphic to a 
free summand of B, we may represent A and B as follows: A = A: +» A3; 
B = B; + B, with £ the given isomorphism of A; upon By. We then de- 
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fine a map a of AAJ B: Bı J into itself as follows: ra =x for 
every x in AV Bi; Asa = A8 = By; and Bya= B~ = Ay. Then æ is an 
automorphism of J and since Z is freely generated by J, there 
is one and only one automorphism y of L inducing @ in J. But 
Ay=(Ais#Asyy=ArysAgy (by 40) =A» AmA, + By and since 
ANB a0, Ais Bax A. Hence AyrA, in contradiction tothe fact that 
A is a characteristic subloop of L. That is, A can have no free sum- 
mand not equal to 0 which is isomorphic to a free summand of B, 
which finishes the proof of the necessity of conditions (i) and (ii). 

Now, assuming thar conditions (i) and (ii) are satisfied, let a be any 
automorphism of L. Then L=A+B=Aa+Ba (by 4°) and Aa is 
isomorphic to A, Ba is isomorphic to B. Using the Subloop Theorem 
we have: A=(4A(\Az2z) «(Af\Ba), since by (i), A has no free sum- 
mand not equal to 0 which is free. Also, Ba = Fp. + (Bafl\A) + (Baf\B). 
But then Baf\4, a free summand of A, is isomorphic to a free sum- 
mand of B and, by condition (ii), then Baf\A =0 and A = ANa. 

We have, similarly, B = Fp + (BOAa) « (BO Ba) and Aa = (Aad) 
» (Aaf\B), since Acis isomorphic to A and A satisfies condition (i). 
Then Aa/\B, a free summand of B, is isomorphic toa free summand 
- of A. Hence AaB =0, and we have Aa=4ANAa=m A, proving that 
A is characteristic. 


COROLLARY. If L= >°*L(e) (each L(c) 0) is a nontrivial decom- 
position of L into free summands, then the L(v) are characteristic 
subloops of L if and only if no L(v) kas a fres summand not equal to 0 
which is free or which ts isomorphic to a free summand of L(w), for 
W 0, 


ProoFr. The necessity of the above conditions is an immediate 
consequence of Theorem 2, since, for each L(v), L may be represented 
in the form L=L‘n)« Jam L(w). 

Suppose that the conditions of the corollary are satisfied for every 
v. Let `$, L(w) =B, for some fixed v; then L=L(v) + B. To apply 
Theorem 2 we must show that no free summand not equal to 0 of 
L(v) is isomorphic to a free summand of B. 

Assume that B = B; + By; L(v)= Vis V3, with a an isomorphism 
such that B-a V, (B3740). Since B,CB= > *., L(w), then, 
B= $ 2 a (B:O\L(w)), usiag the subloop theorem and ‘the fact that 
B, contains no free summand not equal to 0 which is a free loop, since 
B, is isomorphic to V3, a iree summand of L(»). 

Then Vam B= X2 a (Bs\L(w))a and hence By \L(w) is iso- 
morphic to a frez summand of Vs and therefore of L(v). But L(w) CB 
=B,+B,; and hence L(w)=(L(w)OB,) «(L(w)OBs,) so that. 
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B,/\L(w) is also a free summand of L(w), wv. This is impossible ac- 
cording to the hypotheses of our corollary and hence the assumption 
that a free summand not equal to 0 of L(v) is isomorphic to a free 
summand of B= > * a L(w) is false. Hence we have, for the decom- 
position of L= L(v) + B, the two conditions of Theorem 2 satisfied for 
L(»), proving that L(v) is a characteristic subloop of L. 


THEOREM 3. If L= >°*L (0) is a decomposition of L into charader- 
tsitc free summands, and if S ts a charactersstic subloop of L, then 
S= F» X *(SOL(0)), where 

(1) Fisa free characerssttc subloop of L. 

(2) For every v, SOL(v) ts a characteristic subloop of L and of L(e). 

(3) There exists a free basis, B, of F such that every automorphism of 
L induces a permutation in B. 


The proof of this theorem is immediate upon application of the 
subloop theorem, since the L(v) and S are characteristic in L. 


TEHROREM 4. If Lm JO*L(0)= X *K (w) are two decompositions of L 
into characteristic free summands, then L= ) 4, (L(0)(\K(w)), where 
the L(o)(\K(w) are characteristic in L. 


Proor. By Theorem 3, since L(v) is a characteristic subloop of 
L= > )*K(w), we have, for each v, L(v) = > 3(K(w)OL/(0)), since L(0) 
has no free summand not equal to 0 which is a free loop. Also, for 
each mw, K(w)ML(v) is a characteristic subloop L= > *L(o) 
sa Dae (K(w)OL(e)). 

THEOREM 5. If L ts the free sum of subloops L(v), then there extsis 
one and only one decomposition of L into a free sum of characteristic sub- 
loops K(w) such that: (a) every K(w) ts a free sum of some of the L(v); 
(b) No refinement of the decomposition into the K(w) has this property. 


Proor. There exists one decomposition of L into characteristic 
free summands satisfying condition (a)—namely, the trivial one, 
L {= L. Consider the cross-cuts of all free summands from any one de- 
composition of L into characteristic free summands satisfying (a), 
with each of those of every other such decomposition of L. By 
Theorem 4, then, L is the free sum of all such crosscuts, the latter 
being characteristic subloops of L. Clearly this last decomposition of 
L satisfies also (b), proving the theorem. 

A loop L is free irreducible if L has no decomposition into nonzero 
free summands other than the trivial decomposition, L= L. In par- 
ticular, a free loop F <0 is free irreducible if (and only if) it is cyclic. 
For, if F= A+B, then A, B are free and 1 =rank Forank A+ rank B. 

If the loop L has a decomposition into free irreducible summands 
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L(s), none of which is a free loop, it follows immediately from the 
subloop theorem thet such a decomposition is unique and any auto- 
morphism of L effects merely a permutation of the L(»). Hence we 
have a stronger theorem in this case: 


THEOREM 6. If L= > *L (0) is a nontrivial decomposition of the 
loop L inio free irreducible summands, then L has a nontrivial decom- 
postion into characteristic free summands K(w) if and only sf the fol- 
lowing two condstions are satisfied: (i) no L(v) is a free loop and (i). 
not all the L(v) are tsomorphic. This decomposition into the K(w) wilt of 
necessity be such that each K(w) is the free sum of some of the L(v) and 
may be so carried out that no further refinement of the decompostiton 
wil weld a characeristic free decomposition of L—u will then be 
unique. | : 

Proor. Suppose L has a nontrivial decomposition into character- 
istic free summands, K(w). Then no K(w) has a free summand not 
equal to 0 which is free or is isomorphic to a free summand of K(w’), 
for ww’ (Corollary to Theorem 2). It follows from the remarks made 
above, then, that no Z(v) is a free loop and that not all the L(v) are 
isomorphic. 

Conversely, if conditions (i) and Gi) are satiafied, then L obviously 
has one nontrivial decomposition into characteristic free summands. 
For, there exists at least one pair of free summands, L(v’) and 
L(o’’), which are not isomorphic. Then L =A +B, where A is the free 
sum of all the L(e) which are isomorphic to L{v’) and B is the free 
sum of the remaining L(v), is such a decomposition. The decomposi- 
tion consisting of ths cross-cut of all free summands from any one 
such decomposition with each of those of every other such decom- 
position will have the further prop2rties of the theorem. 
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RINGS WITH A POLYNOMIAL IDENTITY 
IRVING KAPLANSKY 
1. Introduction. In connection with his investigation of projec- 
tive planes, M. Hall [2, Theorem 6.2]! proved the following theorem: 
. a division ring D in which the identity 
(1) (zy — yx)*s = s(zy — ya)? 


holds is either a field or a (generalized) quaternion algebra over its 
center F. In particular, D is finite-dimensional over F, something not 
assumed a priori. The main result (§2) in the present paper is the 
following: if D satisfies any polynomial identity it is finite-dimensional 
over F. There are connections with other problems which we note in 
§§3, 4. 


2. Proof of finite-dimensionality. Let A be an algebra (no assump- 
tion of finite order) over a field F. We denote by Flx, +--+, x] the 
free algebra generated by r indeterminates over F. We say that A 
satisfies a polynomial identity if there exists a nonzero element f in 
Flix, -> +, æ] such that f(ai,---,a,)=0 for all a; in A. 


Lemma 1.2 If A satisfies any polynomial identity, then tt satisfies'a 
polynomial identiiy in two variables. 
Proor. Suppose A satisfies the equation f(m,---,«,)~0. Re- 


placing x, by # we obtain the equation g(u, 0) =0, with g a poly- 
nomial which is not identically zero. 


Lemma 2. If A satssfies any polynomial identity, tt satisfies a paly- 
nomial identity which is linear in each variable. 

Proor. Suppose A satisfies f(x, - © - , *-)=0and that f is not linear 
in xı. Then 


fly + s, t+ +, tr) — fly, ea + tr) — f(s, m+ - +, z) = 0 


is satisfied by A. This is a polynomial (in r+1 variables), not identi- 
cally zero, and with degree in y and s lower than the degree of f in x. 
By successive steps of this kind we reach a polynomial! linear in all 
variables. l 

Presented to the Society, September 3, 1947; received by the editors August 20, 
1947. ; 


1 Numbets in brackets refer to the bibliography at the end of the paper. 
3 CY. [7, Satz 2]. 
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Lemma 3. Suppose that A satssfies an tdenitty g=0 where g is linear 
sn all tts vartables, and let K be a field over F. Then the Kronecker 
product A XK also satisfies g=0. 


Proor. We have to show that g(a, °°: , x) vanishes when the x’s 
are replaced by elements > aik; of A XE (a, CA, k, €K). This fol- 
lows from the linearity of g and the fact that the #’s commute with 
everything. 

Lemma. 4.3 IF A satssfies an identity f =O which is of degree not greater 
than n in each of tts variables, and of F has at least n-+-1 elements, then A 
satisfies an tdentsty which is homogeneous in each of tis variables. 

Proor. We write f= > f, where f, is of degree in xı. Replacing 
xı by Axı where AGF, we find } A¥,;=0. We do this for » different . 


- nonzero scalars. Using the resulting Vandermonde determinant, we 


obtain f;=0. We repeat this procedure with each of the variables. 


Lemma 5. If f(x, y) is any nonsero element of F|x, y], we can find two 
matrices a, b with elemenis tn F such thai f(a, b) 40. 


Proor. A field of degree k over F may be represented by kk 
matrices over F. Thus by taking matrices split into suitable smaller 
blocks, we may arrange for a scalar field of any desired (finite) size. 

Suppose that on the contrary f vanishes for all matrices with ele- 
ments in F. Then by Lemma 4 we may pass to a polynomial g(x, y) 
which also vanishes for any matrices over F, and which is homo- 
geneous in y, say of degree t. Take a to be a diagonal matrix: 
a=diag (Hı, °° *, #.), with n greater than the degree of f, and the 
u's as yet undefined. For b we choose an » by matrix which per- 
mutes the elements of a diagonal matrix cyclically. Thus 


(2) babi = diag (Mipi, Mita, °° * ) Me, 1° °°, ty). 


We consider g(a, b)b—. Using the relation (2), we systematically push 
b to the right of a, and every such operation induces a cyclic permuta- 


- tion. Corresponding to the typical monomial x*yix*y4e™ . . . in g, we 


obtain the term 
(461) (thra) Èire) - 


in the upper left corner of g(a, 6)b-'. Moreover given any such tetm we 
can unambiguously reconstruct the monomial from which it arose (we 
use here the fact that » exceeds the degree of g, so that there is no 
overlapping of the #’s). Thus the upper left entry of g(a, ie is a 


3 Cf. [7, Satz 1]. 
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polynomial A(t, ---, #.) (that is to say, an ordinary commutative 
polynomial), which is not identically zero. By enlarging the field of . 
scalara, if again necessary, we can find values of the u’s which make 
k different from 0. For this choice we have g(a, b).0, a contradiction. 
' We prove the main theorem of the paper not only for division rings, 
but more generally for primitive algebras in the sense of Jacobson. 

THEOREM 1. A primitive algebra satisfying a polynomial tdenisty ts 
finite-dimenssonal over tts center. 

Proor. First we assert that A is a matrix algebra of finite order 
over a division algebra. For if not we would havet that for every kå, 
A has asub-algebra homomorphic to D, where D is a division algebra 
over F, and D, is the algebra of matrices of order k over D. The poly- 
nomial identity satisfied by A is inherited by D, for all k, and there- 
fore holds for all matrices with coefficients in F. By Lemma’ 1 we 
may assume that the polynomial in question has two variables, any 
this contradicts Lemma 5. 

The problem i is thus reduced to the case where A is a division iee 
bra, say with center-Z. By Zorn’s lemma, select a maximal subfield 
K of A, and form the Kronecker product A XK over Z. By a theorem 
of Nakayama and Azumaya [7], A XK is a dense algebra of linear 
transformations in a vector space over K. By Lemma 2, A has a linear 
polynomial identity, and by Lemma 3 this identity survives in A XK. 
By Lemma 1 we pass to an identity in two variables in A XK. Rep- 
etition of the argument of the preceding paragraph shows that A XK 
is finite-dimensional over K, hence A is finite-dimensional over Z. 

The following further result is virtually a restatement of Lemma 5. 


THEOREM 2. The free algebra in any number of indeterminates has a 
complete set of fintie-dimenstonal representations. 

Proor. Let f(x1, ---,x,) be an element in the free algebra. We 
make the replacement x;= of Lemma 1. For the resulting poly- 
nomial g(«, v), we can find, by Lemma 5, matrices a and b such that 


g(a, 0) 0. The mapping induced by sending x, into a® (@=1,---,71r) 
and all other x’s into 0 is a homomorphism of the free algebra into the 
algebra generated by a and b, and in this representation f(x, - + +, x) 


is not sent into 0. 

3. Algebraic algebras. It is true conversely that any algebra of 
finite order satisfies a polynomial identity. For algebras over the real 
numbers, this was shown by Wagner [8, pp. 531-532]; his identity 


4 [3, Th. 3]. Jacobson has since shown that a unit element is not necessary for 
this theorem (oral communication). 
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for n by n»n matrices has degree (#?—2+2)(s?—n+4)/4. E. R. 
Kolchin has remarked that any algebra of order # satisfies an identity 
of degree #-+1: 


Dy È rita ++ tap = 0 


where, the sign is positive or negative according as the permutation 
is even or odd. Incidentally the existence of these identities furniahes 
a brief proof of Malcev’s result [6, Theorem 9] that the free algebra 
in two or more indeterminates cannot be faithfully represented by 
matrices of finite order. 

A wider class of algebras than those of finite order is covered by 
the following result.® 


THEOREM 3. An algebraic algebra of bounded degree satssfiesa poly- 
nomial tdentsiy. 
Proor. To avoid complications of notation, we give the proof for 


the case where the degrees of the elements are bounded by 3. Thug 
every element x satisfies an equation 


(3) | c+ ar + Br = 0 


where a, 8 are scalars which of course depend on x. (We do not as- 
sume a unit element, and so no constant appears in (3).) We take the 
commutator with y, obtaining 


[2, 7] F a fa, y] + ble, y] = 0 


where [z, y] denotes xy—yx. Then we take the commutator with 
[x, y] and finally with [[x, y], [x?, y]]. The result is: 


[[I, y], |z, yl, JEJ y], [z?, yll] = 0, 


a polynomial of degree 11. The polynomial moreover is not identically 
zero, rince for example there is only one term 


syr yry y. 


In the general case where the degree is bounded by #, we get an 
identity of degree 2*t!—2*-1—1. The case n=2 yields an identity 
equivalent to (1), with s replaced by x. 

Combining Theorems 1 and 3, we obtain a new proof of a theorem 
due to Jacobson [3, Theorems 5 and 7]. 


THEOREM 4. A primitive algebraic algebra of bounded degres ts finite- 
dimensional over tis center. 


' I am indebted to Prof. Jacobson for Theorem 3 and its proof. 
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An outstanding question in the theory of algebraic algebras is 
Kurosch’s analogue of Burnside’s problem: is an algebraic algebra 
necessarily locally finite” Affirmative answers have been contributed 
in two cases: (1) algebraic algebras of bounded degree [3, 4, and 5], 
and (2) representable’ algebraic algebras [6]. A third (trivial) instance 
where the answer is affirmative is the commutative case. A hypothesis 
that is weaker than any of these is the assumption of a polynomial 
identity. It thus seems natural to try Kurosch’s problem next for 
algebraic algebras with a polynomial identity. We shall now con- 
tribute an affirmative answer for the case of a nil algebra; in the light 
of [3, Theorem 15] the question is thus reduced to the semi-simple 
case. 


THEOREM 5. A nt} algebra satisfying a polynomial identity ts locally 
Sinste. 


Proor. We use the terminology and results of Levitzki (cf. [5] and 
the references given there), Exactly as in [5] we reduce to the case 
where A is semi-regular. We choose an element a £0 such that a*=0. 
The algebra Aa is also semi-regular. We convert our identity into 
one, ‘say f(x - °°, 2,)=0, which is linear in each variable (Lemma 
2). Suppose the variable x, actually appears first in at least one of the 
monomials comprising f. We gather all such terms and write 


(4) f(y +++, Se) mm mglaro, a) + Baa, +++, Te). 


Each monomial of & has a factor xı which appears later than the first 
term. It follows that if we substitute a for xı, and any elements of Aa 
for xs, °°, %,, we introduce a factor a? in each term of k and thus 
make A vanish. Thus ag(a, - - © , x) must also vanish for a, +--+ , £r 
in Aa. This makes g a right annihilator of Aa. Since Aa is semi-regular 
it has no right annihilator except 0. Hence Aa satisfies the identity 
g=0. By induction on the degree of the identity we have that Aa is 
locally finite, which contradicts its semi-regularity. 


4, Further remarks. (a) Wagner’s main theorem in [8] asserts 
that an ordered algebra over the reals satisfying a polynomial identity 
is necessarily commutative. Our results furnish a short proof of a 
special case: any ordered primitive algebra satisfying a polynomial 
tdeniity +s commutatice. This is an immediate consequence of Theorem 


=e gelr 16 lore ty Anite every: Gmpely generated sib-algebce ia of Balte 
order. 

Aa algebra ia representable i it 1a iaomorphie to a ring of matrices of faite onder 
over some extension field. 
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1 and Albert's theorem [1] to the effect that any ordered algebra of 
finite order is a field. 

(b) The argument of Theorem 1 can be-made to yield an explicit 
upper bound for the order of the algebra over its center, in terms of 
the degree and number of variables of the identity; the bound how- 
‘ever is far too generous. In a special case like Hall’s theorem there is 
no difficulty in getting the precise bound. Specifically it is only neces- 
sary to produce 3 by 3 matrices violeting the linearized form of (1). 
One may in this way also verify the following result: a semi-simple 
algebra satisfying a polynomial identity of degree not greater than 3 
is commutative. 

(c) We have for simplicity given all the results in this paper for 
algebras, but they may be extended to rings as follows. Assume that 
the polynomials in question have as coefficients operators a such that 
ox =Q implies x = 0. It is to be observed that this holds in particular if 
the coefficients are +1. Thus we may assert that any primitive ring 
satisfying (1) is an algebra of finite order; and Theorem 5 thus ex- 
tended subsumes Levitzki’s theorem [5] that a finitely generated 
nil-ring of bounded index is nilpotent. 

Added in proof (May 1, 1948). I am indebted to Dr. Harish- 
Chandra for the following brief proof of Lemma 5. Let » be the de- 
gree of f(x, y) and J the ideal F[x, y] generated by monomials of 
degree not lesa than »+1. Then F[x, y]/I is an algebra, which can 
be faithfully represented by matrices since it is of finite order. This 
gives us matrices for which f 0, 
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PROOF OF A FORMULA OF LIOUVILLE 
WALTER H. GAGE 


1. Introduction. In his summary of the formulas stated without 
proof in Liouville’s famous series of articles on the theory of num- 
bers, Dickson [1]! remarked that no proof had been published for 
(Q) of the Sixth Article [2]. This formula, however, was later derived 
by Bell [3], who obtained it by paraphrase, a general method which 
he applied to various identities between elliptic, abelian, and theta 
functions to obtain some of Liouville’s formulas and others of new 
kinds. 

Bell noted that among all of Liouville’s, formula (Q) is unique, as 
“it is the only one which depends immediately upon the addition 
theorems for the elliptic functions.” For this reason, together with the 
fact that it is the only elementary proof so far published, the deriva- 
tion of formula (Q) presented below may be of interest. 


2. Notation. Throughout this paper (dı, 8, da, 8, da &) and - 
(d{, H , dj, 6{, di , 8) denote integer solutions for ee positive 
integer, in the forms 


(1) n = 151 + dia + dads, 


(2) n = dii + didi + didi 


respectively, each of the d,, å, d/, 8/ (¢=1, 2, 3) being positive unless 
otherwise specified. Further, F(x, y) denotes a function which takes a 
single definite value for each integral pair (x, y), satisfies the condi- 
tions 
3) F(— x, y) = — F(x, y) = F(z, — y) = Fly, =), 

F(0, y) = 0 = F(z, 0), 


but is otherwise general in the widest sense. 
For the sake of brevity, certain expressions are denoted by single 
letters with subscripts. These are as follows: 


Sı = dy{F(di + dy + ds, di + ds) — F(d: — da — ds, dy — da) } 
- oe Ba fF — 8a, 81 F 8a — ba) — FCB + 83, 81 — 83 + 33) }, 
Sy = (dy — dy) {F(d: + ds, di + da) ~ F(di — ds, di — da) } 

+ (a + 83) {F(81 — 8s, 81 + 83) — Fli + 8a, 81 — 83) }, 


Received by the editors August 4, 1947. 
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Sı = da{F(di + dy + da, di + da) — F(di + da, di + dy — ds) } 
+ baf F (ëa — 81, 8s — 81 + 83) — Fös — 81 — 83, 33 — di) }, 
Sa = da{F(di + ds, di) — F(ds, dy — da) } | 
`+ ôa [F (ês, F 53) — F (5a — 83, ôa) }.. 


When each d,, 5; is replaced by the corresponding df , 6/ the resulting 
expressions are denoted by S, S, S, S{ respectively, and when 
F(x, y) is replaced by (x, y), to be defined later, they ‘are likewise 
denoted by Si, Sa, Ss, S4 

The symbol >) indicates that the creon Si, S! which it pre- 
_ cedes is to be summed over integer solutions of n in the form (1), 
(2) respectively. Any restrictions placed on these solutions are indi- 
cated in a square bracket immediately following the summand. 


3. Fundamental formulas. It is necessary to derive two funda- 
mental formulas. 

Because of the one-one correspondences between (1) and (2) given 
by 
(4) dı = di , 6; = f, da = dy, By = by, dy = dy, 8s = 8i, 

(5) di = di, 37 m 31, dy = dy, bg m 3, + 33, dg = d; — dy, 53 = å; 
it is clear that 
>, Sildi m 83 (mod 2), 3: ™ d; (mod 2) | 
= >) Si [di = 8{ (mod 2), 8s me di (mod 2)| 
= >) Sildi = 2, (mod 2), ô, = d; (mod 2), 
ds > ds, 33 + 33 > 0], 
l eee in the last sum, 3 is not reetricted to positive values. 

As a consequence of (3), S in the final sum of (6) is invariant for 
b:>0, when ds, ds, ds, & are replaced by dz, ôn dx, 8 respectively. 
Hence 
>> Salda = 83 (mod 2), ô, me d, (mod 2), ds > dy, 83 + 83 > 0, 3, > 0] 

m >) Saldı m 83 (mod 2), ås = ds (mod 2), ds > dy, 32 + 83 > 0, 83 > 0] 

= 2-1 » f Salda = 33 (mod 2), 5, = d, (mod 2) | 

— S3[d: m 3, = d; = 3; (mod 2), dy = d;]}. 7 
Similarly, Ss in the final sum of (6) for 6:<0 goes into — Ss, with no 
change in the restrictions, when di, d, ds, ĉi, di, 63 are replaced by. 


81, di, —&s, —ds, 83, ds respectively. For & <0, the final sum in (6) is 
therefore zero. Hence it follows from (6) that 


\ 


(6) 
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25° Si[ds m 83 (mod 2), 83 = d; (mod 2)] 
= 9, {Salds m 83 (mod 2), 83 = ds (mod 2) | 
— Sy[dq m 3, m dy m 83 (mod 2), dy = dy] 
+ 2S3[d m 83 (mod 2), dı m 0 (mod 2), ds > ds, 83 = O]}. 
This is the first fundamental formula. 
As a consequence of the correspondences (4) and ° 
(8) di m= di + ds, õi m 81, di = dy, 8f = by — 81, di = ds, ôi = By, 
it ig evident that 
> Saldı yh 83 (mod 2), ô: xf ds (mod 2)] 
œ >) S{ [df wh 8{ (mod 2), 8f y4 di (mod 2)] 
m= >) Saldı + dy ph 83 (mod 2), 83 — 3; wh d; (mod 2), 83 > 41, 
l dı + di >01], 


where, in the last sum, d; is not restricted to positive values. As in 
the case of (6), S in the final sum of (9) is invariant for d:>0, ex- 
cept that &>%8, becomes 6,>6, when dı, &, di, 8: are replaced by 
dy, ĉr, di, 6, respectively; and for di<0, Sı goes into —S; when 
di, Öis da, bs, ds, 33 are replaced by — ĝi, —d1, Ôi, dh, bs, dy respectively. i 
Because of the form of the expression 5 it is also obvious that the first 
sum in (9) is zero. From these results we obtain the second funda- 
mental formula 


Y Saldı + Gs xí 83 (mod 2), ôs — ĝi yá d3 (mod 2)] 
(10) = >> {53[8s yá dy + dy (mod 2), ds 4 0 (mod 2), 8; = 34] 
— 253[d á 83 (mod 2), 8s — 8; xf dı (mod 2), 33> bı, dı = O]}. 
4. Formula (Q). In each of (7) and (10) let us choose # =m (odd), 
F(x, y) =(x, y) for «myes0 (mod 2), and F(x, y) =0 otherwise. It is 
then clear that d(x, y) ia subject to the same conditions as F(x, y) 
in (3) and, after slight changes in notation, that the left members of 
(7) and (10) are equal. Elimination of this common sum gives 
> Daldı m 5; m 1 (mod 2) (¢ = 1, 2, 3)] 
(11) = >, {Ss[d; m 8; m 1 (mod 2) (i = 1, 2, 3), da = d3] 
wo 25alds pá 83 (mod 2), 33 — dy yá ds (mod 2), 
B, > 53, di == oj}. 


In (11) and later expressions, it is to be remembered that x and y in 
(x, y) are both even integers. 


(7) 


(9) 
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It will now be proved that the sum in the right member of (11) 
is zero. On placing As ġ,-}-8, we have 


DO Saldi m 8, m 1 (mod 2) (4 = 1, 2, 3), da = da] 
= 290! > Al — J, 81 + As — J) [dy m 8) æ d; 
ma J om 1 wh A, (mod 2), A: > J], 
where J` indicates the summation over all positive odd integers J, 
in this case less than As, and > indicates the summation over posi- 
tive integral solutions (dı, 6, ds, Ax) for m in the form m = dô, +dôa, 
with d)=6,e%d,%A,m0 (mod. 2). Now 
29. 9 Al — J, 81 + Aa — SJ) [Ar > J] . 
a 29 dor {Asd(81 — J, 81+ As T) 
— Alè: — J, 81 + Ay — [As < J]} 
x 20 Asfel — J, di + Ar J) 
— $(81 — Ar — J, 8: — J)}, 


the last term being obtained from that for which As is less than J by 
first replacing J by Ast- and then changing k into J. 
In case ĝ& > J the final sumin (12) is equal to 


2 >) Sildi ph 83 (mod 2), 8: — 8: é dı (mod 2), ĉa > 81, dy = 0]. 


In case å <J let us replace J by &-+2k, k a positive integer. Then 
the final sum in (12) becomes 


257$ As{o(— 2k, As — 24) — o(— As — 2k, — 24)} 
m 29 SiAafh(2k, As + 2k) + lAs — 2k, 24)}. 
Now, for Ay>2é and hence for 2k A,— 24, t a positive integer, 
E DOAA — 2k, 24) [Ay > 24] 
= — DY Didww (Aa — 2, 24) [As > 2i], 


(12) 


(13) 


so that 
Sy Aplis — 2h, 22) [As > 28] = 0. 
On the other hand, for Ay<2 and hence for 2k =A;,-+-23, 
¥.! SoAgd(da — 2k, 2k) [As < 2k] . 
= >! Apl 24, Aa + 28) [8 > 0] 
æ — SY! > Ag(2k, Ar + 2k) [k > O]. 
Since the right-hand sum in (13) is thus zero, it follows from (11) that 
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(14) >) afd: m 8, m 1 (mod 2) (i = 1, 2, 3)] = 0. 
As a consequence of (3), formula (14) reduces to 


> ds{b(di + da, di + ds) + (a1 — ds, di + da)} 
= J ds{o(di + ds, di — ds) + $(d1 — ds, di — da) }, 
where the sums are taken over all solutions of m in the form d,8,-+dats 


-+-d353 with d;ae$,;m1 (mod 2) fors=1, 2,3, and where d(x, y) satisfies 
the same conditions as F(x, y) in (3). This is Liouville’s (Q). 


5. A more general formula. Formula (Q) is only one of several 
- arithmetical identities which we have established. Each of (7) and 
_ (10), for example, is also an identity of the Liouville type. Further 
formulas are obtained from (7) and (10) by deleting the congruence 
relations from the restrictions in the square brackets. 
In §2 let us re-define the notation by placing 
S1 = F(d,, dı + da + ds, dı + da) — F(dy, dı — dy — Gy, di — da) 
-+ F(8s, 81 — 33, 81 + 8a — 83) — F (ês, 81 + 83, 81 — 3: + 8a), 
S: = F(dy — ds, di + ds, dy + da) — F(ds — ds, di — ds, di — da) 
+ Fès + 8s, 81 — 83, 84 + 33) — Fa + 8s, 81 + 82, 81 — 4s), 
Ss = F(ds, dy + ds + ds, dy + dy) — F(ds, di + ds, di + di — da) 
+ Eða, 83 — 81, da — 81; + 83) — F (ês, ba — bi — 83, 8g — 81), 
Sı = F(di, di + ds, di) — P(ds, di, di — di) 
-+ F(s, 83, Ba + 83) — F(Ss, 83 — 3a, ĉr), 
where 
F(w, — x, y) = — F(w, z, y) = F(w, z, — Y) 
(15) = F(w, y, x) = F(— w, x, y), 
F(O, x, y) = 0 = F(w, 0, y) = F(w, 2, 0). 
It is not difficult to see that (7) and (10) still hold. If, further, we 
let » =m (odd) in each of these formulas, choose F(w, x, y) =W(w, x, y) 


for wmxesymQ (mod 2) and F(w, x, y)=0 otherwise, and follow 
the procedure outlined in §4, we obtain the more general formula 


Yd {W(ds — day di + da, dy + da) + ¥(ds + da, di: — ds, dx + dy)} 
(16) 
a $, {eds + ds, di + ds, di — da) + ods — dy, di — dy, di — da) }, 


where (tw, x, y) is subject to the same conditions as F(w, x, y) in 
(15). 
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, Liouville’ s (Q) isa special case of (15) for the choice (w, x, y) 
= w(x, 3: 
i REFERENCES 
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SET FUNCTIONS AND SOUSLIN’S HYPOTHESIS 
DOROTHY MAHARAM 


1. Introduction. It is known! that Souslin’s hypothesis’ is tmplsed 
by the existence of a nontrivial outer measure on every field of sets 
satisfying certain conditions. We shall here prove that Soualin’s 
hypothesis is equsvalent to the existence, on a wide class of fields of 
sets, of set-functions of a certain type. The axiom of choice is as- 
sumed, but not the continuum hypothesis. 

Instead of working with fields of sets, it is more convenient to use 
the equivalent notion of a (finitely additive) Boolean algebra, E.’ 
We say that x, yCE are disjoint if xAy—o, and that they tntersect 
~ otherwise. A set S of elements of E will be called a Souslin system if it 
satisfies the following three postulates: 

(1) So, and whenever s, s' ES, then either s/s’ =o, or $2.3’, or 
S ZS. t 

(2) If A CS consists of pairwise disjoint elements only, then A is(at 
most) countable. : 

(3) If A CS is such that every two of its elements intersect, then A 
is countable. 

Souslin’s hypothesis is known to be equivalent to the assertion 
that every Souslin system is countable.‘ 


THEormM. Soushin’s hypothesis ts true tf and only tf there exists, on 
each non-atomic Boolean algebra E satisfying the countable chain condi- 
iton, a real-valued function f such thai (i) x2 y—f(x) af), Gi) fx) =O 
x0, and (ili) piven xCE—(0) and €>0, there exists yOCE—(0) ~ 
such that y <x and f(y) <e. , 


2. “If.” Suppose an uncountable Souslin system exists. Then, as 
easily follows from [2, §7], there exists a complete Boolean algebra E, 
satisfying the countable chain condition, and an uncountable Soualin 
system SCE having the following additional properties: 

(4) S=US., where a ranges over all countable ordinals, and the 
elements of each S, are pairwise disjoint. 

(5) If a <8, then for each ss € Sg there exists an Se (CS,) such that 
Sa > Spe 


Received by the editors August 12, 1947, 

1 See [2]; in the case of a measure, the result is due to K. Gödel Numbers in 
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(6) If a< P, samV { 54] 50<sef. 
(7) For each «CZ, there exists an æ such that 


zm Visalsas x}. 


(In the notation of [2], we have only to take E=(D+,N)/N, and 
the elements s, are the equivalence classes c, mod N. The notation Sa 
is intended to imply that s.€©S,, and so on.) 

Clearly E is non-atomic, so by hypothesis there exists on E a real- 
valued function f having the properties (i}-(ili) of the theorem. 

Now, for a given positive integer #, ezch s©S for which f(s) <1/n 
is contained in a maximal such element of S, say m(s, n); in fact, if 
$=$,, we have that for each aS§ there is a (unique) Sa & ss, and we 
take m(s, s) =s. for the smallest œ for which f(s.) <1/n. Let Ma de- 
note the set of all elements m(s, n) (for fixed #); clearly the elements 
of M, are pairwise disjoint, so that each M, is countable. The de- 
sired contradiction is now obtained by showing that S is countable 
after all; and this will follow (in virtue of (3)) once it is established 
that: 

(8) Each s&s is greater than or equal to some m(s’, 2). 

But, given s, we have from (ii) that f(s) >1/s for some n. By (iii), 
there is an x&E such that o<x<s ard f(x)<1/n. From (7) there 
exists an s’C.S such that s’ Sx; hence m(s’, ») exists and is greater 
than or equal to $s’. Now m(s’, n) and s are not disjoint (for both are 
greater than or equal tos’); and m(s’, n) +s, for f(s) >1/n>f(m(s’, n)). 
Hence se@m(s’, n), by (1). 


3. “Only if.” Let E be a non-atomic Boolean algebra satisfying 
the countable chain condition. By Zorn's lemma (or transfinite induc- 
tion) there exists a maximal subset SCE satisfying (1); and the 
countable chain condition ensures that (2) and (3) hold also. Hence, 
~ by Souslin’s hypothesis, S can be enumerated as {sa} (n=l, 2,- 
to œ; it is easy to see that S is necessarily infinite), where for con- 
venicnce we may suppose that the unit element e (which necessarily 
belongs to S) is sı. We assert: 

(9) Given s;, there exists Sm < Sr 

For, since Æ is non-atomic, there exists +4 EE such that 0 <x < Sp 
If «CS, there is nothing to prove. If not, since S is maximal, there 
must be an Sw such that Sw/^\xs£0, and s, and x are incomparable. 
But then Sw intersects sy, so either 3:4 3.-—which implies «Ss, and 
so is excluded—or Sr> Sw, q.e.d. 

Let e; denote either 1 or —1, and write «es; to denote s; if g=—1, 
and the complement —s,; if ¢&=-—1. For each finite sequence, 
G¢---é€, of +1’s, we write Af (esi) ilee + «> éa). 
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Now let {t} be any infinite sequence of elements ft! mi(eed >- - eip) 
such that 1Sn(1)<n(2)< ---. We shall show that: 

(10) If @C£ is such that a is lees than or equal to each #, then 
G0. 

For suppose a>40. Then clearly & is independent of $ (provided 
only that »(¢) 2j), so that we may write ¢=«,, and have that, for » 
every j, i i 
(11) ej È O. 


Hence a€ 8S (else a could be adjoined to S without violating (1), and 
Sis maximal); say a=s,. From (9), S> Sa for some m. But (11) gives 
Ensa È Sya contradiction. 

Now, given any xEE — (o0), (10) shows that there will be a greatest 
n, say n(x), for which there exists an element i(&e - - - én) 2x. (Note 
that i(1) =e, so that #(x) is always defined.) We put f(x) =1/n(x), 
and complete the definition by setting f(o) =0. Properties (i) and (ii) 
are immediate. To verify (iii), suppose that x&E-— (o) and e>0 are 
given. Choose s>max (1/e, 1/f(x)), and consider the 2* (not neces- 
sarily distinct) elements (46 ---¢,.) for all possible choices of 
«a= +1. The V of these elements is e, so at least one of them, say }, 
intersects x. Write y=t/Ax; thus o <y Sx, and n(y) &n, so that f(y) 
<min (e, f(x)), and (iii) is established. 


4. Further remarks. (a) Let E be a non-atomic Boolean algebra 
satisfying the countable chain condition. It does sot follow that the 
existence of a function f on E alone, satisfying conditions (i)}-(iii) of 
the theorem, implies that every Souslin system in E is countable. In 
fact, this is fa/se—unless Souslin’s hypothesis is true. For if Soualin’s 
hypothesis is false, there will be a Boolean algebra E, satisfying our 
conditions and containing an uncountable Souslin system S. (Cf. §2.). 
Let Fy be (say) the algebra of measurable sets modulo null sets on 
the unit interval. We can regard E, and Fy as the algebras of open- - 
closed subsets of their respective representation spaces R, and Ra. The 
“product” algebra E =E, XE, can now be defined to consist of all 
finite unions of open-closed “rectangles” in the topological product 
RiXRs. For each «GE, say «=U?(xi X24) (x}s<0) we define f(x) 
= measure of Ux}. It is easy to see that E and f fulfil all the require- 
ments. Yet E contains an uncountable Souslin system S*, formed by 
the cylinder sets on S. 

It can however be shown that the countability of every Souslin 
system in E (where E is, as hitherto, non-atomic and satisfies the 
countable chain condition) is equivalent to the existence, for every 
non-aiomic subalgebra F of E, of a function f (depending on F, in. 
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general), defined on F and satisfying postulates (i}—(iii) for F. In one 
direction this is an immediate consequence of §3; the proof of the 
other implication, while using the same ideas as §2, is more com- 
plicated. 
(b) The arguments of §§2 and 3 also readily give purely EE 
properties equivalent to Souslin’s hypothesis. We have, for example: 
Souslin’s hypothesis is true if and only if each non-atomic Boolean 
a-algebra saitsfying the countable chain condsiton coniatns a double 
sequence of elements ty; such that (a) V lni =e and (B) for every function 
a(n) of. n, Natai =O. 
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ON UNIVERSAL MAPPINGS AND FREE 
TOPOLOGICAL GROUPS 


P. SAMUEL 


It has been observed’ that constructions so apparently different 
as Kronecker products, extension of the ring of operators of a module, 
field of quotients of an integral domain, free groups, free topological 
groups, completion of a uniform space, Cech compactification enter 
in the same frame. We intend in this paper to explain a rather general 
process of construction which may be applied to most of the examples 
quoted above. 

This paper will proceed axiomatically. In fact the problem under 
question (problem of a “universal mapping”) can be only stated after 
a certain number of axioms. When the method of constriction has 
been explained we shall illustrate it by the classical example of the 
completion of a uniform space. For more examples the reader is re- 
ferred to a forthcoming book of N. Bourbaki. The same method gives 
also necessary and sufficient conditions for many imbedding prob- 
lems. Both topological and algebraic examples will be given. In the 
last part of the paper our method of construction will be applied to 
Markoff's theory of free topological groups.* 


1. Problems of universal mappings. Given a set E it is possible to 
define on it certain kinds of structures, that is structure of ring, field, 
topological space.? We shall denote by S or T certain kinds of struc- 
tures. A set with a structure T will be called a 7-set: if T is the struc- 
ture of group the T-sets are the groups. An isomorphism for the struc- 
ture T will be called a T-isomorphism: 

T-mappings. Induced structures. Given a kind of structure T it 
happens very often that, for every pair EFa of T-sets, there has been 
defined a family of mappings of E, into Fa satisfying the following 
axioms: 

A, Every T-tsomorphism ts a T-mapping. 

As. If f: Ei Ey and g: Fy, Es are T-mappings, then the composite 
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morphism” see N. Bourbaki, Theorie des ensembles (Résultats), Part 10, Paria, Herr- 
mann, 1939, 
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mabping g o f:i, Ey 4s a T-mapping. 

Ay. A necessary and sufficient condthion Jor a one-to-one mapping f of 
E, onto Es to be a T-tsomorphism is that f and f~! be T-mappings. 

EXAMPLE. If T is the structure of group the 7-mappings are the 
homomorphisms; if T is the structure of topological space the T-map- 
pings are the continuous ones. 

Let now o and o’ be two structures T defined on E and E’CE 
respectively. We shall say that o’ is induced by o when: 

l. The tnjection of E' into E is a T-mapping. 

ly. If f: FE is a T-mapping and if f(F)CE’, then f considered 
as mapping of F into E' is a T-mapping. 

l, J, and As show immediately the untgueness of the induced struc- 
ture. 

If Z’ CE is capable of an induced structure we shall say that Æ’ is 
T-closed. We suppose that the following axioms hold: 

Si. A subset of E composed of all the elements where a family of 
T-mappings takes the same value is T-closed. 

Sy. Any intersection of T-closed sets is T-closed. 

S is a consequence of S, if we allow mappings which are not every- 
where defined: The notion of 7-closed set is obviously transitive. Sa 
allows us to define the 7-closure E’ of a subset E’CE as the inter- . 
section of all 7-closed subsets containing £’. We shall suppose: 

Sa Cardinal (E’) Scertain function of cardinal (£’), a function — 
which depends only on the structure T. 

In most cases the function “2770r will be sufficient. 

Axioms for the tariesian products. In many important cases it is 
possible, given a family (Ea) of T-sets, to define on the cartesian 
product [[.. a structure T which satisfies the following conditions: 

Pı. The projections (on the components) are T-mappings. 

Py. If the fa:E—>Ea are T-mappings, the product mapping f:E 
>] [Ee (defined by f(x) = (fa(x))) is a T-mapping. 

As easy consequences: the projections on the partial products are 
T-mappings; these partial products are T-closed; the given structure 
of the “coordinate axis” is induced by the product structure. Applying 
A; we see also that the product structure is unisus. 

Remark. The example of the structure of topological space shows 
easily that the axioms A, S, P are independent. 

Statement and solution of the problem of universal mappings. Given 
two kinds of structures S and T, suppose we have defined the T-map- 
pings, and also mappings of S-sets into T-sets, called the (S-T7- 
mappings, denoted by greek letters, and satisfying: 

(S-T)1. The composite mapping f o ¢ of an (S-T)-mapping ġ and of 
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a T-mapping f ts an (S-T)-mapping. 

(S-T)s. The produc mapping of a family of (S-T)-mapptings is an 
(S-T)-mapping. 

The structure T is supposed to satisfy the axioms A, S and P. 

The problem we have in view (“problem of universal mappings” 
or “problem U”) is the following: given any S-set E to find a T-set 
F, and an (S-T)-mapping ¢ of Æ into F such that: 

(Uy). Every (S-T)-mapping $ of E into any T-set F has the form 
p=f ody where f is a T-mapping of Fo into F. 

It is clear that, if such an Fo exists, the T-closure of ġo( E) in Fo 
will also satisfy (U). Therefore (S) there will exist a pair (Fo, do) 
such that: 

(U3), Two T-mappings of Fy imo F which coincide on (E) are 

We deduce immediately from A; that a pair (Fo, de) satisfying (U;) 
and (U3) is untquely determined up to isomorphisms. 

We now come to the construction of a pair (Fo, do) satisfying (U1). 
Consider the set of all (S-7)-mappings of E into all T-sets whose 
cardinal does not exceed the one indicated in S (2° * in most 
cases). Let {ġa} be this set, ġa mapping E into Fa. Let Fo=][ [Fe 
and ġo be the product mapping x->(¢.(x)) of E into Fo. Fy is a T-set 
(P), and ġa an (S-T)-mapping ((S-T)s). Let @ be an (S-T-)mapping 
of E into F, F’ the T-closure of ¢(£) in F, 4 the injection of F’ in F. 
By Ss, I, and (S-T) the contraction @¢’ of ¢, mapping of E into F, is 
among the a, say de, Let po be the, projection of [].Fa onto Fey. 
‘We may write ġ =$ 0 dh! =i 0 de, =4 0 po o do. Since 4 o pois a T-map- 
ping of [].F. into F, the pair (Fe, ġo) satisfies (U1). Q.E.D. 

ExampLe. The preceding construction applies to all the examples 
quoted in thé introduction except the field of quotients of an integral 
domain (a product of fields being not a field). For these examples the 
reader is referred to a forthcoming book of N. Bourbaki. 

We shall give only the example of the completion of a uniform 
space.‘ S is the structure of separated uniform space, T the structure 
of complete separated uniform space. The T- and (S-T)-mappings are 
the uniformly continuous ones. All our axioms are verified. Therefore, 
given a separated uniform space E, the preceding construction pro- 
vides with a complete space Fo and a uniformly continuous mapping 
go of E into F such that every uniformly continuous mapping of E 
is “induced” by a uniformly continuous mapping of Fo. 

We shall prove that, in this case, œo is a uniform structural iso- 
morphism of E onto ¢o(Z). In fact consider the family € of all uni- 


‘N. Bourbaki, Topologie générale, chap. 2, Paris, Hermann, 1940. 
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formly continuous distances (not necessarily satisfying the separa- 
tion axiom “d(x, y)=0 implies x=") on E. Since the real line is a 
complete space the function f defined by fixing one of the arguments 
in the distance d is among the fa. Since the uniform structure of E 
may be defined by the family €,5 we see immediately—denoting by 
{ fa} the. subset of {fa} composed of all mappings deduced from 
distances, and by x the projection of [[.F. onto [[sFs—that r 0 ġo 
is an isomorphism. Hence œo is one-to-one and ¢)'=(r o ġ) OF 
is uniformly continuous. Hence ġo is an isomorphism. 

By definition of the 7-closure (smallest complete, that is, closed 
subspace), we see that ġo(E) is dense in F. We have therefore proved 
the existence and the uniquenese of the completion of a uniform space 
. (provided we have defined the real line without completion, for ex- 
ample by the cuts process). If E is not separated one verifies easily 
that @o() is the associated separated space. 


2. Imbedding problems. It often happens that the structure T is 
“richer” than the structure S, that is, that there exists a canonical 
process for giving a structure S$ to a T-set. In an example where 
$(E) is, in the S-set Fy, capable of an induced structure S,-arises, 
with the problem (U), an “imbedding problem”: may we consider E 
as a subset of a set F, subset whose structure S is induced by the 
structure S of F canonically deduced from a structure T? We shall 
suppose that a 7-mapping is also an S-mapping for the deduced 
structures S. As a consequence (A; for S) the operations “induced 
structure” and “deduced structure” commute. 

If @o() is capable of an induced structure S, and if ġo is an 
S-isomorphism, the imbedding problem is solved by (Fo, ¢o). Let 
conversely (F, $) be a solution of the imbedding problem, œ being an 
_ (S-T)-mapping. We can write ¢=/ o ġo, f being a T-mapping of Fo 
into F. Since ¢ is an S-isomorphism, and ‘since f| po(E) and ġo are 
S-mappings, it follows from A, and A; (for S) that f| ¢o(E) and ġo are 
S-isomorphisms. Therefore (Fo, ġo) gives also 'a solution of the im- 
bedding problem. , i 

We may therefore consider F as a set of equivalence classes in Fo, 
the sets fa} (aE¢(E)) being equivalence classes. The fact that this 
identification is not always trivial (and that the imbedding problem 
does not admit a unique solution) is shown by the example of the 
compactifications of a uniform space (F, being the Čech compac- 
tification). Therefore: A necessary and suffictent condsiton for the im- 
-~ bedding problem of E to be possible is that do be an S-tsomorphism. 


s N. Bourbaki, Topologie géuérale, chap. 9, part 1, Theorem 1, 1948. 
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EXAMPLES. (1) Charactertsatton of untformisable spaces.* The struc- 
tures S and T are the structures of topological space and of compact 
space respectively. The S-, T-, (S-7)-mappings are the continuous 
ones. Let £ be the given topology on E, T’ the one induced on ġo(E) 
by the product space topology. T’ and To = (T) are uniformizable. 
In general Ẹ is finer than To. A necessary and sufficient condition for 
T to be uniformizable is that T= o. Then Fs is the Cech compactifi- 
cation of E. Using the fact that every compact space may be im- 
bedded in some, finite or transfinite, cube, one shows easily that the 
condition “T = T,” is equivalent with the complete regularity of E. 

(2) Alexandroff's Trspace.’ S is the structure of topological space, 
T the structure of 7:-space, the S-, T-, (S-7)-mappings are the con- 
tinuous ones. Then @o(£) is the “greatest possible” identification , 
space of E which is a T;-space. 

Remark. It may happen, in some cases where our axioms are not 
all fulfilled (in particular S4 relative to intersections of T-closed sets), 
that one can however construct ġo, while Fe is “too big.” 

(1). Let S be the structure of ring, T the structure of semi-simple 
ring. The S-, T-, (S-7)-mappings are the homomorphisms 4mo. 
In this case ¢)'({0}) is the extension radical R of the ring E.* If 
R=0, E may be imbedded in a semi-simple ring and conversely. 
The structure of may be obtained by studying a sufficient number 
of homomorphisms of E into semi-simple rings. Let a be the two- 
sided ideal 7/\f),pF (T: ideal of the elements of finite order in the 
additive group of E; p: prime number). Every semi-simple ring 
being contained in a product of full matrix rings over s-fields, it 
is clear that ¢(a)=0 for every homomorphism œ of E into a semi- 
simple ring. Hence aC®. On the other hand the rings E/pE and 
the Kronecker product E/T @0O of E/T by the rational field Q are 
algebras over the prime fields. But every algebra is a subalgebra of 
a full matrix algebra (adjoin a unit element, and consider the left 
regular representation). Hence RCpPE, RCT. Therefore R =a. 

(2) If we restrict the (S-T)-mappings to be the homomorphisms 
onto semi simple rings, it is easily seen that ¢5'({0}) is the radical 
of #.° l 

f P. Samuel, Ultrafilters and compactification of uniforms spaces, Princeton thesis, 
1947. 

1P. Alexandroff, Bikompahie Erweiterungen von Räumen, Rec. Math. (Mat. 
Sbornik) N.S. (1939). 

s O, Goldman. Seni-simple extensions of rings, Bull. Amer. Math. Soc. vol. 52 
(1946) pp. 1028-1032. 

*N. Jacobson, Radical and semi simplicity for arbtirary rings, Amer. J. Math. 
vol. 67 (1945) pp. 300-320. 
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3. Free topological groups. As a more elaborate example of our 
general method of construction, we shall give a sketchy treatment of 
Markoff's theory of free topological groups. Only very easy proofs 
have omitted. 

S is the structure of topological space, T the structure of separated 
topological group (abelian, or preccmpact, if desired). The (S-T)- 
mappings are the continuous ones, the J-mappings are the continu- 
ous homomorphisms. All the axiome A, S, P are satisfied. Applying 
the general construction to the topological space E, we get for Py a 
separated topological group (abelian, or precompact, if desired) 
denoted G(E), (GA(E), GC(E)). By construction G(#) is such that: 

(1) For every continuous mapping > of E into a topological group G, 
there extsts a contiauous homomorphism g of GCE) into G such that 
p =g O Po. 

(2) Two coniinucus homomorphisms of G(E) into a topological group 
H which coincide on (E) ars ideniical; po E) generates G(E); G(E) 
ts uniquely determined by E. 

Similar properties hold for GA(E) and GC(E). The uniqueness 
shows that GA (E) »G(E)/C, C being the closure of the commutator 
subgroup of G(E). If E is discrete, C(E) and GA (E) are the classical 
free group and free abelian group generated by the set E. 


THEOREM 1. A necessary and suffictent condition for do to be a 
homeomorphism ss that E be compleiey regular. The unsform structures 
induced on the do(E) are the untversa! untform structure (for G(E) and 
GA(E)), and the Čech uniform: structure (for GC(E)). 


The necessity is clear. The sufficiency comes easily from the fact 
that one has sufficiently many mappings continuous of E into the real 
line R or the unit circle T. 


THEOREM 2. If E' is a subspace of the completely regular space E, 
G(E’), GA(E’) and GC(E4) are clgebratcally isomorphic to subgroups of 
G(E), GA(E) and GC(E), and have finer topologtes. 


If we extend the injection 4: E'’—>E—G(E), we get a continuous 
homomorphism g:G(E)—G(E). g is shown to be one-to-one by 
proving that, given a word | |,o% (a,€E’), there exists a topological 
group G and a continuous mapping f of E’ into G such that 
Ll. fla) "I. One may take for G the unimodular orthogonal group 
O;(R] which contains free groups with as many generators as desired, 
and which is arcwise connected. For GA(E’) an R” is good enough. 

As corollaries, w2 have: 

(a) G(E) and GC(E) (resp. GA(E)) have the algebratc structure of, 
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the free (resp. free abelian) group generated by the underlying set of E. 
(b) The commutator subgroup C of GIE) ts closed; GA(E) = G(E)/C. 
(c) do(E) ts a closed subset of G(E) (resp. GA(E), GC(E)). 

((c) is proved by imbedding E in a compact space.) 

(d) Every free group is algebrascaly tsomorphic with a subgroup of 
a compac group. 

(e) The topology of G(E) is finer than the topology of GC(Z). 

When E is connected, the subgroup A of G(E) (resp. GA(£), 
GC(E)) composed of all the words of total degree zero is the con- 
nected component of the identity. If E is compact, A is a countable 
union of compact sets. 

If £’ CE, G(Z’) is topologically isomorphic with a subgroup of G(E) 
in the following cases (wherg, continuous mappings of E’ into sufi- 
ciently many groups can befextended to E): 

(a) E’ is a retract of E. 

(b) E is the completion of E’ for the universal uniform structure. 

(c) E is normal and F’ is a closed subset of E. 

A counter-example is the following: E’ is a discrete noncountable 
space, and E is its Cech compactification (consider the subgroup 
composed of the words of total degree zero). 

The Markoff’s schemes. By a scheme is meant a set © of words 
formed from elements of E. We shall consider the continuous map- 
pings {fo} of E into topological groups such that Į {,f,(a,)* = 1 for 
every word | [,a?*€6. Such an f, is called a realisation of the scheme ©. 

We apply the general construction to the mappings f, (with the 
usual restriction on cardinal numbers): we form the partial product 
TIG, of [[.G., and construct the subgroup G6(E) generated by the 
elements (f,(x)) (GE). Let de be the mapping x—(fy(x)). It is 
clear that every realization of the scheme © may be written f=g0 de, 
where g is a continuous homomorphism of G&(E). On the other hand 
such a, pair (GS&(E), de) is unique. If H denotes the closure of the 
invariant subgroup of G(E) generated by ©, G&(E) is isomorphic 
with G(£)/H (because of the uniqueness). 

EXAMPLES. (a) G(£) is defined by the empty scheme, GA (E) by the 
set of commutators. | 

(b) If E has a structure of wadana group, we may take for 
© the “multiplication table” of E. A pair having the properties of 
(G6(E), de) being (E, identity), we deduce from the uniqueness that: 

Every topological group E ts isomorphic with a factor group of the 
free topological group generated by the underlying topological space of E. 

(c) Taking for E the topological sum of two topological groups 
(with identity elements identified), and for © the union of their multi- 
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plication tables, one gets the fres topological product of the two groups. 
The referee has pointed out to me that S. Kakutani (Free topo- 
logical groups and infinitis direct products of topological groups, Proc. 
Imp. Acad. Tokyo vol. 20 (1944) pp. 595-598) gives substantially 
the same proof of Markoff’s theorem as I do. 
Notice also that Nakayama’s results (A sole on free topological 


! 
f 


groups, Proc. Imp. Acad. Tokyo vol. 19 (1943) pp. 471-475) can be, : 


obtained by our method: his topology for G(#), deduced from the’ 


continuous representations, is that of our GC(E). If E is a uniform 
space, Nakayama’s uniform free topological group is obtained by 
taking, as (.5-7)-mappings, the uniformly continuous ones. 
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